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Summary
We present a novel meshfree three-dimensional algorithm to calculate the approximate solution of Maxwell’s
equations on a bounded simulation domain. Here, the application is to simulate magnetotelluric responses for
a given three-dimensional conductivity structure. To derive a stable approximation for Maxwell’s equations
we use a potential approach utilizing a damped Lorentz gauge, which results in a weakly coupled system
of differential equations. In contrast to other numerical approximation schemes like finite element or finite
difference formulations, no connected mesh or grid is needed to calculate the solution.
To derive a spatial discretization for the partial differential equations, we use a generalized moving least squares
approximation coupled with a collocation scheme. This approximation can be used on general, unordered point
clouds to derive a linear system of equations corresponding to the approximate solution of differential equations.
Here, we describe the overall algorithm for the approximation and give a numerical example to calculate the
three-dimensional magnetotelluric responses of a buried prism in a homogeneous half-space.
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This gives an expression for the electric field in terms
of the magnetic vector potential A and the gradient
of the scalar potential

Introduction
Equations of Induction
Assuming a harmonic time dependency of the form
e−iωt , the behavior of the electric and magnetic fields
E and H is governed by Maxwell’s equations written
as
∇ × E − iωµ0 H = 0,

(1a)

∇ × H − σE − iω0 E = Je ,

(1b)

∇ · (0 E) = ρe .

(1c)

Here, µ0 = 4π × 10−7 (H/m) is the vacuum perme−1
ability and 0 = µ0 c2
(F/m) the dielectric constant. Also, Je is an imposed current density and
ρe an imposed charge density. The most important
variable in our context is the electrical conductivity
σ (S/m). Subsequently, we use electromagnetic potentials to simulate the electromagnetic fields. The
magnetic field H is solenoidal and can be described
as the curl of a vector field A ∈ R3
H = µ−1
0 ∇ × A.

(2)

Using this relation on Farady’s law (1a), gives
∇ × (E − iωA) = 0.

(3)

Every vector field whose curl is zero, can be written
as a gradient of some scalar function
E − iωA = −∇Φ.

(4)

E = iωA − ∇Φ.

(5)

The vector field A is not uniquely determined, since
(2) only specify the curl of A. We choose the damped
Lorentz gauge of A according to Tyler, Vivier, and
Li (2004). Using this, we can write the gauge as
∇ · A + µ0 σΦ = 0.

(6)

To form a partial differential system which solves
Maxwell’s equation on a bounded domain Ω ⊂ R3 ,
we derive a second order system as
∇2 A + iωµ0 σA − µ0 Φ∇σ
= −µ0 Je ,

on Ω,
(7)

∇ · (σ∇Φ) + iµ0 σωσΦ − iωA · ∇σ
= ∇ · Je ,

on Ω.

For the partial differential equations system (7), a
simple set of mixed boundary conditions for F =
T
(Ax , Ay , Az , Φ) is given by
C̄1 ∂n F − C̄2 F = C̄3 on Γ.

(8)

Here, the coefficient vectors C̄1 . . . C̄3 are chosen according to the actual simulation and specify the behaviour of the electromagnetic fields along the boundaries Γ ⊂ Ω ⊂ R3 .
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Discretization technique
We use a meshless method, based on a generalized
moving least squares (GMLS) technique to solve the
magnetotelluric forward problem (Mirzaei, Schaback,
& Dehghan, 2012), (Mirzaei & Schaback, 2013). Our
goal is to discretize the partial differential equations
only in “terms of nodes” (Belytschko, Lu, & Gu,
1994). Suppose, the modelling domain Ω is covered
by a set of nodes Ωh = {xj }j=1...,N including the
boundary Γ ⊂ Ω ⊂ R3 . To get an approximation
for the fields (Ax , Ay , Az , Φ), we solve the following
system for all nodes on the modelling domain (here
presented for the Ax , Φ-fields):
(
Lh1 Ax (xi ) − µ0 ∇σLh2 Φ(xi ) = s(xi ) if xi ∈ Ω
(9)
Lh3 Ax (xi )C1 − Lh2 Ax (xi )C2 = C3
if xi ∈ Γ
Here, Lh1 is the generalized moving least squares approximation of the Helmholtz operator, calculated on
the set of nodes. The operator Lh2 evaluates the field
at some point xi and the operator Lh3 approximates
the first derivative of the field with respect to the
normal vector of the boundary. The GMLS method
approximates linear functionals λ(Ax ) in terms of the
set of local nodal values Ax (x1 ), . . . , Ax (xn ) in the
vicinity of xi . These functionals might be either point
evaluation functionals λ(Ax ) := δxi ◦ Ax = Ax (xi )
or, for example, derivative values λα (Ax ) := δxi ◦
Dα (Ax ) = Dα Ax (xi ). We now seek the approximation of λ(Ax ) from some other functional values
n
{τj (Ax )}j=1 :
h (A ) =
λh (Ax ) ≈ λ\
x

n
X

aj (λ)τj (Ax )

In (12), we collect all values depending on the local set
j = 1, . . . , n to form the matrices Pτ and W. To calculate the derivatives which appear in the Helmholtz
operator i.e. ∇2 Ax (xi ), we need to evaluate
λh∇2 (Ax ) := δx ◦ ∇2 (Ax ) = ∇2 pTλ b∗ .

(13)

The linear system of equation KF = S for the discrete boundary value problem is constructed row by
row collecting all the coefficients into K.
The resulting linear system of equations is sparse and
its bandwidth depends on the local nodes set for each
nodes.
Implementation
We generate a nodal set with the help of Poisson disk
sampling. This is a well established sampling technique in computer vision science and a lot of efficient
algorithms are available (McCool & Fiume, 1992).
This allows us to generate node sets linear in time
which can be spatially adapted to a density function.
Figure 2 shows a nodal distribution for the exemplary
calculation presented later in this abstract.
For each node in the modelling domain, a local neighborhood of surrounding nodes is generated and the
coefficients are calculated according to (12). For this
study we use polynomials of quadratic order to construct the approximation space.

(10)

j=1
h (A ) = λ(p∗ ) where
This is done by computing λ\
x
∗
p ∈ P = span {p1 , . . . , pQ } comes from the best
weighted least square approximation
to the data
PQ
{τj (Ax )}. For a given p(x) = k=1 bk pk (x), we calPQ
culate τj (p(x)) = k=1 bk τj (pk (x)) = pTτj b, and seek
the coefficients b∗ minimizing


n h
X

i2
min
τj (Ax ) − pTτj b w(λ, τ ) : p ∈ P (11)


j=1

By using a positive, compactly supported weight
function w(λ, τ ) and solving the normal equations the
wanted approximation is derived:
h (A ) = λ(p∗ ) = pT b∗
λ\
x
λ

−1
(12)
= pTλ Pτ W(λ, τ )PTτ
Pτ W(λ, τ )τ (Ax )

Figure 1: Sparsity pattern for the exemplary calculation.
The system-matrix is quadratic, non-hermetic, and
diagonal dominant. A sparsity pattern for the exemplary calculation can be seen in Figure 1. We solve
the system with a preconditioned restarted GMRES
Krylov method (Saad & Sosonkina, 2004). The preconditioning is done by a multilevel incomplete LU
decomposition (Bollhöfer & Saad, 2006). For the example calculations here the system has up to 100000
degrees of freedom and approximately 10 millions
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non-zero entries. Less than 40 Krylov iterations are
needed to solve this system with a residual error of
< 10e−12 . This can be done on a modern single core
CPU in less than one minute.
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Figure 3: Sketch of the conductivity model used in
the example.
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Another aspect occur in the simulation when modeling responses with respect to the yx-mode. Here, the
electrical field is parallel to the profile and will jump
at conductivity contrasts. Generally, the potential A
is smooth across conductivity changes but Φ is not.
The normal derivatives ∂Φ/∂n will be discontinuous
across conductivity interfaces.
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Example
Here, we provide an exemplary calculation. It consists of a rectangular conductive prism embedded into
a more resistive homogeneous half-space. The prism
has a conductivity of 0.1Sm−1 and the homogeneous
half space is set to 0.01Sm−1 . A sketch of the model
is displayed in Figure 3. Magnetotelluric responses
are calculated for both modes (xy and yx) and will
be compared with the three-dimensional finite difference code of (Mackie, Madden, & Wannamaker,
1993). The comparison is displayed in Figure 4 to
5. Generally, comparing the meshless results to the
reference solution, one will first notice the unfirm behavior of the response function. Keeping in mind,
that the nodal distribution is generated by a random
process which maintains a fixed minimum distance
between two nodes but generally allows a grater distance. So, errors will be randomly included into the
approximation, since we used a second order polynomial space this gives us a maximum approximation
order of one. This is also true for around the vicinity
of the prism. Nodes should be finer adapted to this
area for a better approximation of the fields.
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Figure 2: Distribution of the nodes for the exemplary calculation.
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Figure 4: Solution for the xy-mode. Top: apparent
resistivities for two frequencies in comparison
to finite differences. Bottom: phases for two
frequencies in comparison to finite differences
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Also, the gradient of the conductivity must be available in (7) to calculate the approximation. In this
meshless scheme we us use a L2-optimization to calculate the coefficients for the approximation. This
will heavily smooth the fields for conductivity contrasts and can be seen in the response functions for
the yx-mode (Figure 5).
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Figure 5: Solution for the yx-mode. Top: apparent
resistivities for two frequencies in comparison
to finite differences. Bottom: phases for two
frequencies in comparison to finite differences

Conclusions
We presented a novel three-dimensional meshless
algorithm for simulating magnetotelluric responses.
It allows the approximation of Maxwell’s equations
on unstructured point sets for a given conductivity
model and a given frequency. The mathematical outline of the algorithm was presented and an exemplary
calculation was shown. All solutions were compared
to conventional finite differences while obvious drawbacks of the solution are discussed. In our contribution to the symposium we will present advanced
solutions to the aforementioned drawbacks and show
how to handle and implement them.
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