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Edexcel Modular Mathematics for AS and A-Level

Algebraic fractions
Exercise A, Question 1

Question:
The lineL has equatiogy =5 — 2x.
(a) Show that the poinP(3, —1) lies orlL.

(b) Find an equation of the line, perpendiculak tavhich passes throudh Give your answer in the forax + by + ¢ = 0, wherea, b andc are
integers

Solution:
(@
For x=3,
y=5-(2%x3) =5-6= -1 Substitutex = 3
into the equation oL .

So (3, -1) liesonL. Give a conclusion.
(b)
y= —2x+5 Compare with
Gradient ofL is - 2. y=mx + ¢ to find

the gradientm
Perpendicular td_ , For a perpendicular

gradient is % (
line, the gradient

1
EX—Z:—]_)
. 1
is - —
m
Usey-y,=m
- ( - - 1. _ 1
y- (-1) =5 (x-3) (x-x)
1 3 .
y+1 = oX= 3 Multiply by 2
2y + 2 =x-3
0 =x-2y-5 Thisis the required
X—-2y-5 = form ax+by+c=0,
(a=1,b=-2,c= -5) wherea,b andc

are integers
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Algebraic fractions
Exercise A, Question 2

Question:

The pointsA andB have coatinates (-2, 1) and (5, 2) respectively.

(a) Find, in its simplest surd form, the lengtB.

(b) Find an equation of the line througtandB, giving your answer in the forax + by + ¢ = 0, wherea, b andc are integers.
The line throughA andB meets thg-axis at the poin€.

(c) Find the coordinates C.

Solution:

@

A:(-2,1),B The digance between

(5,2)
AB =\ (5-(-2))2+ (2-1)2 two points is
2
Xo = X + -
(T (% i [ (o= 2+ (yp-v)
( Pythagoras's
Theorem )
\[50 =\ (25%x2) =5\2 Use | (ab) =VYalb
AB =52
(b)
- —=2-1 _1 ; ;
m= T o) " 7 Find the gradient
of the line,using
Yo~ Y1
m= ——
X=X
Usey-y, =m
- -1 (_ 1
y-1 =7 (x-(-2)) (x-x,)
1 2 .
y-1 = ox+ g Multiply by 7
y-7 =X+2
0 =X-7y+9 Thisis the required
X—-7y+9 =0 form ax+by+c=0,
(a=1,b=-7,c=9) wherea, b and c
are integes.
(c)
x=0: Use x =0 to find
0-7y+9 =0 where the line meets
9 =7y the y-axis.

C is the point (O,]% )

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 3

Question:
1
The line |, passes through the point (9, —4) and has gradignt

(a) Find arequation fol, in the formax + by + ¢ = 0, wherea, b andc are integers.
The linel,, passes through the origand has grdient —2. The linely andl, intersect at the poirR.

(b) Calcdate the coordinates &.

Given thatl, crosses thg-axis atthe pointC,

(c) calculate the exact areaAOCP.

Solution:
@)
Usey-y, =m
—( - -1 1
y- (-4) = 3 (x-9) (x-x,)
1
y+4 = 5 (x-9)
y+4 = %x -3 Multiply by 3
3y+12 =x-9
0 =x-3y-21
_ This is the
x-3y-21 = required
(a=1,b=-3,c= -21) form ax +by+c=0,
wherea, b andc
areintegers.
(b) _
Equation ofl, 1y = - 2x The equationf a
straight line through
the origin
isy=mx.
;0 x-3y-21 =
x-3(-2) -21 = Substitutey = - 2x
X+ 6x-21 = into the equation
7x =21 of Iy
X =
y=-2x3= -6 Substitute back
into y= - 2x
Coordinates ofP :
(3,-6)
(©)
¥
1
Use a rough sketch to show
2 the given information
X
o]
h Be careful not to make any
) wrong assumptions. Here, for
//JCJ example, « OPC isnot 90°
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Use OC ashe base and PN
as the perpendicular height

P (3, -6)

c

Where |; meets they-axis ,x = 0.

0-3y-21 = Put x=0 inthe
3y =-21 equation ofl;

y =-7

SoOC =7 andPN =3 The distance ofP

from the y-axis is
the same as its
x-coordinate

Area of A OCP

> (base x height )

1
5 (7x3)
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Exercise A, Question 4

Question:

V A

-

A(1,7) B(20, 7)

C(p. q9)

The points AL, 7), B(20, 7) and @, q) form the vertices of a triangle AB&s shown in the figure. The poin(d) 2) is the mid-point of AC
(a) Find the value of p and the value of g.

The line | which passes through &nd is perpendicular to AGtersects At E

(b) Find an equation for In the form ax+ by + ¢ = 0, where a, kand care integers.

(c) Find the exacx-coordinate oE.

Solution:
(a)
1+p X t%
(= (2,
=(8,2)
7+q ) Y1+ Y, )
2 2
is the mid-point
of the linefrom
(x,.y;) to
(X5, Y,)
l+p - Equate thex-
2 - coominates
1+p =16
p =15
7+q P Equate they-
2 - coordinates
7+q =
q = -3
()
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Gradient of AC :
- 2-7_ -5
T o8-1" 7

AD) .
Gradient of | is
1
7
- =5 =3
(=)
7
y-2 =5 (x-8)
So
(X=%1)
7x 56
y-2 =575
5y-10 =7x- 56
0 =7x-5y- 46
7xX— 5y - 46 =

(a=7,b=-5,c= -46)

(c)
The equation of AB

isy=7

AtE

7X- (5x7) -46 =0

7x—35-46 =

X =81
-112

X —117

© Pearson Education Ltd 2C
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Use the paits A
and D, with

Y27 %
)
X=X

to find the gradient
of AC (or

For a perpendicular

gradient

line | passes

throughD (8, 2)

use this point in
y-y,=m

by 5

in the

required form
ax+by+c=0,
wherea, b and c
areintegers.

Substitutey = 7 into

of | to

E.
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Multiply

This is

the equation

find the point
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Exercise A, Question 5

Question:

The straight line;lhas equation ¥ 3x - 6.

The stréght line |, is perpendicular tg land passes through the point (6, 2).

(a) Find an equ#@n for I, in the form y= mx + ¢, where mand care constants.

The lines | and |, intersect at the point.C

(b) Use algela to find the coordinates of C

The lines | and |, cross the saxis at the point And B respetively.

(c) Calculate the exact area of trianABC.

Solution:

@
The gadient
of I is 3.

So the gradient

. 1
ofI2|s -3

(b)

10

3 X =10
X =3
(3x3)
-6=3

The point
Cis

(3.3)

©

with y=mx+c.

1
-5 (x-6)
- ZX+2

- ZX+4

www.swanash.com
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For a perpendicular
line, thegradient
. 1
is - —
m
Usey-y,=m
(x=%1)
This is the required
formy=mx+c.
Solve these
equations
simultaneously
Multiply
by 3 and
divide by 10

Substitute back

intoy=3x-6
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‘\\
C (3, 3)
Use a rough sketch to show
i the given information.
A B X
f?
Where |; meets thex-axis ,y=0: Put y=0 to find
0 =3x-6 where the lines
3x = meet thex-axis
X =
Ais the point (2,0)
Where I2 meets thex-axis ,y =0 :
0 = - Ix+4
1
3 =4
X =12
B is the point (12 ,0)
c

Although «C is a right-angle, it is

easier to use AB as the base.
A - 10 = B
AB =10(12-2) The distance of C
The perpendicular height, using from the x-axis is
AB as the base, is 3 the same as its

y-coordinate.
Area of A ABC = % ( base x height )

1
=3 (10%x3)

=15

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 6

Question:

The linel; has equation6— 4y — 5 = 0.

Theline |, has equatiom + 2y — 3 = 0.

(a) And the coordinates @, the point of intersection &f andl,,.

The linel, crosses thg-axis atthe pointM and the liné, crosses thg-axis atthe pointN.

(b) Find the area cAMNP.

Solution:
(a)
6x—4y-5 = (1) Solve the equations
X+2y-3 - (i) simultaneously
—a Find x in terms ofy from
x =3-2y equation (ii)
6(3-2y) —4y-5 =0 Substitute into equation (i)
18 - 12y-4y-5 =0
18-5 =12y+ 4y
16y =13
- 13
y T 16
x=3-2( i—z =3 - % Substitute back intox = 3 — 2y
3
X =1 3

P is the point (lg ,

13
16

(b)
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Where I1 meets they- Put x =0 to find
axis, x=0 where the
lines meet they-
0-4y-5 =0 axis . >
4y = -5
5
y -T2

M is the point (0,_75 )

Where |, meets they-

axis, x=0:

0+2y-3 =0

2y =3
3

y =3

N is the point (0O % )

Use a rough sketch to show the information

Use MN as the base anBQ as the
perpendicular height.

=Y

MN= 248 -1 The distance ofP from the y-axis 5
2 4 4 the same as its

x-coordinate

11

3
PQ =157 %

Area = %
of AMNP 1 ase x hight )
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Algebraic fractions
Exercise A, Question 7

Question:

The 5th term of an arithmetic series is 4 and the 15th term of the series is 39.
(a) Find he common difference of the series.

(b) Find the first term of the series.

(c) Find the sum of the first 15 terms of the se

Solution:

(@
nh term =a+

(n-1)d

n=5: a+4d = (i) Substitute the given

n=15: a+ 14d =39 values into then" term
(ii) formula.

Subtrat (ii)-(i)

10d =35 Solve simultaneously.
1

d =3 >

Common difference is 3

1

2

(b)

a+ (4x 3% ) =4 Substitute bdcinto equation (i).

a+14 =4

a = -10

First term is —10

(©)
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S, :%n(2a+(n—1)
d)
_ _ _,1 Substitute the
n=15,a = 10,d—32 values
into the
sumformula.
= 1x15(-20+
2
Sis 1
(14x35 ) )
= 2 (-20+49)
= 2 x29
=217

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 8

Question:

An athlete prepares for a race by completing a practice run on each of 11 consecutive days. On each day after the first day, he runs farther than
he ran on th@revious day. The lengths of his 11 practice runs form an arithmetic sequence with fieskteramd common differenatkm.

He runs 9 km on the ¥day, and he runs a total of 77 km over the 11 day period.

Find the value oa and the value cd.

Solution:
nth term =a + The
(n-1)d distance run on the 11th day is the
—11 - _ 11th
n=11: a+10d=9 term of the arithmetic sequence.
S = %n (2a+ The
(n-1)d) total distane run is the sum
=77 ,n=11: of
% the arithnetic series.
> x11(2a+10d) =77
1 — It is
; (2a+10d) =7 simple to divide each
a+5d =7 side of

the equation by 11.

_ . Solve
a+ 10d =9 (i) simultaneously

a+ 5d =7 (ii)
Subtract (i)-(ii):
5d =2

2
d =5

2 Substitute
a+ (10x ) =9 back
_ into

a+4 =9 equation (i).
a =5

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 9

Question:
The tth term of an arithmetic series is (215).
(a) Write down the first three terms of this series.

(b) State the value of the common difference.

n Yo
(c) Show that " | 2r-5 | =n | n-4).

r=11\ )\
Solution:
@
r=1: 2-5 = -3
r=2: 2-5 =-1
r=3: 2-5 =
First three termsare -3, -1,1
(b)
Common differenced = 2 The terms increase

by 2 each time
(Uk+1:Uk+2)
(c)
n n
(2r-5)
r=1 r=1
=5, (2r-5) isjust
-1 _ the

S” - 2n(2a+ (n-1)d) sum of tle
— _ _ series
a=-3,d=2 to n terms
S = on(-6+2(n-1))

= on(-6+:-2)

1

= En(2n—8)
1

= En2(n—4)

=n(n-4)

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

Ahmed plans to save £250 in the year 2001, £300 in 2002, £350 in 2003, and so on until the year 2020. His planned
savings érm an arithmetic sequence with common difference £50.

(a) Find the amount he plans to save in the year 2011.
(b) Calculate his total planned savings over the 20 year period from 2001 to 2020.

Ben also plans to save money over the same 20 year period. He AdvelseLyear 2001 and his planned yearly savings
form an arithmetic sequence with common difference £60.

Given that Ben's total planned savings over the 20 year period are equal to Ahmed's total planned savings over the same
period,

(c) calculate the value A.

Solution:
(@)
=250 i
a (Year 2001) Write down the values
_ of a and d for the
d =50 arithmetic series
Taking 2001 as Year 1
(n=1),
2011 is Year 11
(n=11).
Year 11 savings:
_ =250+ (11-1) Use the term
a+ (n-1)d 50 formulaa+ (n-1)d
=250+ (10 x50)
=750

Year 11 savings : £ 750

(b)

www.swanash.com
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S =%n(2a+(n—1)d)
Using n= 20,
S, = - x 20 (500 +
0 series.
(19x50) )
=10 (500 + 950)
=10 x 1450
= 14500
Total savings: £ 14
500
(©)
a =A (Year2001)
d =60
S, = 2 x20(2A+ (19%60) )
So =10 (2A +1140)
= 20A + 11400
20A + 11400 = 14500
20A = 14500 - 11400
20A = 3100
A =155

© Pearson Education Ltd 2C
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The total savings
will be the sum of

the arithmetic

Write down the values
of a and d for Ben's series.

Use the sum formula.

Equae Ahmed's
and Ben's total savings.
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Exercise A, Question 11

Question:

A sequencey, a,, a,,... is defined by

al :3,
8,41 =38,-5, n=1.

(a) Find he value of, and the value od,.

5
(b) Calcuate the value of > a .
r=1
Solution:
(@)
a1 =3a,-5 Use thegiven
n=1: a, =33 -5 formula, wih
a1=3, soa, =9-5 n=1andn=2
a2 =
n:2:a3 = -5
=4, Da;=12-5
83 =

(b)

www.swanash.com
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5
> a S taytagta,tag
a=1
n=3 a, :3a3—5
a3=71 soa, =21-5
ay =16
n:4:a5 :3a4—5
a,=16, soa; =48-5
ag =43
5
> a, =3+4+7+16 +43
a=1
=73

© Pearson Education Ltd 2C
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This is not an athmetic series.
The first thee terms are 3, 4, 7.
The differenes between

the terms a not the same.

You cannot use aatdard formula,

so work out eacheparate term and

then add them together to find

the required sum.
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Exercise A, Question 12

Question:
A sequencey, a,, a,,... is defined by
al = k ,

a, 41 =39,+9, n>1,
wherek is a positive integer.

(a) Write down an expression fay in terms ofk.

(b) Showthata, = 9k + 20.

4
(c)() Find ) & interms ofk.
r=1
4
(i) Showthat 3} a is divisible by 10.
r=1
Solution:
(a)
a4 1 =33,+5 Use thegiven
n=1:a, =3a +5 formula wih n=1
Q =3k+5
(b)
n=2:a; =3a,+5
=3(3k+5) +5
=9k+15+5
a3 =9k+ 20

(©)(0)
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4
Y 8 Ty tataztay This is not an arithmet series.
r=1

You cannot use aatdard formula,
o)
=3(9%+20) +5 work out each separate term and
= 27k+ 65 then add them together

n:3:a4:3a3+5

4
=k+ (3k+5) + (% +20) +

> 1aT (27k+ 65) to find the required sum.
r =

= 40k+ 90
(i)
4
> a =10(4k+9)
r=1
There is dactor 10, so Give a conclusion.

the sum is divisible by 10.

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 13

Question:

A sequencey, a,, a,,... is defined by
a,+1 =2a,- 3, n>1

(a) Show batag = 16k — 45

Given hataz; = 19, find the value of

(b) k
6
© X &
r=1
Solution:
(@)
41 =2a,-3 Use thegiven fomula
n=1: a2:2a1—3 with n=1, 2, 3and 4.
=2k-3
n=2: a3:2a2—3
=2(2k-3) -3
=4k-6-3
=4k-9
n=3: a4:2a3—3
=2(4k-9) -3
=8k-18-3
=8k-21

n=4: a5:2azl—3
=2(8k-21) -3
= 16k—-42 -3

ag = 16k- 45

(b)
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ag = 19,

so 16k-45 =19

16k =19+ 45
16k =64

k =4

(c)

6

Y a =y ta,tagtatagtag
r=1

This
is not an arihmetic series.
You
a; =k =4 cannot use aandard
formula,
=2k-3 - so work
% S out eab separate term and
=4k-9 - then add
% ! them bgether
a, = 8k- 21 - to find
4 1 the required sum.
ag = 16k—- 45 =19
From the omginal formula,
3= 235~ 3 = (2x19) -3
=35
6
Y a=4+5+7+11+19+35
r=1
=81

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:
An arithmetic sequence has first tearand comron differenced.

(a) Prove that the sum of the firsterms of the series is

il ()]
2n|_2a+ \n_ljdj

Sean repays a loan over a perioa ofionths. His monthly repayments form an arithmetic sequence.

He repays £149 in the first month, £147 in the second month, £145 in the third month, and so on. He makes his final
repayment in theth month, where > 21.

(b) Find the amount Sean repays in the 21st month.
Over then months, he repays a total of £5000.

(c) Form an equation in, and show that your equation may be written as
n? - 15 + 5000 = 0

(d) Solwe the equation in part (c).

(e) State, with a reason, which of the solutions to the equation in part (c) is not a sensible solution to the repayment
problem

Solution:

(a)

S, =a+ (a+d) + (a+2d) + ... .. + (a+  Youneed to know this
(n=-1)d) proof . Make

Reversing the

sum:

S, = (a+ (n-1)d) + ..... + (a+2d) +
(a+d) +a

sure that you understand it, and do

not miss out any of the steps.

Adding these o you add, each pair of terms

two :
25, (—n(_ZT;rd()n 1)d) + ... ... + (2a+
28, =n(2a+ (n-1)d) d:’:lddsuptoa+(n—1)
and there aren pairs of
terms.
S = Sn(2a+ (n-1)d)

(b)
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Write down the values of

a and d for the arithmetic

series.

a =149 (First
month )
d = -2
21st month:
=149 +
at+ (n-1)d (20x —2)
=149 - 40
=109
He repays £ 109 in the 21st
month
(©)
1
S, =En(2a+(n—1) f
d) sum o
1
= En(298—2
(n-1))
= -n(298-2n+2)
1
= En(300—2n)
1
= En2(150 -n)
=n (150 —n)
n(150 -n) = 5000
150n- n? = 5000

nZ - 150n+ 5000 = 0

(d)
(n-50)
(n-100)

n =150 orn=100,adratic formula would be

()

www.swanash.com

The

Use the term formula

a+ (n-1)d

The total he repays will be the

the arithnetic series.

EquateS, to 5000

Always
try to factorise the quadratic.

awkward
here with such large numbers.
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n =100 is not sensible .
For example, his repayment
in month 100 (h=100)

Check back in the
wouldbea+ (n-1)d context of
=149+ (99 x -2) the
=149 - 198
= - 49

A negative repayment is not
sensible .

© Pearson Education Ltd 2C
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the problem to see if

solution is sensible.
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Exercise A, Question 15

Question:

A sequence is given by
al =

8,+1=a’-ka,, n>1,

wherek is a constant.
(a) Show that, = 6k? — 20k + 16
Given hata, = 2,

(b) find the possible values &f

For the larger of the possible valuespfind the value of

(c)a,
(d)ag
(e)ay
Solution:
(a)
%41 =a,” - ka,
n=1: a =a’-ka Usethe given formula
=4 -% with n=1 and2.
n=2: a, =a22—ka2
= (4-2%)2-k(4-%)
=16 — 16k + 4k2 — 4k + 2k?
ag = 6k? — 20k + 16
(b)
a3=2:

6k — 20k + 16 =2

2 _ =
6k - 20k + 14 =0 by 2 to make solution easier

3K -1k+7 =0

(3k-7) -0
(k-1) a factorise the quadratic rather
k =

7 than

3 Or k=1 using the quadratic formula.

www.swanash.com
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(©

The largerk value is %
8, =4-%=4- (2% 3 )
14 2

=43 573
(d)
—,2_ 7
41 =8y T 38,
=3: —,2_ 1
n 3.3.4 _a3 333
But a, =2 is gven, so
7
a, :22—(§x2)
14 -2
=43 53
n=4: a5:a2— Za
4 374
- ( Z2y2_
= (5°) 2 (
4 14 _ 18
= -4+ — = —
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a5 =2
(e)
-2
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% =3
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f _ 2
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Use the formula

with k= , for n=3 ard 4.

w I~

Notice that the

“oscillating” between

If nis even,a, =

If nis odd,an: 2.
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Algebraic fractions
Exercise A, Question 16

Question:
Given that
1
y=4&3-1+X2, x>0,
Y
find o
Solution:
1 Fory=x",
y =43 -1+ X2 ﬂ:nxn_l
dx
dy _ 2 1.1 Differentiating
dx = (4xX7) + (2% 5X7 2)  he constant
-1 gives
zero.
dy 5. _ 1 It is better to
dx =1+ X 2 write down an
unsimplified
version of the answer first
(in case you
make a mistake
when
simplifying).
(
Or:
d
=+ =12 +
dx
1
. 1 It
2 s not necessary to change your
Or:
d
L =122+
dx
1
\x
answer into

one of these forms.
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Algebraic fractions
Exercise A, Question 17

Question:

Given thaty = 2x2 - % ,X£0,

Ay
(@) find 5 .

(b)find [y dx.

Solution:
(a)
5 Use
_ _ =2 1
y 2X2 X3 X_n =x" n
=2¢-6x"3
dy Fory=x",
o =(2x28) - (6x =3"*) & _ -1
dx
dy _ _4 Write down
dx = 4x+ 18X an unsimplified version
of the answe
first.
(Or:
dy
Pl It
18 is not necessy to change
)

your answer
into this form.

(b)

www.swanash.com
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n+1

[ (22-6x"3)dx Use [x'dx= Z— +C

+1
S S c Do not forget to include the
T3 -2 constant

of integmation, C.

_ 28 4324 C Write down an unsimplified
3 version
of the anwver first
3
(Or: Zx? +
3 It is not necessary to change
2 +C)
X

your answer intohis form.
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Algebraic fractions
Exercise A, Question 18

Question:

Given thaty = 3x2 + 4{x , x > 0, find
dy
(CYm

&
(b) o7 .

(c) [y dx.
Solution:

(@)
y = 3¢ + 4\x Use R:x%

1
3¢ + 4x2
(3x2¢d) + (4x Fory=x",

X

dy
dx

N |-
N |-
Q
<
>
|
|_\

) > =

[y

dy Write down

dx =6X+2X~ 2 an

unsimplified
version

of the answer
first.

Or: 2
1
X5 It
s not necessy to change

your answer
into one of these forms

(b)
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dy -1 Differentiate
dx = 6X+2X 2 again
d%y -1 -3
e =6+ (2x — X 2 )
-3
=6-X 2
(
Or:
d2y
—+ =6 -
dx2
1
) 3 It
2 s not necessy to change your
Or:
oy
— =6 -
dx2
1
X
answer
into one of these forms.
X
3 1
2 =xtxx7 =x\x
(©)
2 4 Ax Use [x'dx= X +C Do
_[ ( 3 + 4X 2 ) dX n+1
3
33 M .
=5+t 5 ¢ C not forget to include the constant
( E)
of integration, C
3
=x3+4( % ) X2 +C Write down an unsimplified version
3
=3 + gx 2+C of the answer first.
8 .
(Or: X3 + §X\|7< +C) It is not necessary to change your

answer into thd form.
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Algebraic fractions
Exercise A, Question 19

Question:
(i) Given thaty = 5x3 + 7x + 3, find

(@)% .

d2y

®) 4 -

()
(i) Find | k1 3[x ijdx.

Solution:

(i)
Yy =53+ 7x+3

(@
Fory=x",
o = (5x3@) + (7x10) o L

= — n-
dx nx

Differentiating the constant

3 gives ero.

%:15(2+7 Usex?=1
Differenfating Kx gives K .

(b)

% =152 + 7 Differentiate again

d2y

oz = (15 1)

= 30x

(i)

www.swanash.com
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J(1+30x- X—lz) dx

1
=] (1+32-x"2) dx
Do not orget to

include he

constant of
integration C.

N w

3x w1
=x+ - +C
2

2 38 _
=x+ (3x 3x2) +x"1+C

3
=x+2x2+x 1+C

(Or: x+2x\|7(+ X3+C)

© Pearson Education Ltd 2C
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1
Use fx=x72 and

1
— —y—nN
X X
Use | xdx =
xn+ 1
n+1
It is not necessary to
change
your answer into this
form.
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Exercise A, Question 20

Question:

3
The curveC has equiiony = 4x + 3x 2 — 2x2, x> 0.

: : dy
(a) Findan expression for

(b) Show that the poir®(4, 8) lies orC.

(c) Show that an equation of the normaltat the poinP is
y=x+20.

The normal taC atP cuts thex-axis at the poin@.

(d) Find the lengtlPQ, giving your answer in a simplified surd fol

Solution:
€Y
y = 4x+ 3X
3
2 = 2@
1 — N
& = (4x10) + (3x 3x37) - Fory =x7,
dx 2 ﬂznxn—l
(2 x2xd) ox
d 9 1
- =4+ X7 - 4x
(b)
For x=4,
3 2=y
y = (4%x4) + (3x47) - X2 =XExX
1
(2x4#) 2 =xVx

=16+ (3%x4x2) —-32
=16+24-32=8
SoP(4,8) lies
onC

(©)
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The value
For x=4, of dy
dx
dy 9 1
oy :4+(E><42) - (4x4)
9
=4+ ( > x2) -16
=4+9-16= -3
The gradient The normal
of the normal is perpendicular to the
tangent, so
tPis 1 L 1
a 3 the gradient is — -
Equation of
the normal :
-8 -1 iv-2
y =5 (x=4) (X=x;)
X 4
y-8 R
3y—24 =x-4
3y =x+20
(d)
y=0: 0=x+20
x=-20 the x-axis.
Q is the point
(-20,0)
PO =\ (4--20)2+
(8-0) 2 points is
:\1242+82 - >
(Yo-y;) 2
=\[576 + 64
= \ 640
= V64 x 10
=810
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is the gradient of

the tangent.

Usey-y,=m

Multiply by 3

Usey =0 tofind
where the normal cuts

The distance between t

\ (x=x,) 2+

To simplify the sird,
find a factor which
IS an exact squar

(here 64 =8)
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Exercise A, Question 21

Question:

5-
The curveC has equatiory = 4% + Tx ,X# 0. The pointP on C has x-coordnate 1.

(a) Show that the value ofj% & is 3.

(b) Find an equation of the tangent to C at P
This tangent meets theaxis at the pointi( 0).

(c) Find the value ck.

Solution:
(@
y =42 + S;X Divide 5 —x by x

=42 +5x"1-1 Fory=x”,j—i=nxn‘1
% = (4x2¢) + (5x-1x~2?) Differentiaing the

constat - 1 gives zero

d _ -2
™ =8x - 5x
At P, x=1, so
dy - —2_ L _1_
o = (8x1) - (5x172) 172=5=1=1

=8-5=3
(b)
Atx=1,d—y=3 Thevalueofﬂ

dx dx
is the gradient of the
tangent
At x=1, y= (4x2) + 2=
y=4+4=8
Equation of the
tangent :
Usey-y,=m
-8 =3(x-1

y ( ) (x-%)
y =3x+5
(c)
y=0: O =3x+5 Usey =0 to find
3x = -5 where the tangent

5 .
X =-3 meets thex-axis

5

SoK = - 3

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 22

Question:
1
The curveC has equadn y= 7x3 - 4x2 + 8x + 3.

The poirt P has coordinates (3, 0).

(a) Show thaP lies onC.

(b) Find the equation of the tangentGatP, giving your answer in the forpmz= mx + ¢, wherem andc are constants.
Another pointQ also lies orC. The tangent t€ atQ is parallel to the tangent @atP.

(c) Find the coordinates Q.

Solution:

(a)

y = %x3—4x2+8x+3

At x=3,

y = (3x3) - (4xF) + (8x3) +3
=9-36+24+3
=0

SoP (3,0) iesonC

(b)

www.swanash.com
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dy :(§><3x2) - (4x24) +
dx ﬂ:nxn—l
(8x1¥0) dx
Differentiating the
constant 3 givegero.
=x% - 8x+ 8
At x =3,
d
™ =32- (8x3) +8
=9-24+8= -7 tangent.
Equation of the
tangent :
-0 =-7(x-3
y ( ) (x-x%,)
y = -7x+21
required formy = mx + ¢
(©)
dy - _
At Q, o = -7
parallel, they have the same
gradient.
X2 - 8x+ 8 = -7
X2 - 8x+ 15 =
(x=-3) (x-5) =
XxX=3 orx=5 x = 3 at the point P
For Q, x=5
- (1,e3) _
y = (3x5) - (4xF) +
(8x5) +3
125
= 5 —100+40+3 of C
1
= —155

Qisthe point (5, - 15
1
3)

© Pearson Education Ltd 2C
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Fory=x",

d
The value of %

is the gradiat of the

Usey-y,=m

This is in the

If the tangentare

Substitutex =5

back into the equation
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Exercise A, Question 23

Question:

(2x+1) (x+4)

f(x}: Tx , X>0

1

3
(a) Showthat f() can be written in the formx 2 + Qx 2 + Rx~

1
2

, Stating the values of the constaRt€) andR.

(b) Aind ' (x) .

(c) Show that the tangent to the curve with equatierf ( x ) at the point wherg = 1 is parallel to the line with
equation2y = 11x + 3.

Solution:
(a)
(2x+1) (x+4)
F(x) = v x
2
- W Divide eachérm by
X
1
2 , remembering
3 1 -1 -
=2x2 +9x2 +4x 2 . that XM + X" = x™ =1

P=2, Q=9, R=4

(b)
3 1 1 =1
' (x) = (2xox2) +(9%x2x 2 ) + (4x f' (x) is the derivative off
-1 = (x)

22

1 -1 -3
f' (x) =3x2 + %xT -2x2 so differentiate

(©)

www.swanash.com
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At x=1,
(3x17) + (2x17)
= X 2 + - X 2 — ' .
f! (1) 2 _ f (1) is the
-3 gradient
(2x1 2 )
of thetangent atx = 1
9 11
=3+ -2=7 1"=1 foranyn.
The line 2y =11x+ 3 is
_ 1 3 Compare
y = 2XT 3 with y = mx + ¢

The gradent is %

So the tangent to the curve
where

x =1 is parallel to this
line ,

since the gradients are
equal .

Give a conlusion ,

with a reason .
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Algebraic fractions
Exercise A, Question 24

Question:
The curveC with equationy = f ( x) passes through the point (3, 5).

Given thaff ' (x) =x2+ 4x — 3, find f(x).

Solution:
f'(x) =x2 +4x - 3
X3 2
f(x) = T+ T -3+ C 0
n+1
- % _
= 3 + 2% - 3x+ C the
constant of
integration C .
Whenx=3, f(x) The curve
=5, so passes
3
%+ (2xP) - through
3,5),
(3x3) +C=5 ( )
9+18-9+C =5
C = —-13
3
f(x) = %+2x2—3x—13

© Pearson Education Ltd 2C
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To find f (x)

from f' (x) , integrate .

Use | x"dx =

Do not forget to includ

sof(3) =5.
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Exercise A, Question 25

Question:

The curve with equation=f ( x) passe through the point (1, 6). Given that

()

f! ‘ X | =34 32 x>0,
1
) X2
find f(x) and simplify your answe
Solution:
5x2 + 2 1
fr (x) =3+ 1 Divide 5¢ + 2 by x 2 ,
2
remembering that
XM = yN = ym-n
345 4 2% 5 Tofind f(x) from
f' (x) , integrate.
5 1
5x 5 x5 Use | x"dx =
f(X) =3x+ 5 + 1 +C Xn+1+
(2) (2) n+1
2 5
=3x+ (5% ng) + (2%
, 1 Do not forget to include
X2 ) +C
5 1 the constant of integration
=3X+2X2 +4x2 +C C.
Whenx=1,f(x) =6, so The curve passes

5
(3x1) +(2x12) + through (1,6) ,

(4><1§) +C=6

sof(l) =6
3+2+4+C =6 1"=1 foranyn.
C = -3

5 1
f(x) =3x+2x2 +4x2 - 3

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 26

Question:

For the curveC with equationy = f ( x) ,

dy
= _ 3 _
dx—x+2x 7

2
(a) Find ol

d
> 2 for all values ofx .

(b) Show that ; >

Given that the poir®(2, 4) lies orC,
(c) findy in terms ofx,

(d) find an equation for the normalC atP in the formax + by + ¢ = 0, wherea, b andc are integer.

Solution:
(@
% =x3+2x-7 Differentiate to find
d?y . .
i 3+ 2 the second derative
(b)
x2>0 for any (real)x . The square o&
So 3¢>0 real number
S0 3¢ +2>2 cannot be negate .
2
So Z—); > 2 for all values ofx. Give a conclusion .
X
()
@ _
i =x3+2x-7
find y in terms
of x.
X 28

y =2t - ™x*C include

_ X2

=gt xC integration C.
Whenx=2,y=4, so Use the fact that
4 =Z.2_ (7x2) +C

4 the curve.

4 =4+4-14+C
C = +10
y = é +x2+ 7x+ 10

(d)

www.swanash.com
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Integrate L o
ntegrate

Do not forgeto

the constandf

P(2,4) lieson
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For x =2,
& The value of
& =28+ (2x2) -7 &
dx
=8+4-7=5 is the gradiat

of the tangent .

The gradient of

the normal The normal is

Lo-1 .
atPis — perpendicular to the tangent,

. 1
so the gradiens - -

Equation of the

normal :

Usey-y,=m
y-4 =5 (x=2) (x=%;)
y—-4 = _TX + % Multiply by 5
5y - 20 = -Xx+2
X+5by-22=0 This is in the required form

ax+by+c=0, wherea,
b and c are integers .

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

For the curveC with equationy = f ( x) ,
dy 1-x2

N—

. (12
Given thatC passes through the poth 2 3

(a) findy in terms ofx.

(b) find the coordinates of the point dat which % =0.

Solution:
(@
ﬂ _ 1-x2
dx T8
—x~4_x-2
-3 -1
y =5 - 5+C
find y interms
3
- -1
B tx72+C to include
the
constant of integratiorC .
-1 1
= — + — +
y 33 X c
This
will make it easier
to
calculate values
at
the next stage .
When x =
1 _
20 Y=
2
3 SO
2 8
3 = - 3*2C
2 8 4
C =3 + 3 2= 3
- -1, 1. 4
y - 3 X 3

(b)

www.swanash.com
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Divide 1 -x? by x*

dy
Integrate — - to

of x. Do not forge

Usex N

Use the fact that

1

12 lies on
2' 3

the curve .
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1-x2
v =0
to zero, its
1-x2 =0
X2 =1
x=1orx= -1
X=1l:y = i1+ 2
3
y =2
1 4
x=-1:vy _5—1+§
-2
y T3
The points are
(1,2)
2
and ( -1, 7)

© Pearson Education Ltd 2C
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mustbe zero.
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If a fraction

numerator
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Exercise A, Question 28

Question:

The curveC with equationy = f ( X ) passes through the point (5, 65).
Given thatf' (x) =6x2—-1x - 12,

(a) use mtegration to find fX).

(b) Hence show that fX) =x(2x+3) (x-4).

(c) SketcC, showing the coordinates of the points wtC crosses thx-axis

Solution:
(a)
1 _ 2 _ _
() =6x" - 10¢- 12 find f(x) from
f' (x) , integrate
_ 0 10¢
f(x) =93 ;- ~1x+C not forgetto
Whenx=5, y=65, so include the constant
of integrationC .
6x125 10 x 25
65 = "3 ~ 5 ~60+C the fact that
the curve passes
through (5, 65)
65 =250-125-60+C
C =65+ 125 + 60 — 250
C =0
f(x) = 2 - 5x% — 12

(b)
f(x) =x(2¢-5x-12)
f(x) =x(2x+3) (x—-4)

(©)

Curve meetsx-axis wherey = 0

X(2x+3) (x-4) =0 Puty=0 and

x:O,x:—g,x:4 solve for x

When x — o0,y — o Check whahappens

Whenx - —w0,y— —o to y for large
positive and negative
values ofx .

www.swanash.com
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YA

Crossesx-axis at (_73 ,0) , (0,0), (4,0)

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

()

4
The curveC has equatiory = x? L X-6 ) + 3, x>0.

The points Pand Qlie on Cand have xoordinates 1 and 2 respectively.

(a) Show that the length of P 170 .

(b) Show that the tangents toa€Pand Qare parallel.

(c) Find an equation for the normalC atP, giving your answer in the foriax + by + ¢ = 0, wherea, b andc are integer:
Solution:

(@
y=x(x-6) + 7

AtP, x=1,
y =1(1-6) +7 = -1
Pis (1, -1)
AtQ, x=2,
y =4(2-6) +5=-14
Qis (2, -14)
PQ :\](2_1)2+(—14—(—1))2 The distance between
=~ (12+ (-13)2) two poins is
=V (1+169) =170 \ (=x) 2+ (y,-y) 2
(b)
y =x3-6x@+4x 1
& =3@- (6xx' ) + (4-1x"2)
=3x2 - 12X - 4x 2
At x=1, The value of %
% =3-12-4= -13 is the gradient ¢
the tangent.
At x=2,
& _ 2
™ = (3x4) - (12x2) - (4%x2°)
4
=12-24-7, = -13
At P and also at Q the Give a caoclusion

gradient is —13, so the
tangents are parallel (equal gradients).

(©

www.swanash.com



Heinemann Solutionbank: Core Maths 1 Page2 of 2

The gradient The normal

of the normals perpendicular to the

atPis - tangent, so

—- = L thegradéntis - =

T 13 e gradent is — —

Equation of

the normé
y- (-1) =5 (x-1) Usey-y, =m(x-%)

X 1 .
y+1 TR Multiply by 13
13y + 13 =x-1 Thisis in the required form
x—-13y-14 =0 ax+by+c=0, wherea,
b and c are
integers.

© Pearson Education Ltd 2C
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Algebraic fractions
Exercise A, Question 30

Question:

(a) Factorise completel? — 7x2 + 12x .

(b) Sketchthe graph of = x3 — 7x2 + 12x, showing the coordinates of the points at which the graph crossesutise
Thegraph ofy = x3 — 7x2 + 12x crosses the positiveaxis d the pointsA andB.

The tangents to the graph/AandB meet at the poiri.

(c) Find the coordinates P.

Solution:

(@)

X3 - 7X% + 12x X is a common faor
=x (X2 - Tx+12)
=x(x-3) (x—-4)

(b)
Curvemeetsx-axis wherey =0 .

X(x-3) (x-4) =0 Puty=0 and
x=0,x=3,x=4 solve for x .

When x — o,y — o Check what happens to
Whenx — —o,y— —o y for large

postive and negate values ofx
L

= ¥

0 3\/4

Crossesx-axisat (0,0), (3,0), (4,0)

()

www.swanash.com
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A and B are
(3,0)
and
(4,0)
dy _
™ = 3¢ - 14x+ 12
At x=3, dy
(A) valueof o
&y =27-42+12= -3
dx
At x=4
(B)
Y =48-56+12=4
dx
Tangent at A:
y-0 = -3(x-3)
y = -3x+9 (1)
Tangent at B:
y-0 =4 (x-4)
y =4x- 16 (i)
Subtract
(i) -
(i) :
0 =7x- 25
I
X T 7
of the tangents
Substituting
back into (i):
75 12
y I
P is the
. 25
point ( —
-12
=)

© Pearson Education Ltd 2C
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The

of the tangent.

(X=Xp)

simultaneously to

intersecton
point

Page2 of 2

is the gradient

Usey-y;,=m

Solve (i) and (ii

find the





