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Abstract

The norm problem involves finding the formula describing the norm from the coefficients of the
elementary operators. Upper estimate of the norm has been easy to find but estimating the norm from
below has been proven difficult in general. In this study, we considered a special type of elementary
operators called normally represented elementary operators. Some of our results show that the norm of
an elementary operator is equal to the largest singular value of the operator itself i.e. Si(M) = [IM|| and
also if Uag= A ®@h B + B ®h A is normally represented, then [Uagllinj > 2(N@2 = D)IANIBIIL

Keywords: Norms; Elementary operator; Normally represented elementary operator; Norm-attainable

operators.

Introduction

The structural properties of the
elementary operators have been of great concern
in analysis mathematics [1]. Several of them
have been studied and of the most interesting
concern is the norm property. The term
elementary operator came as a result of the
knowledge of the basic elementary operators
from an algebra [2]. If A is an algebra, then
given a, b € A, we define the basic elementary
operator (implemented by A, B) by: Ma, g (H) =
AXB, V X € B(H). This led to the form
describing the elementary operators as the sum
of basic elementary operators.

T: B(H) — B(H) by TAi ,Bi(X ) :z”izlAi
XBi VXeB(H)and V A, B;fixed in B(H).
The coefficients of the norm property have been
studied by several scholars and their notations
noted down [3]. For example, the basic
elementary operator [[Mapll < 2llallllbll. For
Jordan elementary, U=1l Map + Mgp I, Il
Map + Map I < 2llalllibll for the upper estimates.
For the lower estimates, Mathieu proved that for
the prime C*-algebra, Il Mas + Map Il = = lalllibll.
In [4] the authors showed that for a JB*-algebra,
1Mo+ Myall =——llalllibil while [5] proved that
for standard algebra operator on H [[Mp 2+ M.l
>2(\2 — Dlalllbll. In [6], the authors also

showed that [[Mpa+ Mpall > llalllibll and further
described the formula for norm of the general
elementary operators with tracial Geometric
mean.

In [7], they described the norm of basic
elementary operators on algebra of regular norm.
The study gave a description by showing that E
IS an atomic Banach Lattice with an order
continuous norm A, B € L'(E) and M,y is the
operator on L r(E)defined by MA,B(T ) = AT B,
then IMagllr = IIAIl « IIBIl  but that there is no
real a > 0 such that [[Magll > allAll ; IBIl . The
objectives of this study were to determine the
norm inequalities for normally represented
elementary operators. Both the lower norm
bounds and upper norm bounds have been
established for normally reperesented elementary
operators. The results show that the norm of an
elementary operator is equal to the largest
singular value of the operator itself i.e. S;(M) =
IM]l and also if Uag = A @h B + B ®h A'is
normally represented, then [[Uagllinj > 2(N2 —
D)IAIIBIIL.

Research Methodology

In the present study, some definitions and
known results used are shown below.

Definition 1.1. ([8], Definition 1.2.1) Field. A
field F is a set closed under two binary
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operations of addition and scalar multiplication
satisfying the following properties:

(i). Closure under addition and multiplication. a
+beFandabeF, vabeF,

(i). Associativity: a+ (b+c)=(a+b) + ¢, V a,
b,c€F,

(iii). Commutativity: a + b =b + a and (a.b).c =
(b.c).a,Va,b,ceF,

(iv). Additive and multiplicative identities: V a €
F, 3—-aeF:a+-a=0. And 3
ale Fraa’=1

(v). Distributivity: a(b + ¢c) = (ab +ac) V a, b, ¢
€F,

(vi). Existence of additive inverse: VaeF I x €
Kia+x=0,andx +a=0thena=—x Va,
X € F,

(vii). Existence of a multiplicative inverses: For
each a € F with O<a> 0 the equations a.x = 1 and
x.a = 1 have a solution x € F, called the
multiplicative inverse of a and denoted by a .

Definition 1.2. ([9], Definition 1.2.2) Vector
space. Let F be a field and V a collection of
objects called vectors, then V is a vector space
over a field F if V is closed under vector addition
and scalar multiplication. i.e. V vy, v, € V, vi +
v, éeEVandvVveV,andVa€eF, av eV, and
satisfies the following properties:

(i). Commutativity. vi + Vo =V, + vy, YV, V2EV,
(ii). Associativity. vi+ (Vo + v3) = (V1 + Vo) + V3.
V Vi, Vo, V3 EV,

(iii). Additive inverse. Vvev,3-vEV !V +
v=0VvVv,-VEV

(iv). Additive Identity. vveV,30eV:v+0
=v.YveVv

(v). Multiplicative Identity. Lv=vVv eV

(vi). Distributive property. V a € F, and vv1, v2
€V, a(vy + v,) = (avy + avy) and the space

(V, II.I) is called a normed vector space.

(vii). Unitary law. Vv e V, 1.v=v.

Definition 1.3. ([10], Definition 2.1.8) Banach
space. This is a complete normed linear space.

Definition 1.4. ([11], Definition 12.7) Hilbert
space. A Hilbert space is a complete inner
product space.

Definition 1.5 ([12], Definition 2.1.10) C* -
algebra.

A complex Banach *algebra A is called a Cx-
algebra if Ixx*[I=IIxII> V x €A.

Definition 1.6. ([13], Definition 1.19) Spectrum.
Let A be a unital Banach algebra, then the
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spectrum of a € Ais given by o(a); ={A€C:a
— Al is not invertible}.

Definition 1.7. ([14], Definition 2.1.1) Norm. A
norm is a non-negative real valued function that
takes the elements of a vector space to a field of
real numbers denoted by |I.II: V — R satisfying
the following conditions:

(i.) Non-negativity: |Ix]l >0, V X € V.

(ii.) Zero property: |Ixll = 0O, if and only if x=0,
for all x €.

(iii.) Homogeneity: llox|l < |o/lIXIl, V X € V and a
eF

(iv.) Triangle inequality: lIx + yIl < IXIl + llyll, ¥
xandy eV

The pair (V, |I.1l) is called a normed linear space.

Definition 1.8. [15]. Elementary Operator. Let H
be an infinite dimensional complex Hilbert space
and B(H) be an algebra of all bounded linear
operators on the H . We define an elementary
operator T : B(H) — B(H) by Tai gi(X) =Y"i=1A;
XBi vXeB(H)and V A;, B; fixed in B(H)
where i = 1, . . ., n. Examples of elementary
operators include:

(1). The left multiplication operator La: B(H) by:
LA(X) = AX , VX € B(H).

(if). The right multiplication operator Rg: B(H)
by: Rg (X)=BX, ¥vX € B(H).

(iii). The Basic elementary  operator
(implemented by A, B) by: Ma s (H) = AXB,
vX € B(H).

(iv).  The Jordan elementary  operator
(implemented by A, B) by: Uag (X)=AXB +
BXA, VX eB(H).

(V). The Generalized derivation (implemented by
A, B) by SA,B =La—Rpg.

(vi).The inner derivation (implemented by A, B)
by: 84 = AX — XA.

Definition 1.9. [16], Normally represented
elementary operator. Let H be an infinite
dimensional complex Hilbert space and B(H) be
the algebra of all bounded linear operators on H.
We define an elementary operator, T : B(H) —
B(H) by Taj Bi(X) :z”i:lAi X Bj Vv X € B(H)
and V A, Bjfixed in B(H) wherei=1,...,n.
From this operator, we can define the
generalized adjoint by Tai gi(X ) =X"i=1A* X Bi*
and we say that T is normal if and only if T
T*= T*T. Now AC = CA, BD = DB, together
with AA*= A*A, BB*= B*B, CC*= C*C and
DD*= D*D ensures that the operator Ta; gi(X) =
AXC + BXD is normal. Therefore, the
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elementary operator of the form: Tai gi(X )
=y"=1A; X B; where A; and B; are commuting
families of normal operators are called normally
represented elementary operator.

Results and Discussions

The norms of normally represented
elementary operators are determined and
discussed.

Proposition 4.13. Let H be a complex Hilbert
space and M: B(H) —B(H) be a basic
elementary operator. Then S;(M) = /M/. Such
that Sj(M) are the singular values of M.

Proof. Since M is an operator, we represent the
spectral norm on M as Ml i.e. [IMI]l; then by
definition of a singular value, is known that the
spectral norm is equal to the largest singular
value of the operator. l.e. Since M is an operator,
then IMll; =VAi(M*M) = omax(M). Indeed the
spectral norm [IM||2 of the complex matrix of M
is defined by max{lIM|I2: [Ix]l = 1} then also let
there be a linear transformation of the Euclidean
vector space E. E is hermite if there exist an
orthonormal basis of E consisting of all
eigenvectors of E [17]. So, suppose that E =
M*M i.e Hermitian matrix, Let Ai. . . , Ay be
eigenvalues of E and {ej, . . . , e} be an
orthonormal basis of E then x = ajg; +, . . ., +
anen, We have that:
lIxIl = ‘v“r( YMicraie, Y Mizraien)
=\Y "1 )
and Ex =B} "i=1ai8i)

=Y "iz18B @

=Y "icr Miaie
We write Ajp to be the largest eigenvalue of E.
Therefore;
IM| = (Mx, Mx) = (X, M*MXx) = (X, EX)=(>" =1
aigi Y " iz hiaie Y=Y " i @i i g
< Maxq=jcaVAj | % (IIX11). So if IMIl= max {IMII:
x|l = 1} then

IMIl=maXy=jenV| 4 |-vvveeeeee 1)
Consider also, xo = €jo= [Ix|l = 0 so that [[M]l < (
ejo, E (e]o)> .................................. (432)

Adding inequalities [4.3.1] and [4.3.2] gives
IMIl = Maxi=j<nV| A | where 4; is the eigenvalue
of E = M*M. By [18], we therefore conclude that
Vimax(M*M) = o(M). Since Aj = MaXi=j<n\| Ajl
where 2; is the eigenvalue i.e. 4; =S;(M) then we
have that S;(M) = |IMl.

Theorem 4.14. Let Uag(X ) = AXB + BXA be

normally represented then, /Uag/cs > /ANIB/
forA, B €B(H).

Norms of normally represented elementary operators

Proof. Let diam H = 2 and choose W, € B(H).
Letalso A = [A, B], _B =[B, A]'", then we shall
use the notation A®O B=AQR®B+BQA.It
IS necessary to show that the Haangerup norm of
_A © _B holds for I_LA O _Bllu =lIAllIIBII.

Multiplying A by a scalar | and B by%, let | _All

= |IBIl and then ||All = 1 = [IB]l. Is known that for
each invertible matrix D € W5; it follows that
_AD'ODB_=_AQ _B=I_AQ _BIH=inf
I_AATIIDB || v D € W,. Since for each
unitary 2 x 2 matrix v, we have that ||_Av]| =
I_BIl and similarly for columns, by using the
polar decomposition, it suffices that the infimum
over all positive matrices A only and clearly we
may also let that det D = 1. We therefore show
that |_AD '2IDB_|I> 1 for all positive D € W5
with det D = 1. We let D = [; ﬂ &y > 0 then

AD-112|IDB =(yA — BB) ® (BA + aB) + (—BA
+ aB) ® (YA + BB’). This can be reduced by
putting X = |B [*+v%, Y =B (a+7), Z=a’+[B %
so we can write [ XAA*— 2Re(Y AB*) + ZBB*||
- [IXA*A+ 2Re(Y B*A) + ZB*B|l > 1 Assuming
that X > Z , then noting that JUABICB =
lUyavuBullcs for all unitaries u, v € W, we can
write A by |A| and B by v*B, where A = u|A|is a
polar decomposition of A i.e. we let A be
positive, so that A and B are of the same form A

1 2
o 4 ond B:[Es 54] where h=[0,1] and
Bl, B2, P3, P4 € C then,

XAA*~2Re(YAB*)+ZBB*=
[ﬂ — 2Re(YB1) + Z(IB 12+ |B2/2) ,}

, and

XAA* + 2Re(YAB*)+ZBB*=
[A+ 2Re(Y 1) tz (IB12+ [B2]2) :] -
det D = 1 and that [Y |*— XZ = —1 because Z > 0
we have that X £ 2|Y |1 + Z|[31|22 0 since X >
2 and XZ =1 +|Y [, also we have that X > 1
and thus

(X~ 2Re(Y )+ Z (|Baf+ [Bal))(A + 2Re(Y B
1) +Z (|Baf+ [B3l")

> (X + Z Bif*— 2Re(Y BI)X + Z |Baf+ 2Re(Y
1))

= (X + Z [Baf’)*~ 4Re(Y B1))* = (X + Z |Baf’)*-
4|Y |2|Bl|2 2\2 2 2\2
= Ol(2+ Z Baf) = 4XZ = DIBaf" = (X = Z |Ba] )+
4|B1

> %2(1 = [Baf") 4Bl = (1~ [Baf) + 4IBof(L +
B1

This completes the proof if dim H = 2.
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Suppose that dim H > 2, then it follows that, by
choosing some ¢ > 0, and a unit vector n and & €
H such that [JAZll > IAll — 6 and [IBnll > IIBIl - 6.
Let N1be a two dimensional space containing &
and n and let n2also be a two dimensional space
containing A& and Bn, moreover, let q € B(H) be
orthogonal projections onto N; and let p € B(H)
be partial symmetry with final space N; and
initial space N, then [IpAgll > Al — & and
llpBqll > lIBIl — &. It becomes trivial to verify that
IUagllce> IpAg, pBgllics hence regarding pAqg
and pBq as operators on the two dimensional
space ny, it follows that [[Uagllcs> lIpAQIlIpBgll
> (Al = 9)(IIBIl — 9). By letting 6 > 0, we have
lUaglice = lIpAglllipBgll = IAI = 1Bl =
IUagllca = IAIIBII.

Theorem 4.15. Let A, B € B(H) and Uag =A ®h
B + B ®h A be normally represented then ||
Uag llinj > 2(¥2 = DIIANIIBII.

Proof. Let IAll = IBll = 1 and A, B be functions
on D := (B(H)*), and Uag as a function on
D x D. Taking dot products of A and B using a
suitable scalars of modulus 1, we let A(xo) = 1
and B(Yo) V Xo, Yo € D. Putting A; = A(Xo), and
B = B(Yo). Then it gives
Uag (Xo, Yo) = 2B1, Uag (Yo, Yo) = 2A, Uag(Xo,
yo) = 1 + AsB;y if |Aq] or|Bi| = V(2 — 1). This
completes the proof. On the other hand, if
suppose that |Ag| < V(2 — 1) and |B1| <V(2 — 1)
then,

|1+ AiBy| > |- (V2 - 1))*=2(¥(2 ~ 1)) IANIBII.

Corollary 4.16. Let R =Y"=1Ai & Bi € B(H) &
B(H). Then we have /R /inj= sup{/Ai &Bi/: X €
B(H)}, /X /=1 if and only if X is rank one
Operator.

Proof. Let R(X ) =XY"i-oAi xB;j and [IRIB =
sup{IIRxIl : X € B(H), IX Il =1, and, rank (X ) =
1}. It is known [70] that every rank one operator
X €eB(H)isoftheformx=v ® ¢ forallv,g€
H then this gives
IRIB=sup{| . " iz1(Ai X
X)=L0EN=Imll =1}

= sup{[n Yi=1{A;, v, n XB1&, O): IC 11 =
Ivil=1E I = Iinll = 1}

= sup{[>."i=sf (AV) 9(BI)I}-
Taking the last supremum all over all functionals
of the form f =V ® n, g = & ® (. For all
elements in the product U(H) of B(H ) is a norm
limit of convex combinations of elements of the
form V @ n and the unit ball U(H) is a weak
dense in the unit ball of dual of B(H). This
implies that IRl = IRlin;.

Bi) &nl : IX Il = 1, Rank

Norms of normally represented elementary operators

Proposition 4.17. Let A, B € B(H) where H is
infinite dimensional, then r(A*A = B*B) = ™
>0l (IA*A +11B*B) if and only if there exists n €
H, Imll = 1 such that
lAnlI2= IBnli2=12r(A*A + B*B).

Proof. By letting r(A*A + B*B) = 1, if the
second part IS satisfied, then
(r(A*A + B*B)n, 1) = IIAnlI>= IIBnlI*=12 (I +11)
> 1 On the other hand, if the first part holds, put
k = Ker(A*A + B*B) — 1 and oB (H)be
orthogonal projection onto k. Put y =1,, such
that n > 2 then by the first part, there exists a
sequence {xn} of the unit vector x in H such that
(1 = y)A*A +11-y,B*B)Xn, Xn) > r(A*A +
B*B). For all n > 2, let q = (A*A + B*B) and
z = (B*B — A*A) then, we have, (QXn, Xn)
+Yn(ZXn, Xn) > 1. Since H is finite dimensional,
the unit ball of H is compact and there exists a
convergent sequence of {x,}. Letting x =limyX,,
then from the above equation and that (gx,, X,) <
1 then it follows that (gx,, X,) = 1hence gx =
x since llgll = 1 and for x € k. From (iv), so we
have that

yN(zXn, Xn) + Y21 — yn)(B*Bx,, X,) > O.
Dividing through by vy, we have that
(ZXn, XN) +Yn(1=yn){B*B X,, Xn)> 0. Letting n —
oo, we conclude that (ZXn, Xn) > 0. Likewise,
from the sequence In = —(1,) instead of y, =1,,
we obtain a unit vector v €H such that (zv, v) <
0. So there exists a unit vector 1 € H such that
((AxA —B*B)n, n) > 0. This together with
(AxA + B+B = n implies that [[Anl*=
IBnlI%= 21 (A=A + B+B).

Theorem 4.18. Let Uag: B(H) — B(H) be defined
by Upg = A#XB +Bx XA be normally
represented, then JUagl/ = /Mag|B*(H )SA/
=" oMAA +1IB =B/,

Proof. Let IA*A + B*BJl = 1 then since Uag =
U IA(=5)B for all 1/= 0 then we have that inf
[I>0lllA*A +1IB«B|I=lI*A + B«BJ|l = 1. If H is
infinite dimensional, then by the proposition
4. 13] there ex1st a unit vector m satisfying
AN I=I1BnI? === ~ meaning that the linear span
L of {An, Bn} can be defined by the adjoint of
X by XAn = Bn and XBn = An then the adjoint
X* we can extend X to X* as an operator on H

such that X = X* and X*= 1 then |((A*XB +
B*XA)n, n)| = 1 hence UAB > 1. But [[Uag Il >

IUagllcg <i" oolllAXA  + B* Bl = 1. This

completes the proof When H is finite
dimensional. Suppose that H is infinite
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dimensional, then let {s,} be a net of finite rank
orthogonal projections increasing to identity, we
denote by the restrictions of s,A to the range of
s, and analogously for B for each n, let In be
such that

inf >0 Il InA*,Aq "%B*an I =1 L A*A, "%B*an
I so we have;
IUagll = ** =1 IA*XB + B¥XA > A*s, X s,

B+ B* spXsp A
> P =1 (SnA*SR)( SnXSn)( SaB*sn)(

SnXSn)( SnASn) _
= hA* AL + :J-:B*an Il I, — 1o, then

T A% A, +—B*:By Il = llbA%A +7 B*B || >
HA*A += B*B |.
Hence IUagl =™ 150 IIA*A +1B*B |I.

Proposition 4.19. Let Uag :B(H) — B(H ) be
defined by Uag =A*XB + B*XA be normally
represented, and that UAB is real and linear,

then //UA B//>l |>0//IA*A +— B*B/.

Proof. From the theorem above, let i be a unit
vector and X a unitary operator such that

XBn = An, then [[Uagll > ((IA*XB+> B*XA)n,
n) =r(A*A + B*B) = ||[A*A + B*BIl. The reverse
inequality  becomes, [lUag(X I = |l

N ST e o
.

Corollary 4.20. Let A, B € B(H ) be self adjoint
and normal, then for Uag = AXB + BXA we have
that /Uag|B(H)SA/ ="soIA2+11B2/ If dim
H=2.

Proof. If H is real, then by the theorem above, it
is trivial. If H is complex with dim H = 2, we
shall use the orthogonal basis {1, &2} of H
relative to which A is diagonal. So because B is
self adjoint, the diagonal entries of B are real and
the two off-diagonal entries of B can be made
real by replacing & by 6&; for a suitable scalar 0
of modulus 1. l.e. we let A and B be real

. i 1
matrices. We may assume that "™ olllA%+— B?|

=" ol A% B || = 1 then we obtain a unit vector
n such that [[Anll? = IIBnIIZZé furthermore, 1 is

an eigenvector of the real symmetric matrix
(A*+ B*n = 1 hence 1) is real. Then (An, Bn) €
R and we can also get a unitary self adjoint
matrix X satisfying XAn= Bn and XBn = An.
Then the proof follows the theorem 4.12

Norms of normally represented elementary operators

Proposition 4.21. Let W2 denote the algebra of a
complex square matrix of order 2 x2 and Let A,
B € W2 be self adjoint, then fUag/lcs = Mags/.
Proof. By proposition 4.19, we can clearly see
that

IUAglB(H )SAII= " 1ol A%-Bl > lUaglics >
IUagl = IUAg[B(H)SAII= ™ 1ol A%+-B]
Hence llUagllcs = IUagll

Corollary 4.22. Let W, denote the algebra of a
complex square matrix of order 2 x 2 and Let A,
B &€ W, be self adjoint, and normally
represented, then agl= Mas|(W2)SA) >
INFIBF.

Proof. Let ™olllA*+—B?| = "ol A%+ B2Il. Put n
= || A%+ B?|| then by the proposition above, there
exist a unit vector n satisfying (A2+ Bz)n =nand
IANIBIP=2.  Let n' be a unit vector
orthogonal to_n and we put k —IIAnlll Since
A%+ B*<n; we have IBnll* <w — k. From
IAI%= IAnI%= 2w + k and [IBlI%= IIBnlI*= —W—
k then it follows that

IAIGIBIS, < Gw + K(Zw — k) < w=
IUAgI(W2)SAII®.

Example 4.23. ([4] Example 4.5) Put A = e — iu

and B = (e + iu)/2 where e:[éI g] LU :[g 3]
Let X = [Xj] then Uag(X ) = [K-ﬂll K-ﬂzl] o)

that JUA,BIl = 1 we need to show that [[Uagllcs
=\2. We note that Uag(X ) = AXB + BXA =
eXe + uXu. Expressing w by Hangearup norm,
w = e®e + u®u. It suffices to consider the
representation of w of the form w =(ye— Pu) ®
(oe + Bu) + (—Pe + au) Q ( Be + yu), thenbya
short computation, "W”H = inf{ll(A + C )e|| -
IAeL+ Ce +2Re(Bu*)l| ;. AC —|B2= 1} where
el=1 — e. More so, Aet+Ce + 2 Re(BU*)

c -—B ..
[B A ] and the norm of the last matrix is

equal to(A + C +V(A + C )+ 4BP)/2. By
symmetry, we assume that A > C, hence [|Aet+
Ce + 2Re(BUMI =% A+C+]A-C|=A
therefore, [UaglICB = [IW|H> (A +C )12 Al2
> (2AC )12 = (2(1+ |BJ2))12 >\2 thus in fact
IUagllce =V2.

Theorem 4.24. Let A; and B; be commuting
operators in B(H ), then
I i=1 Ai & Bi lhnj > |o(43) ° o(Bi)| if and only if
A; and B; are normal operators.

©2018 The Authors. Published by G J Publications under the CC BY license. 14
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Proof. Let (¢, y) € 'A x I'B, where I is the set
of all multiplicative linear functionals on
commutative algebras in B(H) then is clear that
we can extend ¢ and y to unit functionals fand g
on B(H) respectively using the Hahn-Banach
theorem. This follows that

I( Uap)ll 2> i=af (A)G(BI)] = [ "i=10(A)w(B)|.
Therefore I ni:l A; X B "Inj >|o(Aj) ° G(Bi)|.
Since A; and B; are commuting operators in
B(H), it suffices that | 6(Aj) ° o(Bj)| > I(Uag)ll.
Because | 6(Aj) ° o(Bi)| = o(X"i=1w(Ai)Bj)| and
o(X"=1y(A)B;) is normal for all (¢, y) € TA
xI'B  then Io(Ai) ° oBi)| = " Ler
o(X"i=1w(A)B)| = llo(X =1w(Ai)Bi)ll this implies
that [o(Ai)°c(Bi)| 2|p(X"iz19(ANF (Bi)| = (X i=1f
(A)B))Il for all (9, y) ETTA x I'B and f € S1 then
we have that |o(Ai) ° o(Bi)| >[[(Uas)ll.

Theorem 4.25. Let A be invertible posinormal in
B(H) and normally represented, then for U, 4—;
=A®A-1+A-1¢6 A we have

(i) /A @ AHATT® Ay = IAIIATYY +
1

AlnnA-1
(ii) 1A+ A‘1+ AT @ A*nj = JAJIAT ) +
if and only if A € J

[lAlMA—=2LIl

(H)where J (H) is the set of all
invertible operators in B(H).

Proof. From ([9]) it follows clearly that [[(DA)I|
= peg(MA)(p +—) Also that min [I(QA)Il
=1IIA " land max II(®@A)Il = IAll, because 5(Mp)
s Al - _ 1 -
=3(A ") then min ||(M,1)|| T A and max
I(Ma)Il = IAIIA™lI= = then have that Max {p
1 1
t- A <p<IA} = A 5
attainable in A and i thus the result follows

clearly since it is true that A €3(Ma) For (ii),
since A € J (H), there exist VV € (H ) such that A
=V plp = |A|, By ([72] corollary 1), we have that
{x€B(H):rank x =1} = {V*x :X € B(H), rank

This maximum is

X =1} and Al = IP I, 1A' = IP7') this
implies that;
IA*&® A+ A71® A i :Supllxllzlzrank X

=P i=t=rank x IPV*XPIV*+ PTIVAXP V|
:SUpIIXII=1=rankx [IP (V*X) pl+p! (V*X) Pl
=P xi=1=rank x IP XP '+ P7IXP Il

=|IP QP-1+P— 1® P Il

=P IIP 11 +
= IAIIA +

IIP‘IIIIP 1l

nama-in

Norms of normally represented elementary operators

Conclusions

The field of elementary operators has been so
interesting over the past decades and much have
been done. The norm property in particular has
attracted many scholars but a lot can be done
further. In our study, we considered the normally
represented  elementary  operators.  We
recommend that other properties of the normally
represented elementary operators can be studied
like numerical ranges, positivity and spectrum.
The norm property is also not exhausted. For the
Jordan elementary operator, we conjecture that

the norm U]l = —IIA||||B|| + € where the € > 0 is
arbitrary.
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