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Abstract

Fuzzy set theory plays a significant role in mathematics. The study of algebra in fuzzy setting has
always attracted researchers to a greater extend. Young Bae Jun made effort in defining a remarkable
structure namely cubic structure and ideal theory in subtraction algebra. Concept of cubic sets
encompasses interval-valued fuzzy set and fuzzy set. Interval-valued fuzzy set is another generalization
of fuzzy sets that was introduced by Lotfi Asker Zadeh. Dheena introduced near-subtraction semigroups
in fuzzy algebra. Motivated by the theory of cubic structure and near-subtraction semigroups. Our aim
in this paper is to introduce the notion of cubic ideals of near-subtraction semigroups, homomorphism
of near-subtraction semigroups and family of cubic ideals in intersection. We also provide some results,

examples and study their related properties.

Keywords: Semigroups; Subtraction semigroups; Near-subtraction semigroups; Cubic ideal.

Introduction

The notion of subtraction algebra was
introduced by Abbott [1] in 1969. Using this
notion Schein [2] introduced the concept of sub-
subtraction semigroups in 1992. The system of
the form (@, =, \). Here ¢ is a set of function
closed under the composition "" of function
(and hence (. =) is a function of semigroup) and
the set theoretical subtraction "\
(and hence (@, \)is  subtraction algebra).
Solved that every subtraction semigroup is
isomorphic to a difference semigroup of
invertible functions. Zelinka [3] discussed a
problem proposed by Schein concerning the
structure of multiplication in a subtraction
semigroup and discussed a special type of
subtraction algebra denoted atomic subtraction
algebra.

Jun et al [4] introduced the notion of on
ideals in subtraction algebra and discussed
characterization of ideals. Lee et al [5] provided
some equations on fuzzifications of ideals in
subtraction algebras. Zekiye Ciloglu [6] et al
defined on fuzzy ideals of subtraction
semigroups

Dheena et al [7] introduced the near-
subtraction semigroups and strongly regular
near-subtraction semigroups. Lekkoksung [8]
introduced on fuzzy ideals in near —subtraction

ordered semigroups. Jun et al [9] introduced the
concept of cubic sets. This structure
encompasses interval-valued fuzzy set and fuzzy
set. Also Jun et al [10] introduced the notion of
cubic subgroups. Vijayabalaji et al [11]
introduced the notion of cubic linear space.
Chinnadurai et al [12] introduced the notion of
cubic ideals of r-semigroups. Also Chinnadurai
et al [13] introduced the notion of cubic ring.
The concept of fuzzy subset was introduced by
Zadeh [14,15] in order to study mathematical
vague situations. Many researchers who are
involved in studying, applying, refining and
teaching fuzzy sets have successfully applied
this theory in many different fields. The purpose
of this paper to introduce the notion of cubic
ideals in near-subtraction semigroups and
homomorphism in near-subtraction semigroups.
We investigate some basic results, examples and
properties.

Preliminaries

Now we recall some known concepts related
to cubic ideal in near-subtraction semigroups
from the literature, which will be needed in the
sequel.

Definition 2.1. [1] A non-empty set X together
with a binary operation “-“ is said to be a
subtraction algebra if it satisfies the following
conditions:
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Nx—(v—x)=x
i)x—(x—y)=y—(y—x)
iit) (x—y) —z=(x—2)—y

Vx, v,z €X.
Definition 2.2. [1] Let A be any non-empty set.
Then (P (A), \) is a subtraction algebra, where P
(A) denotes the power set of A and “\” denotes
the set theoretic subtraction.

Definition 2.3. [1] A subset | of subtraction
algebra X is called subalgebra of X if x —y €1
for all xyvEI :
In subtraction algebra the following holds: [1]

S1)x—0=x and 0—x=0

52)x—(x—y) =y

S53)x<y if and only if x=y-—w
for some weEX

S4)x <y implies XxX—z=y—z and
z—y=Z=z—x for all zEX

55)x— [x— [x—}=])=x—}=
56)(x—y)—x=0

ST)(x—y)—y=x—y

Definition 2.4. [1] Anon-empty set X together

with the binary operations “-” and “.” is said to
be a subtraction semigroup. If it satisfies the

following conditions:
(X, =) is subtraction algebra
i) (X,) is semigroup
i) x(y—z) = xy —xz and

(x—vy)z=xz—vz ¥VxyzeX

Definition 2.5. [7] A non-empty set X together
with the binary operations “-" and “." is said to
be near-subtraction semigroup if it satisfies the

following conditions
(X, —) is subtraction algebra
i) (X,) is semigroup
iii) (x—y)z =xz — yz Vxyv.zEX

It is clear that 0x = 0 for all x € X. Similarly we
can define a near-subtraction semigroup (left).
Hereafter a near-subtraction semigroup it is a
near-subtraction semigroup (right) only.

Definition 2.6. [7] A near-subtraction semigroup
X is said to be zero-symmetric if x0=0
Yx e X

Definition 2.7. [7] A near-subtraction semigroup
X is said have an identity if there exists an
element.

1 € X such that 1.x = x.1 = x for every x € X.
Definition 2.8. [17] Let (X,—,*) be a near-
subtraction semigroup. A non-empty subset | of
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Xis called (11) a left ideal if I is a subalgebra of
(X,—) and (xi—x(yv—i)EI for all x,y EX
and i € I. (12) a right ideal if | is a subalgebra of
(X¥,—) and Ix < I. (I3) an ideal if | is both a left
and right ideal.

Definition 2.9. [18] A mapping

u: X — [0,1] is called a fuzzy subset of X.

Definition 2.10. [17] A fuzzy set u in X is called

a fuzzy ideal of X if it satisfies the following

conditions:

(FI1) p(x — y) = min{u(x), u(y)}

(FI12) plax — a(b— x)) = p(x)

(FI13) wu(xy) =pu(x) for all =xv,abeX.
Note that u is a fuzzy left ideal of X if it

satisfies (FI1) and (FI2) and w is a fuzzy right

ideal of X if it satisfies (FI1) and (FI3).

Definition 2.11. [18] Let X be a non-empty set.
A mapping @:X — D[0,1] is called interval-
valued fuzzy set, where D[0,1] denote the family
of all closed sub intervals of [0,1] and
m(x) = [u (x), 1™ (x)] for all x € X, where u~
and p* are fuzzy subsets of X such that
p(x) = pt(x) for all x € X.
Definition 2.12. [10] Let X be a non-empty set.
A cubic set A in X is a structure
A={{x, @y (x),f4(x)) : x € X} which is briefly
denoted by A={,, fi), where i, = [ug, 3] is
an interval-valued fuzzy set (briefly, IVF) in X
and f is a fuzzy set in X. In this case, we will
use
A) = (7, (x), f2(2))

= ([u" (x),p" ()] f4(x)) VxEX
Definition 2.13. [7] Let X and Y be given
classical sets. A mapping f: X—=Y induces two
mappings
G X)), A =G (A and
Gl C(Y) = C(X), A, = (77 (A,). where the
mapping C; is called cubic transformation and
7 is called inverse cubic transformation.

Definition  2.14. [16] A  cubic  set
A ==, A = in X has the cubic property if for
any subset T of X there exist x, € T such that

w(xy) = ;;?,E(Ij and A(x,) = ;EJ; A(x).

Definition 2.15. [10] Let f be a mapping from a
set XtoasetY and <4 =< [, 4 = be a cubic set
of X then the image of P (g«A)=
< C¢(f). Cs(A) = is a cubic set of Y is defined by
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Ce(
A)() =
sup — : -1
- _ y=r(X) i f (y)+ 0
G WD) { [0,0] otherwise
) = i 2 10120
1 otherwise
YvyEY and
Let f be a mapping from a set X to Y and
A =< 1,4 > be a cubic set of Y then the pre
image of Y (7 1(A) =< (@), G'(4) = is a
cubic set of X is  defined by

-1 _ {Frmi=)=nir (=)
A) =41, forall x € X.
G (A {t;-u:m:x}}:m:fn:x}:

Main results

In this section we introduced the new concept of
cubic ideals of near-subtraction semigroups and
discuss some of its properties.
Throughout this paper S denote near-subtraction
semigroup, unless otherwise mentioned.

Definition 3.1. Let S be a near subtraction
semigroup, (S,) be an interval-valued fuzzy
ideal and (S.w) be a fuzzy ideal. A cubic set
A = (g w) is called a cubic ideal of S. if it

satisfies the following conditions:

(D)a(x— y) = min{a(x),a(y)} and
w(x — y) = max{w(x), w(y)}

(i)i(ax —a(b—x)) = @(x) and

w(ax —a(b —x)) < w(x),
(iif) a(xy) = plx) and

w(xy) = w(x) Vx,y,a b ES.
If A= () is a cubic left ideal of S if it
satisfies (i), (if) and if <4 = (&, @} is a cubic
right ideal of S if it satisfies (i), (iif).
Example 3.2. Let S = {0,a,b,c} in which " ="
and " #" are defined by

« |0 |a |bjc
00 (0|0 |O
ala|a|a|a
b |0 [0 |0 |b
c |00 |0 |c
- 10 ja|b|c
0 (0|0 ]|0]O
ala |0 ]a |a
b |b|b [0 |b
c|c|c|c |0

Then (5.—.*) is a near-subtraction semigroup.
Define an interval-valued fuzzy set [:S—D[0,1]
by #(0)=[0.9,1], £(2)=[0.6,0.7], £(b)=[0.4,0.5]
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and £(c)=[0,0.1] is an interval-valued fuzzy ideal
of near subtraction semigroup.
Define a fuzzy set w:S—[0,1] by @(0)=0, w
(@)=0.5, @ (b)=0.7 and w(c)=1 is a fuzzy ideal of
near subtraction semigroup.
Thus <A = {&, @) is a cubic ideal of near-
subtraction semigroup.

Theorem 3.3. If is a cubic ideal of S, then the set

Sy={xes|A
(t.e..15,={xes5| il = 7(0) and wlx) = w(0) is
a cubic ideal of S.

Proof: Let <4 = (i, w) be a cubic ideal of S and
X,y € 5, then «A(x) = A(0) and A(y) = A(0).
Suppose X : y S then
alx) = a(0),a(y) = £(0) and
w(x) = w(0), w(y) = w(0).
Since @ be an i-v fuzzy
Alx — y) = min{j(x),a(y)}

= min{#(0), £(0)} = (0) and
w be a fuzzy ideal of S, then
w(x —y) < max{w(x),w(y)}

= max{w(0), »(0)} = w(0)

Thus x—YyES,.

ideal of S, then

For every ab€5,; and x€5, then
g(x) =3(0)  and w(x)= w(0), then
flax —a(b—x)) = a(x) = 7(0) and
w(ax —a(b —x)) £ w(x) = w(0)

Thus ax—alb—x)ES5,.
Suppose X : y €5, then
alx) = p(0),a(y) = a(0) and
w(x) = w(0), w(y) = w(0).

Alxy) = alx) = £(0) and
w(xy) = w(x) = w(0)

Thus XY E 5,.
Hence 5, = {x € § | A(x) = A(0)} is a cubic
ideal of S

Theorem 3.4. Let H be a non-empty subset of S.
If A4 = {& w) be a cubic set of S defined by

_ P2 ifxeH
H[xj — {[pl p,_] .
[q,.q9,] otherwise
Alx) = - .
m(x]—{l_p ifxeH
~ 1 —q otherwise
for all x € S,[py.p2l.[a1.9,] €D[0,1]

p.q € [0,1] with [py,p,] = [a.9,] and » = q.
Then H is an ideal of S if and only if A =
<@w> is a cubic ideal of S.
Proof: Let A = < @, > be a cubic ideal of S
and let X, ¥ EH.
Since & be an i-v fuzzy ideal of S, then
Alx — y) = min{j(x),a(y)}
= min{[p,, p,]. [py, p:1}
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= [Py, ps]
and w be a fuzzy ideal of S, then
w(x —y) = max{w(x), @ (y)}

=max{l —p,1—p}

=1 — p
Thus x—yEH.
For every a,b€S5S and x€ H, we have
f(ax —a(b—x)) = a(x) = [py, p,] and
w(ax —a(b —x)) < w(x) =1—p.
Thus ax —alb—x)EH.
For all x,v € H. Then
a(xy) = @(x) = [py, ps] and
wl(xy) < w(x)=1—p.
Thus xy € H.
Hence H is an ideal of S.

Conversly, assume that H is an ideal of X.
Let x,v € 5. If at least one of S does not belong
to H, then x—v&€H, we have
f(x —y) = [ay,9,] = min{a(x), 7(y)}
w(x—y) =1 —q =max{w(x), o(y)]

If x,vyveH then x—-ve&€H, we have
f(x — y) = [py,p;] = min{(x), 7(y)}
w(x—y) =1 —-p=max{w(x), o(y)]

Let a.b,x €S5S and if x&€H, such that
ax—alb—x) EH, we have
.II[:M —al(b —xj) = alx) = [P1r Pz] and
wlax—a(b—x)) < w(x)=1—p

If x& H suchthat ax — a(b — x) & H, we have
,II[:EM —al(b —xj) = al(x) = [q4,9;] and
m[a_x —al(b —x:]) Zw(x)=1—gq

If x€H and y € H, then xy € H, we have
A(xy) = [py.p,] = a(x) and
w(xy)=1—p=w(x)

Suppose x & H we have xy & H, we have
alxy) = [a5.q,] = a(x) and
w(xy)=1—g = w(x)

Hence A = <@ w > is cubic ideal of S.
Theorem 3.5. If {4}, = (., adi €A} is a
family of cubic ideals of S, then
Mig e =< Mo, ;. U2, @; = is a cubic ideal
of S.
Proof: Let {A;};=,. be a family of cubic ideals of
S.

let N g (x) = (inf @)(x) = infa,(x) and
U w;(x) = (sup w;)(x) = sup w;(x)

1) For all XY ES, we have
(MNie @) (x —y) =inf{j7;(x —y)| i EA}}

= inf{min{g; (x), &, ()} i €A}

= min{inf {g,(x) | i €A}, inf {7.(v)| i €r}}

= min{(N;c, &) (x), (N;e, @) ()} and
(Nie @) (x —¥)

Cubic Ideals in Near Subtraction Semigroups

= sup {w,(x — )| { €A}
= sup {max {w, (x),w,(y)}| i €A}
= max{sup{w;(x)| i EA},sup {w,(v)]| i € A}}
=max{(U; , @) (%), (Ui, @) ()}
i) For all a b, x€Ss, we have
(Mg 1) [M —a(b— x])
= inf {7, (ax — a(b— x)| i €A}
=inf{m (x)| i €A}
= (niEA .FI:) (x) and
(Nye , ;) [:a_x —a(b— x:])
= sup {w;(ax — a(b— x))| i €A}
< sup {w,(x)| i EA}
= [(UEEAwi])[x]
iii) For all X, ¥ ES, we have
[:niE A.F-Iz'j (xv) = inf{ﬁz‘ (xy) | [ EA}
=inf{g (x)| i e}
= (niEA .FI:) (x) and

W

(Mg o) (xy) = sup {w;(xy) | { EA}
< sup {w,(x)| i EA}
= ((UEEA ‘:'-’z:])[x:]
Hence @Mic, e =< Mg, Uie ;= is a
cubic ideal of S.

Theorem 3.6. Let A = <@, w > be a cubic
subset of S. Then A = < &, @ = is a cubic ideal
of S < each non-empty level subset of
A = <pgw> is an ideal of S.
Proof: Assume that A = < @, @ > is a cubic
ideal of S. Let x,veU(A;t.n) for all
t € D[0,1] and n € [0,1]. Then
ax) = 3(y) = and
w(x) = w(y) =< n. By the definition of cubic
ideal

flx —y) = min{ji(x), g(y)} = £ and
w(x—y) = max{w(x),w(yv)}<n

Hence x —y EU(A;E n).
Let a b,x eU(A;t,n). Then mlx) =% and
w(x) =n. We know that
flax —a(b—x)) = a(x) =% and
w(ax —a(b —x)) < w(x) =n

This implies that
ax—al(b—x) € U(A; L n).

Let x,yv EU(A;tn) then

aG) =p() =zt and  wx)=wl)=n
according the cubic ideal of S

flxy) = plx) =% and
w(xy) < w(x) =n.

Thus xyv € U(A;t,n).
Hence U(A;f,n) is an ideal of S.

Conversly, assume that U(A ;£,n) is an ideal of
S. Suppose assume that
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a(x — y) < min{a(x), a(y)} and
w(x — v) = max{w(x), w(v)]} for some
x,y € U(A ;E,n) then by taking
£y = 2 {i(x —y) + min{i(x), £(;) and

1
ny = S {w(x =) +max{o(x),0()}

for all £, €D[01] and n;€[01]
we have glx—y) =1, for
glx)=t,alyv) = £ and w(x—y)<ny; for
w(x) =ny,wix) =ny

thus x—v&U(A:tn)
for some x, v EU(A ;E n)
This is a contradiction.
So, f(x — y) = min{i(x),a(y)}  and

w(x — v) < max{w(x), w(y)}

Suppose, that f(ax —a(b—=x)) < i(x) and
m[ax —alb —x:]) = wi(x)

for some x € U(A ;t,n) and for all a, b €5,

then by taking
£, = 2{i(ax — a(b — x)) + 1(x)) and
ny = %{w[m —al(b— xj) + w(x)]}

for all £,€D[0,1]] and n;€E][01]

we have glax —a(b—x)) =, for g(x) =,
and

m[ax—a[b—x])ﬁinl for wlx) =ny
thus ax—alb—x) € U(A ;t,n).
This is a contradiction.
Hence i(ax —a(b—=x)) = a(x) and

w(ax—a(b—x)) < w(x).
Suppose mlxy) = alx) and
w(xy) = w(x)

for some x,v €U(A;En) then by taking
£y = 2{i(xy) + £(x)) and

1
ny = {0 () + 0()

for all £;ED[01] and ny E[01]
we have @(xy) =t, for g(x) =a(y) =1t and

w(xy) < ny for w(x) = w(y) <n
thus xy & U(A ; £, n).
Hence @(xv) =galx) and w(xv)= w(x).

Therefore A = < @, @ > is a cubic ideal of S.
Theorem 3.7. Let f: S— 5; be a homomorphism
of near-subtraction semigroups and
GGt C(S) = C(S) be the inverse cubic
transformation induced by f. If
A = < @, w > is a cubic left (right) ideal of 5,
by the cubic property then
CFH(eA) = < (7). M (w) = is a cubic ideal

Cubic Ideals in Near Subtraction Semigroups

of S.
Proof: Let A = < [, == is a cubic ideal of 5;.
For all X, VES then

D) GHEx —y)) = a(f(x— )
=a(f(x) - F)
= min{@(f(x)), 2(f())}
GHax—-») =
min{C; *(2(x)), GG (7(»))}
G e =) = o(fx-)
= o(f(x) = ()
< max{w(f (x)),o(f ()}
GHolx—y)) =
max{ (7 *(« (1)), GG (w ()}

i)  For all a,b,x €S we have
G (a(ax — a(b - )

= [(f(ax— a(b — x))

= a(f(ax) = f(a(b —x)))

= a(f(a)f(x) = Fla)(F(b) — F(x)))

= a(f(x))

=M (a(x)
C;l(m[ax —al(b— x])

= w(f(ax—a(b —x))
w(f (ax) — f(a(b - x)))
w(f(@)f(x) — F(@)(F(B) — f(x)))

1A

w(f(x))
G (w ()
iii) G (2(xy)) = a(f(xy))
= aZ(Fx)f ()
= i(f(x))
= (71 (i(x))
GHw(xy) = w(f(xy))
= w(f () ()
= m[f [xj)
= (7 (w(x))

Hence (7 *(<A) = < (1 (), 7 (@) = is a cubic
ideal of S.

Theorem 3.8. Let f: S— 5, be an onto
homomorphism of near-subtraction semigroups
Sand S;. Let A =< i, w = is a cubic subset of
S, by the cubic property if C7'(eA) =
< (7). GG (w) = is a cubic ideal of S then A
= <pgw> is a cubic ideal of 5;.
Proof: Let A = < f1,w > is a cubic subset of 5;
) Let _ x,y €5, Then
fx)=x.fy) =y
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for some xyeS. It follows that
alx —y ) = a(f(x) —F ()
=pg(f(x—¥))
= (G @ (x—»)
= min {71 (@) (), (@D ()}
= min{a(f (_ﬁ] ,E_(f ()}
= min i(x), 4G} and
w(ix —y)=w(f(x)— )
= w(f(x—y))
= (G @) (x— )
= max {C;l[w] (x:],(:f_l(w] (v)}

= max {m(f(xj),m(f[x:]j}

= max {w(x ),(y)}
i) Let a,b,x €5, there exist a,b,x €5 such
that fla)=a,f(b)=5b and f(x) =x,

we have ﬁ(a'x'— a(b —xj}
= Z(F@FE) — F@(FB) — (x)))
= a(f(ax) — f (@) (F(b— x)))
= @(f(ax) — f(a(b—=x)))
= a(f(ax — a(b — x)))
= (@ ((ax— a(b — x)))
= () (x)
= 2(f (x))
= a(x)
W {a'x'— a(b — x])
= w(f(a)f(x) — f(a)(f(B) — (x)))
= w(f(ax) — F(a)(f (b — x)))
= w(f(ax) — f(a(b — x)))
= m[f[o;x —alb —x]])
= (G Hw)((ax —a(b—x)))

iD) Let
flx)=x,f(y) =y
for some xyES. It
alxy )= a(f)f()

= 2(f(xy))

= (C7 (@ (=)

= (@)

= a(f(x)

- =ply) and

w(xy)=w(f(x)f(¥)

= w(f(xy)

= (C7 (@) (xy)

< (@) ()

x',}r' €S, Then

follows  that
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= w(f(¥)
=w(y)

Hence A = < 1, @ = is a cubic ideal of 5;.
Theorem 3.9. For a homomorphism f: S— 5, of
near subtraction semigroups, let Cs: C(S)— C(5,)
be the cubic transformation respectively induced
by f. If A = < i, w = is a cubic ideal of S which
has the cubic property, then C; (+1) is a cubic
ideal of 5.
Proof: Given flx),f(y) € f(s), let
x5 € F7H(f(x)) and v, € FH(F(¥)) be such
that

I'E[xl}:] = 'F’Ef_‘_l;i"'?:ﬁ I-I[Pj:

w(xy) = wEf""Zf'izﬁ w(p) and
."E[}Fﬂl] = qu_'—gﬂih-L}Fa ﬁ[qj!

@) = s (s @(a@)  respectively. Then
(i) G @) - )
= zEf_"I:_f ':x:'—f?;?) .FI[:Z:]

= f(x— ¥p)

= min{f(xy), 1(5)}

sup —

it {555 P 253} A0}
= min{[:f (1) [f[x:] ), Cr () [f[}’])}
Cr () (Fx) — F ()
_ inf
Tz 2)-F(3)) w(z)
= m(xu_}ruj
< max{w(xy), w(yy)}
=max {,_(; () 0®) () @(@} = max{C; (@) (F()).C; (@) (F(3)))

(i) Let fla), f(b),f(x) € f(S) then

G (@ (F@f () - F@(F(B) - F()))
- zer‘-[fu:a}fu:x}—fu:a}l.}-:b}—f-:x}ﬁﬁ(z)
= f(x,)
= per () AP)
=C; (D(f(x))

G (@) (Fla)f () — F@(F(B) — ()
T ey u:a}fu:x}—fu:am;n:b}—fu:;;ﬁ «(2)
= m[xnj _

:,FEf—‘-{f.:;;.gjf i(p)
=G (@)(f(x))

(i) Let f(x),f(v) € f(S) then
G D) = eps(roopi 1)

= fi(xg)

= e i(r(n) A(P)

=C: (D (F(x))
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G (@ (FFD) = Lep+(rt0 f,:i_’ﬁ w(z)

= wlxy) .

= pEf"-I:f'::;{ w(p)

=C; () (F(x))
Hence (i(«2) = < Cs(&), C(¥) = is a cubic ideal
of 5;.

Conclusion

In the structural theory of fuzzy algebraic
systems, fuzzy ideals with special properties
always play in important role. In this paper, we
have presented some properties of cubic ideals of
near-subtraction semigroups. We applied the
interval-valued fuzzy set theory and fuzzy set
theory to left almost semigroups, subtraction
semigroups and near-subtraction semigroups by
their cubic ideals. The obtained results probably
can be applied in various fields, such as robotics,
computer networks and neural networks. In our
future study we try to extend this concept to
cubic bi-ideals in near-subtraction semigroups.
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