Math 4315 - PDEs

Sample Test 2 - Solutions

1. Transform the following PDEs to canonical form. In the case that the

type is hyperbolic, transform to both modified and regular form

OUgy — DUyy + Uy, = 0,
gy + 12Uy, + 131y, = 0,

Ugg + 4Ugy + 4ty — uy = 1,

20 Uy — BITYUyy + 20Uy, = 0,

2

)
)
)
(iv) T Uy + 20Y Uy + YUy — Uy — Yyu, =0,
)
) T Ugy — 2TUgy + Dby + TUy = 0,

1(i) The PDE to transform is
Oy — DUgy + Uyy = 0.

Here a =6, b= —5 and ¢ = 1 so b?> — 4ac = 1 > 0 so the PDE is hyperbolic.

For the modified hyperbolic form, it is necessary to solve
612 — 51,1y, + ri =0, 652 — 58,5, + 8; =0,
noting that they factor

(2ry —1y) (3ry —ry) =0, (25, —sy) (3s, —s,) = 0.



Thus, solving

2ry —ry =0, 3s,—s,=0,
gives r and s as

T:x—i—Qy’ 8:1}—|—3y

The derivatives transform as follows:

(1) Uy = Up +Us, Uy = 2U, + 3Us,
(17) Uzg = Upp + 2Ups + Uss,
(i) Uy = 2Upp + TUps + s,
(iv) Uyy = Uy + 12Uyp5 + Yugs,

thus transforming the PDE to modified hyperbolic form
—11u,, =0, = Ups = 0.
For regular hyperbolic form, it is necessary to solve
6r2 — brory + 1, =0, 653 — 5sysy + 55 =0,
using the quadratic formula. Dividing by 7"5 gives

2
6(5)-—¥i+1za
Ty Ty

and solving gives

r. S+l
r, 127
Therefore, we solve the first order PDE

_5+1

5 Ty O 12r, —(b£1)r,=0.

Tz

Using the method of characteristics gives

dr dy
12 541’



which leads to

r,s = (bx1l)x+ 12y,

r,s = dr+ 12y +x,

where we choose

r=5x+12, s=ux.

The derivatives transform as follows:

Uy = DUy + U, Uy = 12u,
Ugg = 20Uy + 10U + Usgs,
Ugy = 60Uy + 12u,,

Uyy = 144u,,,
thus transforming the PDE to regular hyperbolic form

—150uyr + 150us, = 0, = Upp — Ugs = 0.

1(ii). The PDE to transform is
gy + 12U, + 13u,,, = 0.

Here a = 4, b =12 and ¢ = 13 so b* — 4ac = —64 < 0 so the PDE is elliptic.

Therefore, it is necessary to solve
A2+ 12r,ry + 13r2 = 0, 4s? 4 12555, + 1352 = 0,

using the quadratic formula. Dividing by rj gives

2
4(7“—1) 122 113 =0,

Ty Ty
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and solving gives

re —124£8  —3+2
r, 8 2
Therefore, we solve the first order PDE
-3+
ry = TZ ry or 2r,—(—=3%2i)r,=0.
Using the method of characteristics gives
dr dy
2 —3+2

which leads to
r,s = (—=34£2i)x+ 2y,

r,s = 3x —2y+£2z.

where we choose

r=3xr—2y, s=2.

The derivatives transform as follows:

(1) Uy = 3p + 2us, Uy = —2u,,
(47) Ugy = Ny + 120y + duu,
(vi1) Upy = —6Up — 41y,
(iv) Uyy = 4y,

thus transforming the PDE to elliptic form

16w, + 16uss = 0, = Upr + Ugs = 0.

1(iii). The PDE to transform is
Ugg + 4Uyy + 4y — uy = 1.

4



Here a = 1, b =4 and ¢ = 4 so b*> — 4ac = 0 so the PDE is parabolic

Therefore, it is necessary to solve
Ty +2ry, =0,

Using the method of characteristics gives
dv  dy
127
which leads to

r=2xr—vy, S§=y,

noting that the choice for s is arbitrary. The derivatives transform as follows:

(1) Uy = 2Up, Uy = —Up + Us,
(i) Ugy = YUy,
(i) lizy = ~ 2ty + 2ty
(iv) Uyy = Upp — 2Ups + Uss,

thus transforming the PDE to parabolic form

U,
Usgs — — =

1

2 4
1(iv). The PDE to transform is

22Uy, + 2XYUgy + y2uyy — TUy — Yuy = 0.

Here a = 22, b = 22y and ¢ = y? so b*> — 4ac = 0 so the PDE is parabolic

Therefore, it is necessary to solve

ry, + xyry =0, = xr, +yr, =0.



Using the method of characteristics gives

d—x:@;dr:()
x Yy

which leads to

r= Y S:y7

y
x
noting that the choice for s is arbitrary. The derivatives transform as follows:

- _y =1
Uy = _z_2u7’7 Uy = ;ur + us,

(i
2
.. oy 2y
(” Ugy = x_4u7°r + $_3u7“7

e _ y y 1
(vit Upy = — 5 Upr — HUps — 23Uy,

(1v

)
)
)
) Uyy = xizurr + %urs + Uss,
thus transforming the PDE to parabolic form

Uy — SUs =0 = Ugy — —ug = 0.

s

1(v) The PDE to transform is
20 Uy — BTYUgy + 22°u,, = 0.

Here a = 2y?, b = —5xy and ¢ = 222 so b* — dac = 9%y > 0 for a2y # 0 so
the PDE is hyperbolic. For modified hyperbolic form, it is necessary to solve

2

:p_

2

2u°r dDTYTyTy + 21> ; =0, 2y2sm — OTYSySy + 2x2s§ =0,

noting that they factor
(2yry — ary) (yry — 221y) =0, (2ysy — xsy) (ysy — 2xs,) = 0.

Thus, solving

2yry —ary =0, ys, —2xs, = 0.



gives r and s as

r=a%+2y%  s=22>+71°

The derivatives transform as follows:

Uy = 2xu, +4aus, Uy = 4yu, + 2yus,

)

(i7) Upy = 422Uy + 162%u,, + 162%u,5 + 2u, + 4us,
) Ugy = 8xyurr + QO-ryurs + 8939“537
)

Uyy = 16y Uy + 163U, + 4y%Ugs + 4du, + 2uy,

thus transforming the PDE to modified hyperbolic form

SUy + TUg 0
Upg — =0.
(2r —s)(2s —r)

For regular hyperbolic form, it is necessary to solve

20°17 — bayrer, +22°r2 =0, 2y°s% — bays,s, + 22°s] = 0,

using the quadratic formula. Dividing by rj gives
e\ 2 T
212 (—x> — bry— + 227 =0,
Ty Ty

and solving gives

r. (bx3)x

ry Ay
Therefore, we solve the first order PDE

dyr, — (5 £3)xr, = 0.
Using the method of characteristics gives

r,s = (54+3)2 + 4%
rs = b+ 4y? £ 327

7



where we choose

r =5z +4y?,  s=32%

The derivatives transform as follows:

(1) uy = 10zu, + 6zus,  u, = 8yu,,

(i) Upy = 100220, + 1202%u,5 + 362%Uss + 10w, + 6us,
(131) Ugy = 80xyu,, + 482y,
(iv) Uyy = 64y*u,, + 8u,,

thus transforming the PDE to regular hyperbolic form

L8 5 Lo,
Urr = Uss =3\ 3, 2gs T 25 ) T 2g e T

1(vi). The PDE to transform is
Uy, — 2XUgy + DUy + TU,; = 0.

Here a = 2%, b = —2z and ¢ = 5 so b* — 4ac = —162% < 0 for  # 0 so the
PDE is elliptic.

Therefore, it is necessary to solve
2,2 2 _ 2.2 2 _
xry — 2aryry + 01, =0,  a'sy — 2xs,s, + 55, =0,

using the quadratic formula. Dividing by rj gives
e\ r
z? (—$> — 202 +5=0,
Ty Ty

and solving gives

r, 2rx+tdzt 1+£2:

2
Ty 2z T



Therefore, we solve the first order PDE
xry — (1 £2i)r, =0.

Using the method of characteristics gives

dx dy

x 1424

which leads to

r,s = (1£2i)lnz+y,

r,s = lnzx+y+£2nz.

where we choose

r=hx+y, s=2nux

The derivatives transform as follows:

_ 1 4 4
Ugy = Furr + ?urs + z_zuss -

)
)

) Ugy = Uy + 20Uy,
) Uyy = Upr,

thus transforming the PDE to elliptic form

4ty + dugs = 0, = Uy + Ugs = 0.

_ 1 2 —
Uy = ;ur + Eusa uy = Uy,

1

U, —
2 T

2
m_zusv



