Calculus 3 - Cylindrical and Spherical Coordinates

In Calculus 2 we introduced polar coordinates
x =rcosf, y=rsinb, (1)

and

X’ +y*=1%, tanf = % (2)

We saw that some double integrals would be easier in this coordinate sys-
tem. For example, the volume under the paraboloid z = 2 — x> — y? and

inside the cylinder x*> + y*> =1, for z > 0

(3)




Earlier this week we introduced triple integrals. For example, set up the
triple integral for the volume bound by the cones z = /x? + y? and the

planez =1

N, ll}

N

R
%Q\\\\

In Cartesian coordinates, the setup would be
1 V1-a2 1
F(x,y,z)dzdydx. 4
/_1 /_\/@ /\/W (xy,2)dzdy (4)

Maybe there are “polar” coordinates in 3D would make triple integrals

easier. Here we introduce two types of polar coordinates:

e cylindrical polar coordinates

e spherical polar coordinates

They both have their advantages and disadvantages which we will dis-

cover.



Cylindrical Polar Coordinates

These are similar to the usual polar coordinates that are in 2D but we sim-

ply add z to extend to 3D so

x=rcosf, y=rsinf, z=z.
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Let us consider a number of quadratic surfaces.
Sphere

Pry+2=a = r*+z22=a

Hyperboloid of 1 Sheet
Cry-z2=1 = rr-z22=1
Hyperboloid of 2 Sheets

x> -y +z2=1 = —-r+z22=1
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Cone

4yt =z2 = r*=z"or z=4r 9)

Paraboloid

z=x"+y* = z=r1? (10)

Notice that each of these equations are independent of 6 so draw the pic-

ture in the rz plane and rotate 0 — 2.

Plane

x+y+z=1 = rcosb+rsinfd+z=1 (11)

This one is better in Cartesian!

Spherical Polar Coordinates
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We see that

sing = —, cos¢ = g, (12)



or
r=psin¢g z=pcos¢

and since

x=rcosf, y=rsinf, z=z.

then

x =pcosfsing, y=psinfsing, z = pcosdq.

Now, we see that

x> +y* = p*sin®¢ so (/x2+y?=psing
and from (15) and (16)

2 2
, tan¢: xT—i_y’ x2+y2_|_22:p2.

tanf =

R I<

Some Surfaces
Sphere

Pry+z2=a = p*=a"orp=a
Hyperboloid of 1 Sheet

Pyt —z2=1, = p*sin®¢p—p?cos’¢p =1
Hyperboloid of 2 Sheets

—x* -y +z2=1 = —p?sin¢+p’cos’p =1

(13)
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Cone

X +yt=2z" = p*sin¢ =p’cos’p or tangp =1 s0 ¢ = g (21)
Paraboloid

z=x"+y* = pcos¢p = p’sin®¢ (22)
so we see that in cylindrical coordinates the
hyperboloid of 1 and 2 sheets, and the paraboloid
becomes easier, whereas in spherical polar coordinates the
sphere and the cone

becomes easier.
Triple Integrals

So now we ask, how do triple integrals

V= /// F(x,y,2)dV (23)

change in each of these two coordinate systems and, in particular, in cylin-

drical and spherical coordinates.



