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The Torsional Oscillator is well-suited to open-ended investigations. The drive mechanism used heretofore has the magnetic
moment μ of the rotor-mounted magnets lying perpendicular to
the field B generated by the Helmholtz coils. But it is possible to
change this, arranging μ to lie parallel to B instead. For a rotor
that's θ from equilibrium, the interaction law is now described by
potential U = -μ.B = - μ B cos θ ≈ - μ B (1 - θ2/2 +...). This
magnetic-potential term of θ2-form is additional to the elastic
potential energy κθ2/2 of the torsion fiber. The consequences are
best seen by measuring the period of small oscillations around
equilibrium, with results depicted in Fig. 13.
ω2 in s-2

Yet another sort of non-periodic drive can be injected into
our oscillator. Fig. 11 shows that a white-noise waveform,
injected into the drive coil, will provoke a response of the
oscillator.

There's yet another motivation for this revised orientation of magnets' μ relative to coils' B. The use of modest-amplitude alternating
currents in the coil can now excite the oscillator 'parametrically',
provided those currents have an amplitude above a certain threshold,
and a frequency near double the oscillator's natural frequency. So
this system also permits the detailed, quantitative investigation of
the parametric drive of an oscillator, a topic with applicability
extending far beyond torsional mechanics.
Another treat is in store for those who have a pair of Torsional
Oscillators. Merely placing two undamped oscillators side-by-side
on a table, and exciting one of them, is enough to create coupled
oscillations. The artwork across the top of this page is actual data
for the angular positions of two coupled oscillators as a function of
time. The curves show the periodic exchange of energy between
the two oscillators. Fitting such data will reveal the presence of two
frequencies, which can be understood as the frequencies of the two
normal modes of this coupled system.

Fig. 11: Driving the oscillator with a white-noise waveform. Upper trace:
a voltage monitor of the white-noise current applied to the drive coils;
lower trace: the angular-position signal of the rotor.

Both waveforms might at first look like rubbish, but they
are well worth recording, because they serve to illustrate
the power of Fourier methods. For example, taking the
Fourier transforms of the waveforms depicted in Fig. 11
gives the amplitude response of the oscillator to a whole
spectrum of frequencies all at once, with results captured
in Fig. 12.

TORSIONAL OSCILLATOR

Fig. 13: Supplementing the fiber's elastic restoring force with a magnetic
restoring force (using the alternate arrangement of the rotor's magnets
relative to the coil) gives a natural frequency of small oscillations that can
be varied over a wide range.

The x-intercept of this graph points to the condition at which the
restoring force of torsional elasticity can be just cancelled by an
anti-restoring force due to magnetic interactions. With two
θ2-terms thus arranged to cancel, what remains has as its
leading behavior a θ4 term. That makes a quartic oscillator
available to students. Fig. 14 illustrates some medium-amplitude oscillations within this potential. These slow oscillations
are not sinusoidal, nor are they isochronous -- the period of
oscillation is visibly a function of the amplitude of oscillation.

For once, the coupling mechanism is not mysterious or merely
empirical; it's calculable, and due to the direct dipole-dipole magnetic interaction between the magnets on the two rotors. This predicts an inverse-cube dependence of the coupling strength on the
dipole-dipole separation, as illustrated in Fig. 15.
The Manuals describe many additional projects. There are over
25 investigations with fixed goals, and another 25+ open-ended
projects, at levels ranging from first-year honors to senior projects. They're all outlined in a detailed Student Manual, and additional guidance is provided in the Instructor's Guide.
Experimenting with the Torsional Oscillator, students will gain
broadly applicable and transferable knowledge, not only on harmonic motion, but also about oscillatory systems in general.

SPECIFICATIONS
Capacitive position transducer: Range ±80°, Sensitivity ≈ 2 V/rad,
Non-linearity <1% over ±1 radian, Equivalent noise level
<1 mrad, Response time 10 ms, Adjustable zero-offset
Steel fibers of diameters 0.74, 0.99, 1.19, 1.40 mm
Rotor magnets' moment μ ≈ 12.5 A.m2
Helmholtz coil constant ≈ 3.2 mT/A
Base: 30.5 cm x 28 cm, Height: 80 cm

COMPONENTS INCLUDED
8 brass quadrants, 8 steel balls for inertia changes,
3 alternate torsion fibers, 2 alternate rotor hubs,
2 sets of brass hang-downs and masses, pulleys and strings,
2 air paddles, tools for alignment, 1 banana-plug cable

RECOMMENDED AUXILIARY EQUIPMENT
Fig. 15: The difference between the two normal-mode frequencies,
Δf = f+ - f- , for a system of two adjacent Torsional Oscillators, plotted as a
function of the separation of the two rotors.
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Precision Analog Angular-position, and
Angular-velocity, Transducers
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Magnetic Torque Actuator Allows Arbitrary
Drive Waveforms
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Attain Critical Damping, or Reach Q > 100

Independently Adjustable Torsion Constant,
Rotational Inertia, and Damping

Eddy-current (v1), Sliding-friction (v0), and
Fluid-friction (v2) Damping Options

•

Quantitative Amplitude and Phase Response
Through Resonance

•

Observe Resonant Behavior in both Time
and Frequency Domains

•
•

Quartic Oscillator, and Parametric Drive

•

25+ Investigations, 25+ Open-ended Projects

Coupled Oscillators, with Calculable
Coupling

The harmonic oscillator is probably the most
commonly-used model in all of physics. Systems in
mechanics, acoustics, electronics, and optics are
modeled as simple harmonic oscillators, and this
model underlies classical and even quantum field
theories. We at TeachSpin have now made it possible
for students to encounter harmonic-oscillator systems
experimentally, in an apparatus which is highly visual
and tactile, and in which phenomena occur on a
human scale of space and time.

Fig. 12: The transfer function of the oscillator, obtained from Fouriertransforming 50 seconds' worth of data like that of Fig. 11. The solid line
is not a fit, but a prediction based on separately-measured properties of
the undriven oscillator.

The emergence 'in parallel' of a whole collection of plotted
points from one single set of data will make a powerful
impression on any student who has laboriously acquired
data, such as that of Figs. 8 or 9, 'one point at a time'. This
technique is an introduction to the modern methods of
'Fourier transform spectroscopy', here applied to a
mechanical system.

“The Model System for Simple Harmonic Behavior”

Fig. 14: Non-sinusoidal oscillations of the angular position of the quartic
oscillator, obtained using 'balancing current' ib = -1.45 A in the coil.
Waveform recorded at 10 seconds/division.
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Repeating the experiment of Fig. 2 for other levels of damping gives more pairs (λ,ωd) of fit parameters.
A set of such pairs is plotted in Fig. 3, which shows that ωd
does indeed drop below the undamped frequency ω0
as the damping λ increases. The plotted pairs, in fact, lie on
the quarter-circle λ2 + ωd2 = ω02 predicted by theory.

Eddy-current damping provides a nearly perfect linear-invelocity damping force, but the Torsional Oscillator can also
be set up with drag force laws close to v0 or v2. The v0 law is
realized using sliding friction between the rotor's hub and
two taut strings, while the v2 law is approximated using two
'paddles' to create air drag. As shown in Fig. 5, the three
drag laws create visible qualitative differences in the decaying oscillations.

ωd

Our Torsional Oscillator executes simple harmonic motion
in a single angular coordinate. Our 'rotor' structure is
clamped to a tensioned strong piano wire. This robustly
provides both the support and the elastic restoring torque.
The rotational inertia of the rotor is dominated by a ≈1kg
copper disk of diameter ≈13 cm. That inertia can be varied
by addition of masses to the rotor, and the torsion constant
can be varied by interchange of support wires. The copper
disk interacts with adjustable magnets (seen below) to give
eddy-current damping which allows the oscillator to cover
the full range from nearly undamped (Q > 100) to beyond
critical damping.

Fig. 6: The phase-plane 'portrait' drawn by the damped oscillator, released
from rest, in an XY-plot. The angular-position transducer's output is plotted horizontally, and the angular-velocity output is plotted vertically.

(a)

Fig. 1: Close-up of eddy-current damping magnets

Detailed quantitative measurements start with static angularposition readouts of a 'radian protractor' on the rotor disk.
For dynamic measurements, a non-contact analog rotationalposition transducer gives a real-time voltage that is linear in
the angular position of the rotor. Fig. 2 shows the angularposition signal for the rotor released from rest, exhibiting its
exponentially-decaying sinusoidal motion.

λ

Fig. 3: Combinations of damping constant λ and damped oscillation
frequency ωd obtained from transients such as Fig. 2, for various dampings.

The natural frequency itself is predicted to be ω0 = √(κ/I),
where κ is the torsion constant of the fiber, and I is the
rotational inertia of the rotor. The cover photo shows how
gravitationally-derived torques enable a static measurement of
κ. But dynamic measurements provide another route to κ,
since the easily-measured period T of undamped oscillations
gives ω0 = 2π/T. A set of precisely machined brass quadrants
can be mounted on the rotor, each adding a calculable
increment ΔI to the base-value I0 of rotational inertia.
Given total inertia I = I0 + n ΔI, we easily derive
(T/2π)2 = (I0/κ) + n (ΔI /κ),
where n is the number of quadrants added. Fig. 4 shows the
predicted linear variation with n. The slope (ΔI /κ) allows the
value of κ to be extracted, and the intercept (I0/κ) permits I0 to
be found as well.

(b)

The resonant properties of damped oscillators emerge
when they are driven by periodic external influences.
The permanent-magnet in Helmholtz-coil combination
(previously serving as velocity transducer) is now used in
reverse. So a current in the coils creates a magnetic field,
which exerts a non-contact torque on the magnets mounted on
the rotor. For small-amplitude motions of the rotor, that
torque has the same waveform as the current sent into the coil.
Thus any desired torque vs. time waveform can be created.
The simplest results emerge from the use of v1-damping, and
a sinusoidal current drive. The driven damped harmonic
oscillator will settle into a steady state as shown in Fig. 7.

Fig. 5: Angular-position signals following release from rest, with three distinct forms of damping applied:
a) sliding friction of taut strings rubbing the rotor's hub;
b) eddy-current damping applied to the copper rotor disk;
c) fluid friction on 'paddles' moving through air.

Fig. 2: Damped oscillatory decay of a Torsional Oscillator released from
rest. The data are underlaid by a fit, and the residuals relative to the fit
are shown at the bottom, vertically expanded 20-fold.

These data are fit nearly perfectly by the model
θ(t) = c0 + c1 e cos(ωd t - ϕ).
-λt

Both the decay constant λ and the damped-oscillation
frequency ωd can be extracted to high precision.

Fig. 4: The square of the period (T2) of the undamped oscillations of the
rotor, as a function of the number of brass quadrants added.

The Torsional Oscillator also produces an independent
angular-velocity signal. It's an emf directly generated in a set of
Helmholtz coils by the angular motion of a stack of permanent
magnets mounted on the rotor. During damped oscillations, the
angular-velocity signal both oscillates and decays as a function
of time in conjunction with the angular-position signal.

But there's additional information in the data of Fig. 7.
It also displays the phase shift that exists between the drive
and the steady-state response. This phase shift also varies
systematically with the drive frequency chosen, giving a
less familiar but important plot, shown below.

Another kind of intuition can be taught via the transient
behavior that an oscillator displays. In Fig. 10, we see the
transient response of an initially quiescent oscillator to the
onset of a sinusoidal drive. The results exhibit three
regimes. Of these, the steady-state that's eventually
reached is the easiest to understand. In the short-term
regime, however, the amplitude of response grows within a
linearly-increasing envelope, and curiously, that linear
envelope has the same slope, independent of the drive
frequency. There is also a medium-term regime in which
there's a periodic 'beating' going on, with a beat period
that does depend on the detuning between drive and
natural frequency. Data of this sort is perfect for
provoking yet more qualitative thought, and is also of
high enough quality to motivate quantitative modeling.

Fig. 9: The phase shift, in steady-state, between the sinusoidal drive and the
angular-position response, as a function of the drive frequency. The solid line is
not a fit, but a prediction based on separately-measured properties of the undriven oscillator.

(c)
Time after release, in seconds

Fig. 8: Steady-state amplitude attained by the rotor, as a function of drive
frequency, for a constant drive amplitude. The solid line is not a fit, but a
prediction based on separately-measured properties of the undriven oscillator.

But TeachSpin's Torsional Oscillator is not restricted to
sinusoidal drive. Any waveform can be injected into the
drive coils. The response of the eddy-current damped
oscillator can be predicted, and observed, in quantitative
detail. So this provides a system in which students can
gain qualitative familiarity with Fourier-based reasoning.
A great deal of intuition about time-domain and frequency-domain response of the oscillator can be acquired by
using variable-period triangle- or square-wave excitation.
It's also easy to excite and record the step response of the
oscillator, and brief current pulses can be used to show the
approach to the theoretically crucial impulse response.
So now students can see Green's Function for a real piece
of apparatus. Since modern arbitrary-function generators,
or computer data-manipulation systems, make any (not
just periodic) drive waveforms accessible, it is easy to
inject any chosen wave shape, even of a one-time
waveform, and to see the response of the oscillator.

Fig. 7: Steady-state signals from a sinusoidally-driven damped oscillator.
Thin line: a voltage monitor of the current applied to the drive coils; thick
line: the angular-position transducer's output.

Holding the drive amplitude fixed, and varying the drive
frequency, we can explore the famous resonant peak in
the steady-state amplitude of the response. Fig. 8 shows
the amplitude of the response for an oscillator with a
'Q' adjusted to be about 3.6.

The data of Figs. 8 and 9 are underlaid by theoretical
curves, the evaluation of which requires only the
knowledge of the oscillator's natural frequency ω0 and the
damping constant λ. Since these parameters can be
extracted from data (like that of Fig. 2) for the undriven
oscillator, the curves shown in Fig. 8 and 9 are predictions
rather than best fits. The matches between the data,
and these predictions with no free parameters, are highly
non-trivial tests of multiple facets of theoretical and
experimental work.

Fig. 10: Top trace: the decaying oscillations of a lightly-damped oscillator
released from rest. Lower traces: the transient behavior of the same oscillator,
quiescent up until t=0, and then driven by sine waves of various frequencies
(but the same amplitude in each case).
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Repeating the experiment of Fig. 2 for other levels of damping gives more pairs (λ,ωd) of fit parameters.
A set of such pairs is plotted in Fig. 3, which shows that ωd
does indeed drop below the undamped frequency ω0
as the damping λ increases. The plotted pairs, in fact, lie on
the quarter-circle λ2 + ωd2 = ω02 predicted by theory.

Eddy-current damping provides a nearly perfect linear-invelocity damping force, but the Torsional Oscillator can also
be set up with drag force laws close to v0 or v2. The v0 law is
realized using sliding friction between the rotor's hub and
two taut strings, while the v2 law is approximated using two
'paddles' to create air drag. As shown in Fig. 5, the three
drag laws create visible qualitative differences in the decaying oscillations.

ωd

Our Torsional Oscillator executes simple harmonic motion
in a single angular coordinate. Our 'rotor' structure is
clamped to a tensioned strong piano wire. This robustly
provides both the support and the elastic restoring torque.
The rotational inertia of the rotor is dominated by a ≈1kg
copper disk of diameter ≈13 cm. That inertia can be varied
by addition of masses to the rotor, and the torsion constant
can be varied by interchange of support wires. The copper
disk interacts with adjustable magnets (seen below) to give
eddy-current damping which allows the oscillator to cover
the full range from nearly undamped (Q > 100) to beyond
critical damping.

Fig. 6: The phase-plane 'portrait' drawn by the damped oscillator, released
from rest, in an XY-plot. The angular-position transducer's output is plotted horizontally, and the angular-velocity output is plotted vertically.

(a)

Fig. 1: Close-up of eddy-current damping magnets

Detailed quantitative measurements start with static angularposition readouts of a 'radian protractor' on the rotor disk.
For dynamic measurements, a non-contact analog rotationalposition transducer gives a real-time voltage that is linear in
the angular position of the rotor. Fig. 2 shows the angularposition signal for the rotor released from rest, exhibiting its
exponentially-decaying sinusoidal motion.

λ

Fig. 3: Combinations of damping constant λ and damped oscillation
frequency ωd obtained from transients such as Fig. 2, for various dampings.

The natural frequency itself is predicted to be ω0 = √(κ/I),
where κ is the torsion constant of the fiber, and I is the
rotational inertia of the rotor. The cover photo shows how
gravitationally-derived torques enable a static measurement of
κ. But dynamic measurements provide another route to κ,
since the easily-measured period T of undamped oscillations
gives ω0 = 2π/T. A set of precisely machined brass quadrants
can be mounted on the rotor, each adding a calculable
increment ΔI to the base-value I0 of rotational inertia.
Given total inertia I = I0 + n ΔI, we easily derive
(T/2π)2 = (I0/κ) + n (ΔI /κ),
where n is the number of quadrants added. Fig. 4 shows the
predicted linear variation with n. The slope (ΔI /κ) allows the
value of κ to be extracted, and the intercept (I0/κ) permits I0 to
be found as well.

(b)

The resonant properties of damped oscillators emerge
when they are driven by periodic external influences.
The permanent-magnet in Helmholtz-coil combination
(previously serving as velocity transducer) is now used in
reverse. So a current in the coils creates a magnetic field,
which exerts a non-contact torque on the magnets mounted on
the rotor. For small-amplitude motions of the rotor, that
torque has the same waveform as the current sent into the coil.
Thus any desired torque vs. time waveform can be created.
The simplest results emerge from the use of v1-damping, and
a sinusoidal current drive. The driven damped harmonic
oscillator will settle into a steady state as shown in Fig. 7.

Fig. 5: Angular-position signals following release from rest, with three distinct forms of damping applied:
a) sliding friction of taut strings rubbing the rotor's hub;
b) eddy-current damping applied to the copper rotor disk;
c) fluid friction on 'paddles' moving through air.

Fig. 2: Damped oscillatory decay of a Torsional Oscillator released from
rest. The data are underlaid by a fit, and the residuals relative to the fit
are shown at the bottom, vertically expanded 20-fold.

These data are fit nearly perfectly by the model
θ(t) = c0 + c1 e cos(ωd t - ϕ).
-λt

Both the decay constant λ and the damped-oscillation
frequency ωd can be extracted to high precision.

Fig. 4: The square of the period (T2) of the undamped oscillations of the
rotor, as a function of the number of brass quadrants added.

The Torsional Oscillator also produces an independent
angular-velocity signal. It's an emf directly generated in a set of
Helmholtz coils by the angular motion of a stack of permanent
magnets mounted on the rotor. During damped oscillations, the
angular-velocity signal both oscillates and decays as a function
of time in conjunction with the angular-position signal.

But there's additional information in the data of Fig. 7.
It also displays the phase shift that exists between the drive
and the steady-state response. This phase shift also varies
systematically with the drive frequency chosen, giving a
less familiar but important plot, shown below.

Another kind of intuition can be taught via the transient
behavior that an oscillator displays. In Fig. 10, we see the
transient response of an initially quiescent oscillator to the
onset of a sinusoidal drive. The results exhibit three
regimes. Of these, the steady-state that's eventually
reached is the easiest to understand. In the short-term
regime, however, the amplitude of response grows within a
linearly-increasing envelope, and curiously, that linear
envelope has the same slope, independent of the drive
frequency. There is also a medium-term regime in which
there's a periodic 'beating' going on, with a beat period
that does depend on the detuning between drive and
natural frequency. Data of this sort is perfect for
provoking yet more qualitative thought, and is also of
high enough quality to motivate quantitative modeling.

Fig. 9: The phase shift, in steady-state, between the sinusoidal drive and the
angular-position response, as a function of the drive frequency. The solid line is
not a fit, but a prediction based on separately-measured properties of the undriven oscillator.

(c)
Time after release, in seconds

Fig. 8: Steady-state amplitude attained by the rotor, as a function of drive
frequency, for a constant drive amplitude. The solid line is not a fit, but a
prediction based on separately-measured properties of the undriven oscillator.

But TeachSpin's Torsional Oscillator is not restricted to
sinusoidal drive. Any waveform can be injected into the
drive coils. The response of the eddy-current damped
oscillator can be predicted, and observed, in quantitative
detail. So this provides a system in which students can
gain qualitative familiarity with Fourier-based reasoning.
A great deal of intuition about time-domain and frequency-domain response of the oscillator can be acquired by
using variable-period triangle- or square-wave excitation.
It's also easy to excite and record the step response of the
oscillator, and brief current pulses can be used to show the
approach to the theoretically crucial impulse response.
So now students can see Green's Function for a real piece
of apparatus. Since modern arbitrary-function generators,
or computer data-manipulation systems, make any (not
just periodic) drive waveforms accessible, it is easy to
inject any chosen wave shape, even of a one-time
waveform, and to see the response of the oscillator.

Fig. 7: Steady-state signals from a sinusoidally-driven damped oscillator.
Thin line: a voltage monitor of the current applied to the drive coils; thick
line: the angular-position transducer's output.

Holding the drive amplitude fixed, and varying the drive
frequency, we can explore the famous resonant peak in
the steady-state amplitude of the response. Fig. 8 shows
the amplitude of the response for an oscillator with a
'Q' adjusted to be about 3.6.

The data of Figs. 8 and 9 are underlaid by theoretical
curves, the evaluation of which requires only the
knowledge of the oscillator's natural frequency ω0 and the
damping constant λ. Since these parameters can be
extracted from data (like that of Fig. 2) for the undriven
oscillator, the curves shown in Fig. 8 and 9 are predictions
rather than best fits. The matches between the data,
and these predictions with no free parameters, are highly
non-trivial tests of multiple facets of theoretical and
experimental work.

Fig. 10: Top trace: the decaying oscillations of a lightly-damped oscillator
released from rest. Lower traces: the transient behavior of the same oscillator,
quiescent up until t=0, and then driven by sine waves of various frequencies
(but the same amplitude in each case).
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Repeating the experiment of Fig. 2 for other levels of damping gives more pairs (λ,ωd) of fit parameters.
A set of such pairs is plotted in Fig. 3, which shows that ωd
does indeed drop below the undamped frequency ω0
as the damping λ increases. The plotted pairs, in fact, lie on
the quarter-circle λ2 + ωd2 = ω02 predicted by theory.

Eddy-current damping provides a nearly perfect linear-invelocity damping force, but the Torsional Oscillator can also
be set up with drag force laws close to v0 or v2. The v0 law is
realized using sliding friction between the rotor's hub and
two taut strings, while the v2 law is approximated using two
'paddles' to create air drag. As shown in Fig. 5, the three
drag laws create visible qualitative differences in the decaying oscillations.

ωd

Our Torsional Oscillator executes simple harmonic motion
in a single angular coordinate. Our 'rotor' structure is
clamped to a tensioned strong piano wire. This robustly
provides both the support and the elastic restoring torque.
The rotational inertia of the rotor is dominated by a ≈1kg
copper disk of diameter ≈13 cm. That inertia can be varied
by addition of masses to the rotor, and the torsion constant
can be varied by interchange of support wires. The copper
disk interacts with adjustable magnets (seen below) to give
eddy-current damping which allows the oscillator to cover
the full range from nearly undamped (Q > 100) to beyond
critical damping.

Fig. 6: The phase-plane 'portrait' drawn by the damped oscillator, released
from rest, in an XY-plot. The angular-position transducer's output is plotted horizontally, and the angular-velocity output is plotted vertically.
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Fig. 1: Close-up of eddy-current damping magnets

Detailed quantitative measurements start with static angularposition readouts of a 'radian protractor' on the rotor disk.
For dynamic measurements, a non-contact analog rotationalposition transducer gives a real-time voltage that is linear in
the angular position of the rotor. Fig. 2 shows the angularposition signal for the rotor released from rest, exhibiting its
exponentially-decaying sinusoidal motion.
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Fig. 3: Combinations of damping constant λ and damped oscillation
frequency ωd obtained from transients such as Fig. 2, for various dampings.

The natural frequency itself is predicted to be ω0 = √(κ/I),
where κ is the torsion constant of the fiber, and I is the
rotational inertia of the rotor. The cover photo shows how
gravitationally-derived torques enable a static measurement of
κ. But dynamic measurements provide another route to κ,
since the easily-measured period T of undamped oscillations
gives ω0 = 2π/T. A set of precisely machined brass quadrants
can be mounted on the rotor, each adding a calculable
increment ΔI to the base-value I0 of rotational inertia.
Given total inertia I = I0 + n ΔI, we easily derive
(T/2π)2 = (I0/κ) + n (ΔI /κ),
where n is the number of quadrants added. Fig. 4 shows the
predicted linear variation with n. The slope (ΔI /κ) allows the
value of κ to be extracted, and the intercept (I0/κ) permits I0 to
be found as well.
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The resonant properties of damped oscillators emerge
when they are driven by periodic external influences.
The permanent-magnet in Helmholtz-coil combination
(previously serving as velocity transducer) is now used in
reverse. So a current in the coils creates a magnetic field,
which exerts a non-contact torque on the magnets mounted on
the rotor. For small-amplitude motions of the rotor, that
torque has the same waveform as the current sent into the coil.
Thus any desired torque vs. time waveform can be created.
The simplest results emerge from the use of v1-damping, and
a sinusoidal current drive. The driven damped harmonic
oscillator will settle into a steady state as shown in Fig. 7.

Fig. 5: Angular-position signals following release from rest, with three distinct forms of damping applied:
a) sliding friction of taut strings rubbing the rotor's hub;
b) eddy-current damping applied to the copper rotor disk;
c) fluid friction on 'paddles' moving through air.

Fig. 2: Damped oscillatory decay of a Torsional Oscillator released from
rest. The data are underlaid by a fit, and the residuals relative to the fit
are shown at the bottom, vertically expanded 20-fold.

These data are fit nearly perfectly by the model
θ(t) = c0 + c1 e cos(ωd t - ϕ).
-λt

Both the decay constant λ and the damped-oscillation
frequency ωd can be extracted to high precision.

Fig. 4: The square of the period (T2) of the undamped oscillations of the
rotor, as a function of the number of brass quadrants added.

The Torsional Oscillator also produces an independent
angular-velocity signal. It's an emf directly generated in a set of
Helmholtz coils by the angular motion of a stack of permanent
magnets mounted on the rotor. During damped oscillations, the
angular-velocity signal both oscillates and decays as a function
of time in conjunction with the angular-position signal.

But there's additional information in the data of Fig. 7.
It also displays the phase shift that exists between the drive
and the steady-state response. This phase shift also varies
systematically with the drive frequency chosen, giving a
less familiar but important plot, shown below.

Another kind of intuition can be taught via the transient
behavior that an oscillator displays. In Fig. 10, we see the
transient response of an initially quiescent oscillator to the
onset of a sinusoidal drive. The results exhibit three
regimes. Of these, the steady-state that's eventually
reached is the easiest to understand. In the short-term
regime, however, the amplitude of response grows within a
linearly-increasing envelope, and curiously, that linear
envelope has the same slope, independent of the drive
frequency. There is also a medium-term regime in which
there's a periodic 'beating' going on, with a beat period
that does depend on the detuning between drive and
natural frequency. Data of this sort is perfect for
provoking yet more qualitative thought, and is also of
high enough quality to motivate quantitative modeling.

Fig. 9: The phase shift, in steady-state, between the sinusoidal drive and the
angular-position response, as a function of the drive frequency. The solid line is
not a fit, but a prediction based on separately-measured properties of the undriven oscillator.
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Fig. 8: Steady-state amplitude attained by the rotor, as a function of drive
frequency, for a constant drive amplitude. The solid line is not a fit, but a
prediction based on separately-measured properties of the undriven oscillator.

But TeachSpin's Torsional Oscillator is not restricted to
sinusoidal drive. Any waveform can be injected into the
drive coils. The response of the eddy-current damped
oscillator can be predicted, and observed, in quantitative
detail. So this provides a system in which students can
gain qualitative familiarity with Fourier-based reasoning.
A great deal of intuition about time-domain and frequency-domain response of the oscillator can be acquired by
using variable-period triangle- or square-wave excitation.
It's also easy to excite and record the step response of the
oscillator, and brief current pulses can be used to show the
approach to the theoretically crucial impulse response.
So now students can see Green's Function for a real piece
of apparatus. Since modern arbitrary-function generators,
or computer data-manipulation systems, make any (not
just periodic) drive waveforms accessible, it is easy to
inject any chosen wave shape, even of a one-time
waveform, and to see the response of the oscillator.

Fig. 7: Steady-state signals from a sinusoidally-driven damped oscillator.
Thin line: a voltage monitor of the current applied to the drive coils; thick
line: the angular-position transducer's output.

Holding the drive amplitude fixed, and varying the drive
frequency, we can explore the famous resonant peak in
the steady-state amplitude of the response. Fig. 8 shows
the amplitude of the response for an oscillator with a
'Q' adjusted to be about 3.6.

The data of Figs. 8 and 9 are underlaid by theoretical
curves, the evaluation of which requires only the
knowledge of the oscillator's natural frequency ω0 and the
damping constant λ. Since these parameters can be
extracted from data (like that of Fig. 2) for the undriven
oscillator, the curves shown in Fig. 8 and 9 are predictions
rather than best fits. The matches between the data,
and these predictions with no free parameters, are highly
non-trivial tests of multiple facets of theoretical and
experimental work.

Fig. 10: Top trace: the decaying oscillations of a lightly-damped oscillator
released from rest. Lower traces: the transient behavior of the same oscillator,
quiescent up until t=0, and then driven by sine waves of various frequencies
(but the same amplitude in each case).
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The Torsional Oscillator is well-suited to open-ended investigations. The drive mechanism used heretofore has the magnetic
moment μ of the rotor-mounted magnets lying perpendicular to
the field B generated by the Helmholtz coils. But it is possible to
change this, arranging μ to lie parallel to B instead. For a rotor
that's θ from equilibrium, the interaction law is now described by
potential U = -μ.B = - μ B cos θ ≈ - μ B (1 - θ2/2 +...). This
magnetic-potential term of θ2-form is additional to the elastic
potential energy κθ2/2 of the torsion fiber. The consequences are
best seen by measuring the period of small oscillations around
equilibrium, with results depicted in Fig. 13.
ω2 in s-2

Yet another sort of non-periodic drive can be injected into
our oscillator. Fig. 11 shows that a white-noise waveform,
injected into the drive coil, will provoke a response of the
oscillator.

There's yet another motivation for this revised orientation of magnets' μ relative to coils' B. The use of modest-amplitude alternating
currents in the coil can now excite the oscillator 'parametrically',
provided those currents have an amplitude above a certain threshold,
and a frequency near double the oscillator's natural frequency. So
this system also permits the detailed, quantitative investigation of
the parametric drive of an oscillator, a topic with applicability
extending far beyond torsional mechanics.
Another treat is in store for those who have a pair of Torsional
Oscillators. Merely placing two undamped oscillators side-by-side
on a table, and exciting one of them, is enough to create coupled
oscillations. The artwork across the top of this page is actual data
for the angular positions of two coupled oscillators as a function of
time. The curves show the periodic exchange of energy between
the two oscillators. Fitting such data will reveal the presence of two
frequencies, which can be understood as the frequencies of the two
normal modes of this coupled system.

Fig. 11: Driving the oscillator with a white-noise waveform. Upper trace:
a voltage monitor of the white-noise current applied to the drive coils;
lower trace: the angular-position signal of the rotor.

Both waveforms might at first look like rubbish, but they
are well worth recording, because they serve to illustrate
the power of Fourier methods. For example, taking the
Fourier transforms of the waveforms depicted in Fig. 11
gives the amplitude response of the oscillator to a whole
spectrum of frequencies all at once, with results captured
in Fig. 12.

TORSIONAL OSCILLATOR

Fig. 13: Supplementing the fiber's elastic restoring force with a magnetic
restoring force (using the alternate arrangement of the rotor's magnets
relative to the coil) gives a natural frequency of small oscillations that can
be varied over a wide range.

The x-intercept of this graph points to the condition at which the
restoring force of torsional elasticity can be just cancelled by an
anti-restoring force due to magnetic interactions. With two
θ2-terms thus arranged to cancel, what remains has as its
leading behavior a θ4 term. That makes a quartic oscillator
available to students. Fig. 14 illustrates some medium-amplitude oscillations within this potential. These slow oscillations
are not sinusoidal, nor are they isochronous -- the period of
oscillation is visibly a function of the amplitude of oscillation.

For once, the coupling mechanism is not mysterious or merely
empirical; it's calculable, and due to the direct dipole-dipole magnetic interaction between the magnets on the two rotors. This predicts an inverse-cube dependence of the coupling strength on the
dipole-dipole separation, as illustrated in Fig. 15.
The Manuals describe many additional projects. There are over
25 investigations with fixed goals, and another 25+ open-ended
projects, at levels ranging from first-year honors to senior projects. They're all outlined in a detailed Student Manual, and additional guidance is provided in the Instructor's Guide.
Experimenting with the Torsional Oscillator, students will gain
broadly applicable and transferable knowledge, not only on harmonic motion, but also about oscillatory systems in general.

SPECIFICATIONS
Capacitive position transducer: Range ±80°, Sensitivity ≈ 2 V/rad,
Non-linearity <1% over ±1 radian, Equivalent noise level
<1 mrad, Response time 10 ms, Adjustable zero-offset
Steel fibers of diameters 0.74, 0.99, 1.19, 1.40 mm
Rotor magnets' moment μ ≈ 12.5 A.m2
Helmholtz coil constant ≈ 3.2 mT/A
Base: 30.5 cm x 28 cm, Height: 80 cm

COMPONENTS INCLUDED
8 brass quadrants, 8 steel balls for inertia changes,
3 alternate torsion fibers, 2 alternate rotor hubs,
2 sets of brass hang-downs and masses, pulleys and strings,
2 air paddles, tools for alignment, 1 banana-plug cable

RECOMMENDED AUXILIARY EQUIPMENT
Fig. 15: The difference between the two normal-mode frequencies,
Δf = f+ - f- , for a system of two adjacent Torsional Oscillators, plotted as a
function of the separation of the two rotors.

Digital oscilloscope, dc power supply (0-3 A), multimeter,
function or waveform generator

•
•

Appropriate at All Undergraduate Levels

•

Precision Analog Angular-position, and
Angular-velocity, Transducers

•

Magnetic Torque Actuator Allows Arbitrary
Drive Waveforms

•
•

Attain Critical Damping, or Reach Q > 100

Independently Adjustable Torsion Constant,
Rotational Inertia, and Damping

Eddy-current (v1), Sliding-friction (v0), and
Fluid-friction (v2) Damping Options

•

Quantitative Amplitude and Phase Response
Through Resonance

•

Observe Resonant Behavior in both Time
and Frequency Domains

•
•

Quartic Oscillator, and Parametric Drive

•

25+ Investigations, 25+ Open-ended Projects

Coupled Oscillators, with Calculable
Coupling

The harmonic oscillator is probably the most
commonly-used model in all of physics. Systems in
mechanics, acoustics, electronics, and optics are
modeled as simple harmonic oscillators, and this
model underlies classical and even quantum field
theories. We at TeachSpin have now made it possible
for students to encounter harmonic-oscillator systems
experimentally, in an apparatus which is highly visual
and tactile, and in which phenomena occur on a
human scale of space and time.

Fig. 12: The transfer function of the oscillator, obtained from Fouriertransforming 50 seconds' worth of data like that of Fig. 11. The solid line
is not a fit, but a prediction based on separately-measured properties of
the undriven oscillator.

The emergence 'in parallel' of a whole collection of plotted
points from one single set of data will make a powerful
impression on any student who has laboriously acquired
data, such as that of Figs. 8 or 9, 'one point at a time'. This
technique is an introduction to the modern methods of
'Fourier transform spectroscopy', here applied to a
mechanical system.

“The Model System for Simple Harmonic Behavior”

Fig. 14: Non-sinusoidal oscillations of the angular position of the quartic
oscillator, obtained using 'balancing current' ib = -1.45 A in the coil.
Waveform recorded at 10 seconds/division.
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The Torsional Oscillator is well-suited to open-ended investigations. The drive mechanism used heretofore has the magnetic
moment μ of the rotor-mounted magnets lying perpendicular to
the field B generated by the Helmholtz coils. But it is possible to
change this, arranging μ to lie parallel to B instead. For a rotor
that's θ from equilibrium, the interaction law is now described by
potential U = -μ.B = - μ B cos θ ≈ - μ B (1 - θ2/2 +...). This
magnetic-potential term of θ2-form is additional to the elastic
potential energy κθ2/2 of the torsion fiber. The consequences are
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equilibrium, with results depicted in Fig. 13.
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our oscillator. Fig. 11 shows that a white-noise waveform,
injected into the drive coil, will provoke a response of the
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provided those currents have an amplitude above a certain threshold,
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anti-restoring force due to magnetic interactions. With two
θ2-terms thus arranged to cancel, what remains has as its
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available to students. Fig. 14 illustrates some medium-amplitude oscillations within this potential. These slow oscillations
are not sinusoidal, nor are they isochronous -- the period of
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For once, the coupling mechanism is not mysterious or merely
empirical; it's calculable, and due to the direct dipole-dipole magnetic interaction between the magnets on the two rotors. This predicts an inverse-cube dependence of the coupling strength on the
dipole-dipole separation, as illustrated in Fig. 15.
The Manuals describe many additional projects. There are over
25 investigations with fixed goals, and another 25+ open-ended
projects, at levels ranging from first-year honors to senior projects. They're all outlined in a detailed Student Manual, and additional guidance is provided in the Instructor's Guide.
Experimenting with the Torsional Oscillator, students will gain
broadly applicable and transferable knowledge, not only on harmonic motion, but also about oscillatory systems in general.
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