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Abstract

Hadamard matrices, orthogonal designs and amicable orthogonal designs
have a number of applications in coding theory, cryptography, wireless
network communication and so on. Product designs were introduced by
Robinson in order to construct orthogonal designs especially full orthogo-
nal designs (no zero entries) with maximum number of variables for some
orders. He constructed product designs of orders 4, 8 and 12 and types
(1(3); 1(3); 1), (1(3); 1(3); 5) and (1(3); 1(3); 9), respectively. In this paper,
we first show that there does not exist any product design of order n # 4,
8, 12 and type (1(3); Liz);n — 3), where the notation u, is used to show
that u repeats k times. Then, following the Holzmann and Kharaghani’s
methods, we construct some classes of disjoint and some classes of full
amicable orthogonal designs, and we obtain an infinite class of full ami-
cable orthogonal designs. Moreover, a full amicable orthogonal design of

order 2° and type (2?8); 2?8)) is constructed.

1 Introduction

The definitions in this section can be all found in [1].

A Hadamard matriz of order n is a square matrix of order n with +1 entries such
that
HH' =nI,,

where H7 is the transpose of H, and I, is the identity matrix of order n. It is
conjectured that a Hadamard matrix of order 4m exists for each m > 1.

An orthogonal design (OD) of order n and type (cy,...,c), denoted OD(n; ¢,
..., C), is a square matrix C' of order n with entries from {0, +xy,..., £x;} that

satisfies
k

cot = (Z Qx?) I,

j=1



E. GHADERPOUR / AUSTRALAS. J. COMBIN. 63 (3) (2015), 374384 375

where the z;’s are commuting variables. An OD with no zero entry is called a full
OD. A Hadamard matrix can be obtained by equating all variables of a full OD to 1.

Radon [8] worked on a proposition concerning the composition of quadratic forms
(extended by Hurwitz [4]) which has a connection in determination of the maximum
number of variables in ODs. According to the proposition, the maximum number of
variables in an OD of order n = 2%, b odd, is p(n) = 8¢ + 2%, where a = 4c + d,
0 <d <4 (see [1, Chapter 1]). This number is called Radon-Hurwitz number.

Two square matrices A and B are called amicable if ABY = BAT. They are
called anti-amicable if ABT = —BAT. Suppose that C' is an OD(n; cy,co,. .., )
with variables x1, ..., zg, and D isan OD(n; dy,ds, . . ., d,,) with variables y1, . . ., Y,
where the sets {z1,...,2x} and {y1,...,yn} are disjoint. Then (C; D) is called an
amicable orthogonal design (AOD) denoted

AOD(W/, C1,Coy...,Ck; dl,dg, e ,dm),

C

it CDT = DC™. Tt can be seen that if (C'; D) is an AOD, then [ D _g } forms an

OD(Qn; C1,Coy .., Cpydy,do, ... ,dm).

Wolfe [13] showed that the total number of variables in an AOD of order n = 2%b,
b odd, is less than or equal to 2a + 2.

A rational family of order n and type (rq,...,7x), where the r;’s are positive ra-
tional numbers, is a collection of k rational matrices of order n, Ay, ..., A, satisfying

The Hadamard product of two square matrices A = [a;;] and B = [b;;] of order
n, denoted A x B, is a square matrix of order n such that its entries are computed
via entrywise multiplication of A and B, i.e., A% B = [a;;b;;]. A and B are called
disjoint if Ax B = 0.

Let A = (al, ey an). The square matrix C' = [¢;;] of order n is called circulant
if ¢;; = aj_i41, denoted circ(al,...,an), where 7 — i is reduced modulo n. The
square matrix B = [b;;] of order n is called back-circulant if b;; = a;1j_1, denoted

backcirc (al, e ,an), where i 4+ j — 2 is reduced modulo n. Tt is shown that (see [1,

Chapter 4]) if B is back-circulant and A and C are circulant matrices of order n,
then B = BY, AC = CA and BC* = CB".

Assume that My, M, and N are ODs of order n and types (ai,...,a.), (b, ..., bs)
and (uq, ..., u;), respectively. Then (M;; My; N) is called a product design (PD) of or-
der n and type (al, cey by, bg U, ,ut), denoted PD(n; A1ye ey Qpybyy ..., by
Uy, . .. ,ut), if the following conditions hold:

(1) Ml*N:MQ*NIO,

(ii) My + N and M, + N are ODs, and

(i) M, MY = MyM].
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The following theorem from Robinson [10] shows how to construct an OD by
combining an AOD and a PD.

Theorem 1.1 Suppose (C; Dy + Ds) is an AOD(m; Cly. .., CL; VW, ... ,wg) and
(My; My; N) is a PD(n; a1, ... 0501, ... b ug, ... ,ut), where Dy is an OD(m; v)
and Dy 1s an OD (m; wy, . .. ,wg). Let b, ¢, u and w be the sums of the b;’s, ¢;’s,
u;’s and w;’s, respectively. Then there exist
(i) OD(mn; Vay, ..., 00, why, ... why, cuq,..., cut),
(ii) OD(mn; vay, ..., va,, wby, ..., why,ciu,..., cku),
(iii) OD (mn; VA, ..., V0, Wb, ..., web, cuq, . .. ,cut),
(iv) OD(mn; Vay, ..., 00, whb, ... web, cru, . . ., cku).

Robinson [10] constructed product designs PD (4; Lisy; Lisys 1), PD (8; Lisy; Lisy; 5)
and PD(12; 13); 13); 9). He used these PDs and applied Theorem 1.1 with some
known AODs to construct some full ODs of small orders with maximum number of
variables. For instance, he applied Theorem 1.1 to a PD(12; L3); 13); 9) and an
AOD (2; Liay; 1(2)) to construct an OD (24; Lis), 9(2)).

2 A non-existence result for product designs

Although Robinson constructed PD (4; 13y L3y; 1), PD (8; Lz); Lsy; 5), PD(12; L(3);
L(3); 9), he did not show if there is any PD (n; Lz)i Lzyin — 3) for some n # 4,8, 12.
In this section, we show that in fact there does not exist any PD (n; L3); 1gysm — 3)
for all n # 4,8,12. In doing so, we first mention the following well known theorems,
and then we prove Theorem 2.6.

Theorem 2.1 (Vinogradov [12]). Suppose that a, a’, b and ¢ are nonzero p-adic
numbers, p is a prime number, and r and s are positive integers. Define (a,b),,
the p-adic Hilbert symbol, to be 1 if there are p-adic numbers x and y such that
ax® +by?> = 1, and —1 otherwise. Then

(i) (a,b)p = (b,a)p, (a,¢®), =1,
(i) (a,—a), =1, (a,1—a), =1,
(i) (', b), = (a,B)y (@, b},
and if p # 2, then
(iv) (r,s), = 1 if r and s are relatively prime to p,

(v) (r,p)p, = (r/p), the Legendre symbol, if r and p are relatively prime,
(vi) (p,p)p = (=1/p).

Theorem 2.2 (Shapiro [11]). There is a rational family of type (s1,...,S9) and
order 16 if and only if Sy(s1,...,s9) 1= H(Si’ sj)p = 1 for every prime p.

i<j
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Theorem 2.3 (Shapiro [11]). There is a rational family of type (si,...,sx) and
order 2°b, b odd, if and only if there is a rational family of the same type and order
2%,

Theorem 2.4 (Robinson [9]). There does not exist any OD(n; 1),n —5) for
n > 40.

Theorem 2.5 (Kharaghani and Tayfeh-Rezaie [7]). There is a full OD(32; 1), us,
ug) if and only if (1, ... uk) = (9,9,9) or (9,18) or (12,15) or (27).

Theorem 2.6 There does not exist any PD (n; Lizy; Lgysm — 3) formn #4,8,12.

Proof. If there exists a PD (n; L3y Lzysm — 3) for some n > 20, then applying
Theorem 1.1 with an AOD (2; L(2); 1(2)) gives an OD (Qn; L6y, 2n — 6) which contra-
dicts Theorem 2.4. From the definition of PD, there is no PD (n; Liz); L(z);m — 3)
forn=1,2,3,5,6,7, 9,10, 11, 13, 14, 15, 17, 18 and 19. If n = 16, then from
the above argument, there exists an OD (32; L6), 26) which is impossible by Theo-
rem 2.5. Thus, there is no PD(16; 13); L3y; 13). Now suppose that there exists a
PD (20; L3); 13); 17). Applying Theorem 1.1 to this PD and an AOD (4; L2),2; 1(2),
2) (see [1, Chapter 5] for the existence of this AOD) gives an OD(80; 1s), 3(3), 17(2),
34). Hence, by Theorem 2.3, there is a rational family of type (1(3), 3(3), 17(2), 34) and
order 16. It can be seen that Theorem 2.1 gives Si7(1(3),33), 17(2), 34) = —1 which
contradicts Theorem 2.2. Therefore, there does not exist any PD (20; 13); L3y; 17).
O

3 Some full amicable orthogonal designs

In this section, we combine techniques similar to [3] and [10] to obtain some classes
of full amicable orthogonal designs.

Construction 3.1 Suppose that Ay, Ay, B, C, D, E, F', G are square matrices of
order n, and 0 is the zero matrix. Let

M

|
|
Do QOWoooo
|

cocoocoQOWDo
coooWQoUT
|
cocoocolTUocoQ W™
coocoloTwWQ
oUW Qoococo

OW YU olooc oo
|
WAoo Uoococo
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o0 G E F|lo 0 0 o0
-G 0 F —-E|0 0 0 0
E F 0 -G|o 0 0 0
Y F -E G 0/0 0 0 o0
2 0 00 0|0 —-E F G|’
0O 00 O|E 0O G -F
0 00 O|/F G 0 FE
. 0 0 0 O0|G -F -E 0|
[ A 0 0 0| A, —A A A
0 A 0 0| A, A A —A
0 0 —A, 0| —A, —A, A —A
N 0 0 0 —A | —A, A A A
T A, —A —A, —A | A 0 0 0|’
A, —A, —A; A 0 A 0 0
A, A —A, —A 0 0 —A, 0
A, —A, A —A 0 0 0 —A; |

for i € {1,2}. Now suppose that Ay, Ay, B,C, D, E, F and G are pairwise amicable
(not necessary ODs), and they satisfy the following properties:

5A,AT + BB + cC* + DD = kI, (1)
5A,A5; + EET + FF' + GGT = 51, (2)

where k£ and s are two quadratic forms. Let

S R Rt K

Note that PQT = —QP™, RIT = —IR", PR™ = RP™, PI" = IP", QI" = IQ",
RQT = QRT, N\NJ = NoNT, MM} = MM and for i,j € {1,2}, M;N} =
—N;M}. Also, I x P =0,Q*R=0, M;*N; =0 for i, j € {1,2}. Using Equations
(1) and (2) and the above properties, it can be verified that the following matrices
form an AOD of order 16n:

U=MeI+M®Q, V=NQP+M®eR", (4)
where ® is the Kronecker product. Moreover, it can be seen that U and V' in Equation
(4), are disjoint.

Assume that the matrices Ay, As, B, C, D, E, F and G are full (no zero entries)

pairwise amicable, and H is a Hadamard matrix of order 2. Then the following
matrices form a full AOD of order 16n:

Usg=N1®@H+M ®QH, Vyg=N,®PH+ M,® R"H. (5)
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Example 3.1 Consider A; = backcirc(z, —b,b), Ay = circ(—d, d, d), B= circ(b, b, b),
C = circ(—a,b,b), D = circ(a,b,b), £ = circ(d,d,d), F = circ(—c,d,d) and G =
circ(e,d,d). It can be seen that the conditions of Construction 3.1 hold, and so
matrices Uy and Vy given by Equation (5) are AOD (48; 4,10, 34; 4,44) (see the
appendix in [2]).

Construction 3.2 Suppose that Ay, Ay, B, C, D, E, F', G are square matrices of
order n, and 0 is the zero matrix. Let

cocooolcoococo QW T

M,

cooolocoocoocoobOl
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|
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|
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|
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QAT molocococlocooco o
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0 0 0 —A| A A A —A LA A A
0 0 —A, 0| A —A —A —A|-A —A —A —A
0 A, 0 0| A A —A A LA —A A
A0 0 0] A : .

|
Sl
|
|
&
&
&
e S
|
&
|
&

- A

A, —A; —A; 0 . A —A A

N | A A A A 0 0 —A 0 , —A A A
T -4 A A —A; 0 A 0 0|—-A, —A, -4, A |’

A A=A —A | A 0 0 0| -4, A A A

—A;, A —A;, —A; | —-A, —A, A A 0 0 0 —A;

A A —A A —A A A A 0 0 —A; 0

—A; A A A A —A A A 0 A 0 0

A A, A —A | —A —A —A —A ] A 0 0 0

for i € {1,2}. Suppose that Ay, Ay, B, C, D, E, F and G are pairwise amicable (not
necessarily orthogonal designs) and they satisfy the following properties:

9A, Al + BBT + CC" + DDT = ul,,
9A,Ay + EET + FF' + GGT = vl,,,

where u and v are two quadratic forms. Then, as in Construction 3.1, the matrices
U and V in Equation (4) along with these new matrices (My, Ms, Ny, Ns) form an
AOD of order 24n; and U and V are disjoint. Moreover, matrices Uy and Vg in
Equation (5) along with these new matrices (M, Ms, Ny, Ns) form a full AOD of
order 24n, provided the matrices A,, Ay, B, C, D, E, F and G in this construction
have no zero entries.

In the following two examples, we construct two full AODs using the above con-
struction, and we refer to the appendix in [2] for the display of these AODs.

Example 3.2 Suppose that A; = backcirc(z, —b,b), Ay = circ(—d,d,d), B =
cire(b,b,b), C = circ(b,b,b), D = circ(b,b,b), E = circ(d,d,d), F = circ(d,d,d)
and G = circ(d, d,d). Then they satisfy all the conditions of Construction 3.2, and
so matrices Uy and Vy given by Equation (5) form a full AOD (72; 18, 54; 72).

Example 3.3 Consider A; = backcirc(a, —a, —a, a, —a, a,a), Ay = circ(c, —c, —¢, c,
—c,¢,¢), B = circ(b,a,a,a,a,a,a), C = circ(=b,a,a,a,a,a,a), D = circ(a, —a, —a,
a,—a,a,a), B = circ(d, c,c,c,c,c,c), F = cire(—d, c,c,c,c,c,c) and G = cire(c, —c,
—c,¢,—c,c,c). It can be verified that these matrices satisfy all the conditions of
Construction 3.2, and so matrices Uy and Vjy given by Equation (5) form a full

AOD(168; 4,164; 4,164).

Remark 3.1 If we replace matrices Ay, B, C, D, E, F and G by variables in
Constructions 3.1 and 3.2, then matrices My, M, and N; will form product designs
PD(8 1,1,1; 1,1,1; 5) and PD(12; 1,1,1; 1,1,1; 9), respectively.
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4 An infinite class of full amicable orthogonal designs

In this section, we choose two full AODs that can be constructed from Constructions
3.1 and 3.2, and show how one can obtain an infinite class of full AODs by using
them. The following theorem is an application to an algebraic result that Kawada
and Iwahori [5] obtained.

Theorem 4.1 (see [1, Chapter 5]). Suppose that (A; B) is an AOD of order n. Let
t be the number of variables in B and p(n) be the number of variables in A. Also,
n = 244 where 0 < b < 4 and d is an odd number. Then

pi(n) <8a—t+d+1,

where the values of 6 are given in the following table:

b 0 |1]2]3
t=0 (mod4)| 0 |1|3|7
t=1(mod4)| 1 |2|3]5
t=2 (mod4) | —-1[{3|41]5
t=3 (mod4) | —-1|1|5]6

Theorem 4.2 (Wolfe [13]). Suppose that there is an AOD (n; Uy, U, . . ., Uy V1, Vo,
...,vs). Then for each t > 1, there is an

AOD <2tn; Up, U, 2u, -, 2 g, 20, L 20, 200y, 20, 2tvs>.

Construction 4.1 Replacing A, B, C, D, Ay, E, F and G by variables in Con-
structions 3.1 and 3.2, respectively, one obtains

AOD(16; 2,2,2,10; 2,2,2,10) and AOD(24; 2,2,2,18; 2,2,2,18).
Applying Theorem 4.2 for these AODs, one obtains an infinite class of full AODs:

AOD<2”; 205%,10,10,5-22,...,5- 2" 4, 273;3,5-2”—3), n> 4,

AOD(Q”-S; 2,%,18,18,9- 2%, ..., 9 2" %, 2?3—)2,9-2”—2), n>3.

Example 4.1 From Construction 4.1, we obtain
(i) AOD(24; 2,2,2,18; 2,2,2,18),
(i) AOD(48; 4,4,4,18,18; 4,4,4,36),
(iii) AOD(96; 8,8,8,18,18,36; 8,8,8,72).

According to Theorem 4.1, these AODs have taken the maximum number of vari-
ables. We refer to the appendix in [2] for the display of these AODs.
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5 A full amicable orthogonal designs in 16 variables

In this section, we construct an AOD(QQ; 2?8); 2‘(58)) and consequently an
OD(2"; 20

Theorem 5.1 (Wolfe [13]). Given an integer n = 2°d, where d is odd and s > 1,
there exist sets A = {Al, e Aerl} and B = {Bl, e Bsﬂ} of signed permutation
matrices of order n such that

(i) A consists of mutually anti-amicable and disjoint matrices,
(ii) B consists of mutually anti-amicable and disjoint matrices,
(ili) for each i and j, A; and B; are amicable.
Proof. Foreach k,2 <k <s+1,let
a=(eLl)el, A=(eZl)ere (e, P)el

and
where I, P, (), R are given by Equation

Then the matrices A;’s and B;’s (1 <
O

and I is the identity matrix of order d.

=
Blz<®f:1P)®Id, <® )@Q@(@f:kP)e@Id,
é ?9+ 1) satisfy properties (i), (i) and (iii).

26

Lemma 5.1 There exists an AOD (2% 26 (8))

OF

Proof. Suppose that A = {A;,..., As} and B = {By, ..., Bs} are two sets of signed
permutation matrices of order 27 satisfying properties (i), (ii) and (iii) of Theorem
5.1. Let H be a Hadamard matrix of order 27. For each j, 1 < j < 4, let

1 1
Xj = §x2j—1(A2j—1 — Agj) H + ot (Azjo1 + Agj) H

and
1 1
Y; = 592171(32%1 — Byj) H + V2 (Byj—1 + Baj) H.

Note that for 1 <1 # j <4, XZ-XjT = —X,; X" and YinT =-Y;Y;'. For 1 <4,j <4,
XinT =Y; X[, Also, for each j, 1 < j <4,

XX =20(a3,_ +a3;) I and Y;YE =2%(y3,_ ) +u3;) Lor.
Let

C=IRIX1+IPRXe+PRI®X;3+P®P® Xy,
D=1®I®Y, +I@P@Y,+P®I®Y; + PQP®Y,.

8 8
It can be directly verified that CC" = <26 Z 2) I, DD" = <26Zyi2)129 and
=1

CDT = DC™. Therefore, C' and D are an AOD (29 2(8) 2?8)). - O
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Theorem 5.2 There is an OD(2'; 2‘(516)).

Proof. Let C' and D be the matrices constructed in the proof of Lemma 5.1. Since

CDT = DC?, it can easily be verified that [ g _g } is an OD (210; 2?16)). 0
Kharaghani [6] constructed an OD(2'%; 2f,¢) using a different method. Since the
maximum number of variables in an AOD of order 2° is 14, there does not exist
any AOD (26; 2?8); 2?8)); however, it is not known whether or not there exists an
AOD (27; 2‘(18); 2‘(18)). Although one of the main purposes of Robinson [10] for intro-
ducing PDs was to construct full ODs with the maximum number of variables, he did
not construct any full OD of order 128 with 16 variables. It is not known whether
there exists any full OD of order 128 with the maximum number of variables. In
fact, it is conjectured [6] that whether there exists an OD(128; 2?16)).
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