Sample Final - Solutions

1. Find the unit tangent and unit normal vector for the following vector functions
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2. Prove the limits either exist or do not exist. In the former case use the squeeze

theorem. ) ) -
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Since following different paths lead to different limits, the limit DNE.



Soln. 2 (ii) From the inequalities
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3. Find the equation of the tangent plane to the given surface at the specified point
X’y +xz+yz2 =3, P(1,2,—1)

Soln. If we define F = x%y + xz + yz> — 3 then Fy = 2xy +z, F, = x*> + 2z and
F, = x + 2yz. Evaluating these at the point P gives F, = 3, F, =2 and F, = —3.
The equation of the tangent plane is thus 3(x — 1) +2(y —2) —3(z+1) =0



4. Find the directional derivative of z = x* + 3xy + y? at (1,1) in the direction of
< —3,4>.
Soln. The gradient is given by Vz =< 2x + 3y, 3x + 2y > and at the point (1,1) it

becomes Vz =< 5,5 >. The direction derivative is then given by
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5. Classify the critical points for
z:xzy—x2+y2—18y
Soln. The derivatives are
zy =2xy —2x =2x(y — 1), z,=x>+2y—18.

Setting each of these to zero gives the following critical points: (0,9), (—4,1), and

(4,1). The second derivatives are:
Zxx :Z(y_l), ny :Zx, Zyy :2

giving A = zyyzy, — 25, = 4(y — 1) — 4x*. We now test each critical point
(0,9) A=32>0 z,, >0 min

(—4,1) A=-64<0 saddle
(4,1) A=-64<0 saddle

6 (i). Find the volume bound by the paraboloid z = 1 — x> — y? and the plane z = 0

Soln. The two surfaces intersect when z = 0 so x> + y?> = 1. The volume is then

4/(1—x2—y2>dA

As the region of integration is a circle of radius 1, we switch to polar coordinates

giving
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obtained from the integral



6 (ii). Find the volume inside the sphere x? + y? + z2 = 2 and the cylinder x? + 2 =
1

Soln. The surfaces intersect when z2 = 1 or z = +1. The volume is then obtained

//2\/2—x2—y2dA
R

As the region of integration is a circle of radius 1, we switch to polar coordinates

giving

from the integral

2t rl1 _
/ / 22 — 2rdrdf = 8\/5—4171
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6 (iii). Find the surface area of the plane x 42y 4 3z = 6 for x,y,z > 0.

Soln. The general formula is
//,/1+z§+z§ dA
R

Since z :2—%9(— %y, thenzy = —1/3 and z, = —2/3 giving
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Thus

7. Set of the triple integral [[[ f(x,y,z)dV in both cylindrical and spherical coor-
dinates for the volume inside the cone z = 1/x? 4+ y? and below the plane z = 1.



Soln - Cylindrical Eliminating z between the equations gives x> + y* = 1. This is

the region of integration

21 1,1
/ / / f(rcos,rsin®,z)rdzdrdd
0 0 Jr

Soln - Spherical ~ From the picture we see that ¢ = 0 — 7 /4. Further, p = 0 —
1/cos¢pand 6 =0 — 27 so

2 pm/4 psecd
/ / f(pcosBsin ¢, psin@sin g, pcos @, )p? sinpdp de db
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8. Is the following vector field conservative?
F =< vy + 3yz,2xy + 3xz,3xy > .

Soln. Since V x F = 0 then yes, the vector field is conservative. Thus ¢ exists such
that F = Vf so
or =y*+3yz = ¢=xy*+3xyz+ A(y,z)
¢y =2xy+3xz = ¢= xy? + 3xyz + B(x, z)
¢, = 3xy = ¢ =3xyz+C(x,y)
Therefore we see that
¢ =xy*+3xyz +c

and

(123)
/ (y2 + 3yz> dx + (2xy + 3xz) dy + 3xy dz = xy* + 3xyz 000) ~ 22.
C ™~y

9 (i). Evaluate the following line integral [ 2xy dx + (x + 1) dy where c is the coun-

terclockwise direction around the square with vertices (0,0), (1,0), (1,1) and (0.1).

Soln. Here we have 4 separate curves which we denote by C;, Cy, C3 and Cy.

Ci: Herey=0,dy=0so0 /O:O
€1

1
Cy: Herex =1,dx =0so /Zdy:Z
0

0
C3: Herey=1,dy=0so0 /2xdx=—1
1



0
Cs: Herex=0,dx =0so0 /dy:—
1

Thus [ 2xydx+ (x+1)dy=0+2-1-1=0.

9 (ii). Evaluate the following line integral [ (x —y) dx + (x +y) dy where c is clock-

wise direction around the circle of radius 2.

Soln. Here we parameterize the curve by x = 2cost, y = —2sint, 0 < t < 2.
Note the —2 on the y term as we are going clockwise and not counterclockwise. So

dx = —2sintdt and dy = —2 cos t dt. Thus, the line integral becomes

27
/ —(2cost+2sint)2sintdt — (2cost — 2sint)2costdt = —87
0

10. Green’s Theorem is

/de+Qdy //( >dA

Verify Green’s Theorem where F =< 3x2y, x> + x > where R is the region bound
by the curves y = x> and y = x.

Soln. We have two separate curves which we denote by C; and C,.
1
C;: Herey = x% dy = 2xdx so / 3xtdx + (2% + x)2xdx = 5/3
0

0
Cy: Herey = x,dy =dxso / 3x%dx 4 (x® + x)dx = —3/2
1

SO
/3x2ydx (P4 x)dy=5/3-3/2=1/6.

For the second part, since P = 3x?y and Q = x> + x then Qx — P, = 3x*> + 1 —

1
// —P,)dA = //jldydx:1/6

11 (i). Evaluate [ [, xydS where S is the surface of the plane 2x + y +z = 6.

3x2 =1s0



Soln. Since z = 6 — 2x — y then dS = /1 + 22 + 2z} dA = /1 +4 + 1dA and thus

3 r6—2x
/ / Veéxydydx =27v/6/2
0 Jo

11 (ii). Evaluate [ (x + z)dS where S is the surface of the cylinder y* + z? = 9

bound between x = 0 and x = 4 in the first octant.

Soln. Here, we’ll parameterize the surface by x = u, y = 3cosv and z = 3sinv,
0<u<3and0<ov < /2 Ifwelet? =< u,3cosv,3sinv > then ||7, x 7|| =3
and we have
4 rm/2
/ / (1t + 3sinv)3dodu = 3(47 + 12)
0 Jo

12. Verify the divergence theorem

//ﬁ-ﬁdsz/ V. Edv
S \%4

where F =< x +yz,y+xzz+xy > and V is the volume of the tetrahedron
bound by x +y + z = 1 and the planes x =0,y = 0 and z = 0.

Soln. We will first deal with the surface integrals. There are 4 of them.
S1: Bottom. Here z = 0so F=< x,y,xy >and # =< 0,0,—1 > .
Thus F-7i = —xyand [] [ % —xydydx = —1/24
Sy: Left. Here y = 0so F=<xxz,z>andii=<0,-1,0>.
Thus F -7 = —xz and fol Ol_x —xzdzdx = —1/24
S3: Back. Here x = 0so F=< yz,y,z >and i =< —1,0,0 > .
Thus F - 7 = —yz and fol fol_y —yzdzdy = —1/24
S4: Plane. Here x+y+z=1and7i=<1,1,1> /3.
Thus F-7i=(1+x+y—x2—xy—y?)/v/3and

1 pl-x » 5
/o/o <1+x+y—x —xy—y)dydx:5/8

Therefore ffsﬁ-ﬁds =—-1/24—-1/24—-1/24+5/8=1/2.
. 1 pl-x pl—x—y
Second part. V - F = 3 s0 / / / 3dzdydx = 1/2. Verified!
o Jo Jo



13. Verify Stokes’s theorem for
JFar— [[VxFids
C S

where £ =< xz — ¥,yz,1 > and S is the surface of the paraboloid z = 1 — x2 — y2
for z > 0 and C is the curve where the paraboloid intersects the plane z = 0.

Soln. We will first do the line integral. Here

%(xz —y)dx +yzdy + dz
C

but since we on the curve where the paraboloid intersects the plane, then z = 0

%—ydx
C

If we let x = cost and y = sint this integral becomes

and so we have

27
/ sin?tdt = 7.
0

For the second part, V x F =< —y,x,1 >. On the surface of the paraboloid

< 2x,2y,1 >

VAx? +4y2 +1

n=

and dS = /1 + 4x? + 4y?d A so

/ V x E-i1dS = //<—y,x,1>. <2x,2y,1> /1%_49(24#1_‘1/2‘711&1
s VAax2 +4y? +1

S
_ / 1dA = 7.
S

Verified!



