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1. Introduction

The slant submanifold for an almost Hermitian manifold is
defined by Chen [8], in which generalisation of both
holomorphic and totally real submanifolds are discussed. The
concept of Slant submanifolds were given by Chen [2], and
also the examples were discussed by Chen and Tazawa [9,
10]. In 1985, Qubina [3] introduced a new class of contact
manifolds namely Trans-sasakian manifold. Many authors [4,
5, 6, 7] have studied this manifold and has obtained many
interesting results. The concept of slant immersions into
almost contact metric manifolds was introduced by Lotta [12,
13]. Later, the geometry of slant submanifold is studied by
Cabrerizo et al. [1, 15] in more specialized settings of K-
contact and sasakian manifolds. Also Gupta [11] et al. defined
and studied about Slant submanifold of a Kenmotsu manifold.
Killing structures on contact manifolds was studied by Blair
[14].

In this paper we extend the study to find the condition for
killing structure of slant submanifolds of trans-sasakian
manifold.

2. Preliminaries

Let (M,g) be an almost contact metric manifold of
dimension (2n + 1) equipped with structure (¢,§n,g)
consisting of a (1,1) tensor field ¢, a vector field &, a 1-form n
and a Riemannian metric g satisfying,

¢*X ==X+ n(X)En(E) = 1.5 = 0.n(¢X) =0, @1
geX,0Y ) = g(X,Y ) n(X)n(Y ),n(X)(:2 %X,i),g(X,wY )= -g(oX,Y ).

An almost contact metric manifold is called trans-sasakian
manifold if

(5 x@)Y = o[g(X,Y )En(Y )X] + Ble(eX,Y )e-n(Y )oX],

(2.3)
(VXY = —ag(oX.Y ) + Be(eX.pY ), (2.4)
and
(V x8) = —a(eX) + BX —(X)E), (2.5)

where§ denotes the Levi-civita connection on M .LetM
be a n-dimensional Riemannian manifold with induced metric

g isometrically immersed in M . We denote by TM, the Lie
algebra of vector fields on M and by T+M the set of all vector
fields normal to M.

For X e TM and N € TLM, we write
X =TX + NX, (2.6)
oV =tV +nV, 2.7)

where TX and NX denotes the tangential and normal
component of ¢X. Similarly tV and nV denotes the tangential
and normal component of @V .

Definition: Let M be a submanifold of a trans-

sasakianmanifold M . For each non-zero vector X tangent to
M making an angle 6(x), such that 0(x) € [0,7/2], between ¢X
and TxM is called the slant angle of M. For vector field X €
I'(TM), for x € M, if the slant angle is constant, then the
submanifold is also called the slant submanifold. Ifo = 0, then
the submanifold is called invariant submanifold. If 6 = /2,
then it is called anti-invariant submanifold. If 6(x) € (0,m/2),
then it is called proper-slant submanifold.

Let V be the Riemannian connection on M, then the Gauss
and Weingarten formulae are given by,
V xY = UxY +h(X,Y),

V xN = VLN —AnX,

2.8)
(2.9)

forany X,Y € TMand N € T*M of M .

V1 is the connection in the normal bundle T+M of M, h is
the second fundamental form of M and Ay is the Weingarten
endomorphism associated with N. The second fundamental
form h and the shape operator A related by,
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g(h(X,Y ),N) = g(AnX,Y). (2.10)
If T is the endomorphism defined by (2.6) then,

g(TX,Y ) =—gX.TY). (2.11)
Thus T2 which is denoted by Q is self adjoint.

T2=Q. (2.12)

On the otherhand, Gauss and Weingarten formulae
together with (2.3) and (2.6) implies that,

(VxDY = a[g(X,Y )En(Y )X+HB[e(eX,Y )en(Y
YTX]+Any X +h(X,Y ),(2.13)

(VxN)Y = —Bn(Y NX ~h(X,TY ) + nh(X,Y ),
(2.14)

for any X,Y € TM, A tensor field ¢ is said to be killing if,

(Vx0)Y + (Vv 9)X =0. (2.15)

3. Slant submanifold of Trans-sasakian manifold

In this section, we consider slant submanifold of Trans-
sasakian manifold.

Theorem 3.1:Let M be a n dimensional slant submanifold
of trans-sasakianmanifold M , then—aTX + B[X n(X)&] =

VxE, (3.1)
and, h(X,§)=-aNX. (3.2

Proof:Put Y = & in (2.8) we have,
V x& = Ux& + h(X.E). (3.3)

From (2.5)and (2.6) we get,
—oTX —aNX + B[X n(X)E] = Vx& + h(X,§) .

Equating tangential and normal components, we get
equations (3.1) and (3.2).

Hence the proof.

Theorem 3.2: Let M be a n dimensional slant submanifold

of trans-sasakian manifold M such that & is normal to M then
for any X,Ye€ TM, we have

R(X,Y )E = a(Vy T)X —a(VxT)Y —20Bg(TY,X)E ,

Where R is the curvature tensor field associated to the
metric induced by M on M.

Proof: From Riemannian curvature tensor, we have

R(X,Y )&= VxVy E-VYVxEVxy €,
(3.6)

Taking covariant diff erentiation with respect to Y on
eqn(3.1) , we get
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VyVx& = —a(Vy T)X—aT(Vy X)+BVy X—B(Vy
MX)EPXOVy EPn(Vy X)E. (3.7)

Similarly by interchanging X to Y and Y to X , we get

VxVy § =—a(VxT)Y —aT(VxY )*+BVxY —B(Vxn)(Y
)EBN(Y )VxE—-Pn(VxY )E. (3.8)
Also,

Vixy 1€ = —aT(VxY )+aT(Vy X)+BVxY —BVy X—Pn(VxY )
+n(Vy X)E. (3.9)
Substitute (3.7), (3.8) and (3.9) in (3.6) we get,

RX,Y )&= a(Vy T)X=a(VxT)Y +B(Vy m)(X)S—B(Vxn)(Y
)EBN(Y H)VXEHPn(X)Vy €. (3.10)
Using (2.4) and (3.1) we get,

R(X,Y )&= a(Vy T)X —a(VxT)Y —afg(pY,X)E +
afg(@X,Y )& +afn(Y )TX mX)TY ]+

BPX)Y (Y )X].
Using (2.6) we get,

R(X,Y )é=a(Vy T)X —a(VxT)Y —ofg(TY,X)E +
afg(TX,Y )E +apMm(Y ) TX m(X)TY ] +

B (X)Y —n(Y)X].
If € is orthogonal to X,Y then we get (3.5)

(3.11)

(3.12)
Hence the proof.

Lemma 1:

Let M be a n dimensional slant submanifold of trans-

sasakian manifold M with R(X,Y )& =0, then for any X,Y €
TM, we have

(Vv )X —(VxT)Y = 2Bg(TY,X)E. (3.13)
Proof: Put R(X,Y )& = 0 in equation (3.5) we get (3.13).
Hence the proof.

Lemma?2:

Let M be a n dimensional anti-invariant submanifold of

trans-sasakian manifold Mwith R(X,Y )¢ = 0, then for any
X,Y € TM, we have

(Vy T)X = (VxT)Y. (3.14)

Proof: Since M is anti-invariant submanifold of trans-
sasakianmanifold M ,we have
g(pX,Y )=0.

Therefore from (3.11), we have

R(X,Y )é=a[(Vy HX —(VxT)Y] (3.15)
Put R(X,Y )& = 0 in the above equation we get (3.14).
Hence the proof.
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4. Slant submanifold of Trans-sasakian manifold with
killing structure

In this section, we consider slant submanifold of Trans-
sasakian manifold with killing structure tensor field ¢ of type
1,2).

From [11] we know that If M is a submanifold of an

almost contact metric manifold M such that & € TM. Then,
M is slant if and only if there exists a constant A € [0,1] such

that
T2X = —MX n(X)E). (4.1)

Further more, if 0 is the slant angle of M, then A = cos?0.
Also for any X,Y€ TM,

we have,
g(TX,TY) = cos?0(g(X,Y )nXm(Y)),
g(NX,NY ) =sin®0(g(X,Y )n(X)n(Y ).

4.2)
(4.3)

Theorem 4.3.;:Let M be a n dimensional slant submanifold

of trans-sasakian manifold M with Killing structure tensor
field ¢, then M is slant if|

af2g(X,Y )e (Y )X mX)Y J-Bn(Y )TX + n(X)TY(J1 71)0’

and
N(Y )NX +n(X)NY = 0. (4.5)

Proof: Interchange X to Y and Y to X in equation (2.3)we
have,

(5 y )X = a[g(X,Y )XY ] +( f[Gg)(cpY,X)é*n(X)cpY 1.

Add (2.3) and (4.6) we get,
(V@)Y +(V v 9)X = a2g(X.Y )en(Y )X —1(X)Y -Bn(Y
X +nX)eY 1. (4.7)

If ¢ has killing structure field then from (2.15) and (4.7),
we have

a[2g(X,Y )e(Y)X (XY (Y )oX + n(X)dez)O.

Using equation (2.6), we get,

o[2g(X,Y )en(Y )X —n(X)Y I-p[n(Y JTX + n(X)TY +
n(Y )NX +n(X)NY ] =0.

Comparing tangential and normal components in the above
expression we get (4.4) and (4.5). Hence the proof.

Theorem 4.4.:Let M be a n dimensional slant submanifold

of trans-sasakian manifold M with killing structure tensor
field ¢, then M is slant if and only if,

(VxQ)Y + (Vy QX =0, (4.9)
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and

B2g(X,Y )&+ (Y )X+ n(X)Y H4n(X)n(Y )&—a[n(Y
YTX + n(X)TY 1=0. (4.10)

Proof: From (4.1) and (2.12), we have
QX =-MXTn(X)&). (4.11)

Taking covariant diff erentiation for the equation (4.11)
and making use of (Vxn)Y with repeated application of (4.11)
we get,

(VxQ)Y = M-a[g(TX,Y )& + B[g(X,Y )en(Y In(X)E]
MY )[-o(TX + NX) + X —(X)E]]- @12)

Interchange X to Y and Y to X in the equation (4.12)

(Vv QX = M-a[g(TY,X)& + Bl&(X,Y )enXn(Y )E]
MXOFTY +NY) +BY (Y )E]).

(4.13)
Add (4.12) and (4.13) we get ,

(VxQ)Y + (Vv Q)X = M2B[g(X, Y )En(X)In(Y )&l +n(Y
—o(TX + NX)+ BX —n(X)E] + n(X)[-a(TY + NY ) + B(Y

—n(Y %]l (4.14)
If
(VxQ)Y + (VY Q)X =0.
Then by using equation (4.5) we obtain,

Bl2g(X,Y )E + (Y )X + n(X)Y J-4pn(X)(Y )&-a[n(Y
)TX + n(X)TY ] = 0.

Conversely, Suppose

Bl2g(X,Y )€ + (Y )X + n(X)Y J-4pn(X)(Y )&-a[n(Y
)TX + n(X)TY ] = 0.

then using (4.10) and (4.5) in (4.14), we get (4.9).
Hence the proof.

Theorem 4.5.: Let M be n dimensional slant submanifold

of trans-sasakian manifold M with ¢ as a killing structure,
then

—h(X,TY )~h(Y,TX) + 2nh(X,Y ) = 0, (4.15)
If and only if,
(VxN)Y + (Vv N)X =0. (4.16)

Proof: Interchange X to Y and Y to X in (2.14), we get
(Vy N)X = —Bn(X)NY —h(Y,TX) + nh(X,Y ). (4.17)
Add equation (2.14) and (4.17) we have,

(VxN)Y + (Vy N)X = —Bn(Y NX ~h(X,TY )-pn(X)NY
“h(Y.TX) + 2nh(X,Y ). (4.18)

If
(VxN)Y + (Vy N)X =0,
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Then from (4.18) we get,

—BM(Y )NX + (X)NY J-h(X,TY )~h(Y,TX) + 2nh(X,Y )
=0. (4.19)

Using equation (4.5) we obtain,

—h(X,TY )~h(Y,TX) + 2nh(X,Y ) = 0.
Conversely, Suppose

—h(X,TY )~h(Y,TX) + 2nh(X,Y ) = 0.
Then using (4.15) and (4.5) in (4.18), we get (4.16).
Hence the proof.

Theorem 4.6.: Let M beidimensional slant submanifold

of trans-sasakian manifold M with killing structure tensor
field @, then M is slant if T satisfies

(VxT)Y + (VW T)X =0, (4.20)
then
Any X + AnxY +2th(X,Y ) = 0. (4.21)

Proof: Replace X by Y and Y by X in (2.13) we get,

(Vy DX = a[g(X,Y )enX)Y HBle(eY,X)En(X)TY
J+AnxY +th(X,Y), (4.22)

Add equations (2.13) and (4.22) we get,

(VxT)Y + (Vy T)X = a[2g(X,Y )én(Y )X m(X)Y ]+
Ble(eX,Y )en(Y )HTX
+2(Y,X)EMX)TY ]+ Any X+ AnxY + 2th(X,Y).
(4.23)

If
(VxTY + (VWw T)X=0.
Then we have,

al2g(X,Y Jen(Y )X ()Y J-Bn(Y )TX + n(X)TY ]
+Any X + AnxY + 2th(X,Y ) =0
(4.24)

Using the equation (4.4) we get,
Any X + AnxY + 2th(X,Y ) =0.
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Conversely, Suppose

Any X + AxxY + 2th(X,Y ) = 0.
Then using (4.21) and (4.4) in (4.23), we get (4.20).
Hence the proof.

5. Conclusion

In this paper we have obtained some results on slant
submanifolds of trans-sasakian manifold obeying certain
conditions with ¢ as a killing structure tensor field.
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