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Summary
A hierarchical model of material electrical properties representing volume–, face– and edge–based distributions
is presented for the purpose of efficient representation of strong, but volumetrically insignificant, conductors
in finite element modeling. The model is currently implemented in the context of three–dimensional (3D) DC
resistivity simulations, but appears suitable for broadband electromagnetics as well. In contrast to the strategy of
fine–scale discretization of thin or slender conductors by brute force with potentially millions of tiny tetrahedra,
the hierarchical model collapses these small conductors onto infinitesimally thin faces and edges which reside on
the interface between larger tetrahedra, thus avoiding excessive discretization and computational burden. The
effect of this hierarchical model on the structure of the finite element formulation in the DC case is to augment
the 3D stiffness matrix with the addition of a small set of 2D and and 1D element stiffness matrices corresponding
to those facets and edges where the thin conductors reside. Thus, the added computational cost is minimal
over that of the problem without the conductors. Benchmark solutions compare favorably with independent
reference solutions and there is consistency between the volume–, face– and edge–based model parameters in
the limit of extreme volume discretization. As an example application problem, results are presented on the DC
response of an electrified underground railway line and show that the proposed model can reduce the resource
footprint of the finite element calculation by several orders of magnitude.
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Introduction
A widely recognized problem in electrical and electromagnetic studies of the subsurface is the efficient
representation of anthropogenic clutter in numerical
modeling. The need arises from a variety of exploration scenarios, ranging from ones where the clutter
(e.g. pipes, landmines, unexploded ordnance) is the
target of interest to cases where the scattered field
from the clutter compromises the signal quality from
some other target. Regardless, the numerical challenge in modeling strong conductors which are small
in comparison to the scale of the geology or the geophysical survey arises from both the high conductivity contrast between the clutter and the surrounding
geology, and, the very fine discretization required to
numerically capture their shape and size in a large
computational domain. In the context of finite element modeling, small strong conductors of arbitrary
shape can be reasonably approximated by many small
tetrahedral elements - which, in the case of metal
pipes, for example, may represent volumes on order
of a cubic centimeter or less, which are then embedded in a mesh representing a volume of several cubic
kilometers. Parallelized finite element, volume and

difference methods have all been implemented in the
limit of extreme discretization to reduce the computational cost of the broadband electromagnetic problem (Commer, Hoversten, & Um, 2015; Um, Commer,
Newman, & Hoversten, 2015; Haber, Schwarzbach, &
Shekhtman, 2016), resulting in run times on the order of several minutes to hours. Further reduction in
runtime can be achieved by “upsizing” the conductive features to some length scale that is physically
unrealistic, but whose adverse effects on numerical
solution accuracy are acceptable (Haber et al., 2016;
Weiss, Aldridge, Knox, Schramm, & Bartel, 2016).
The concept of a hierarchical material properties
model for finite element analysis on an unstructured
tetrahedral grid is motivated by the Cartesian resistor network of Yang, Oldenburg, and Heagy (2016),
which, in turn, was based on the earlier work of Newmark, Daily, and Ramirez (1999) and Daily, Ramirez,
Newmark, and Masica (2004). In the resistor network concept, as cited here, a Cartesian lattice is
defined with cell–by–cell variability in electrical conductivity. On each of the edges of the Cartesian grid,
the two Kirchhoff circuit laws are enforced assuming a volume–averaged current surrounding the edge.
This leads to a linear system of equations that can
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be solved for the electric potential on each node of
the lattice. Yang et al. (2016) updated the resistor
network to include face– and edge–based electrical
properties on the Cartesian and recognize the similarity in mathematical form between the Kirchhoff
linear system and that derived from discretization of
the governing Poisson equation, but pointed out a
key difference: face– and edge–based material properties could not be accommodated by the usual finite
element method for the 3D DC resistivity problem.
The hierarchical material properties model described
here makes that previously unrecognized connection
between finite element analysis and the resistor network formulation, with all the benefits of finite element analysis as a result – namely, a flexible discretization with elements geometrically conformable
to complex conductivity distributions, including that
of the thin and sinuous conductors lying at interstices
between elements.
Theory
The central concept of the hierarchical conductivity model is to associate electrical conductivity with
three different geometric structures – volumes, facets
and edges – in such a way that when used in a finite element discretization, the facet and edge conductivities remain local to facets and edges in the final
global system of linear equations. Doing so addresses
the central concern raised by Yang et al. (2016).
Letting the electrical conductivity be represented by
the rank–2 tensor σ , one mathematical structure that
achieves this goal is the following:

frame (Figure 1). For facets, we take the ê2 and ê3
directions to lie in the plane of the eth facet, where
for edges, we take the ê1 direction to lie parallel to
the eth edge. Note that volume integration of Eq (1)
with the definitions laid out in Eq (2-4) takes on the
SI units [S·m2 ]. Hence, the SI units of coefficients se
and te must be [S] and [S·m], respectively. That is,
se represents the conductivity–thickness product of
facet e, and te represents the product of conductivity
and cross-sectional area for edge e.
Substitution of Eq (1) into the governing Poisson
σ · ∇u) = f leads to the weak variaequation ∇ · (σ
tional form of the DC resistivity problem: find u such
that a(v, u) = (v, f ) for all test functions v where
Z
σ · ∇u) dx3 .
a(v, u) =
∇v · (σ
(5)
Ω

It is clear that tensors diag(0, 1, 1)e and diag(1, 0, 0)e
collapse the volume integration in Eq (5) into surface
and line integrals. Hence, the resulting stiffness matrix K in the finite element system of linear equations
Ku = b,

(6)

is a sum of 3D, 2D and 1D element stiffness matrices
K=

NV
X
e=1

σe K4e +

NF
X
e=1

se K3e +

NE
X

te K2e ,

(7)

e=1

and the locality concerns raised by Yang et al. (2016)
are now resolved.
Benchmarking and Example
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(1)
with hierarchical, rank–2 basis functions
(
1 if x ∈ volume e
V
x) = diag(1, 1, 1)
ψ e (x
, (2)
0 otherwise

x)
ψF
e (x

= diag(0, 1, 1)e

(
1
0

if x ∈ facet e
otherwise

,

(3)

.

(4)

and
(
x)
ψE
e (x

= diag(1, 0, 0)e

1

if x ∈ edge e

0

otherwise

In Eq (2-4) the diagonal rank–2 tensor is subscripted
by e to indicate representation in the local ê1 -ê2 -ê3

Previous benchmarking of the Weiss et al. (2016)
strictly volume–based DC resistivity modeling software showed favorable agreement with the Johnson,
Trofimenkoff, and Haslett (1987) analytic solution for
a finite vertical cylinder in a halfspace. Extending this benchmark exercise to now include edge–
based conductivity elements in Eq (1), finite element solutions for an infinitely thin conductor with
conductivity–area product t = 104 S·m are compared
against analytic solutions for a conductor of radius
0.001 m and infinite conductivity (Figure 1, inset).
In the finite element simulation, this t value is equivalent to conductivity value ∼ 3.3 × 109 S/m, a reasonable value in the asymptotic limit to infinite conductivity. In this limit, the electric potential on the
borehole cylinder is nearly independent of position on
the borehole itself. As such, the borehole potential is
analyzed as function of source–borehole offset and excellent agreement is found between analytic and finite
element solutions (Figure 1).
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Thin Cylinder Benchmark
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r d = 1mm

lines - analytic (Johnson et al. 1987)
symbols - finite element edge model

conducting disk in Figure (2) with a perfectly resistive one results in equipotential lines normal to the
disk face, with a strong potential gradient vertically
through the disk. Hence, in the limit of an infinitely
thin disk, the potential is discontinuous and thereby
incompatible the vector space of continuous functions
from which the finite element solution u is drawn.
One possible workaround is to introduce a “tear” in
the finite element mesh whereby a surface is twice
discretized – once with facets for edges on one side
of the tear, and again with another set of facets for
the other side – with homogeneous Neumann boundary conditions applied to each side. Such scheme has
shown favorable results (Weiss, 2017).

AIR
EARTH
1m

1A
10 m

10-3 S/m

70 m

Figure 1: Comparison between finite element (symbols) and analytic (line) solutions for buried,
thin and perfectly conducting cylinder (see inset for geometry). Plotted is the electric scalar
potential Vd on the cylinder due to a 1 A point
current source located a distance L away from
the top end of the conductor. Analytic solutions are given for cylinder radius of 0.001 m, a
dimension well within the asymptotic limit for
an infinitesimally thin conductor.

To complete the benchmarking exercise, results from
the (previously validated) volume–based model representation are compared against those for facet–based
conductivities, the middle term in Eq (1). Out of simplicity, the test model consists of a 35 m radius circular disk, 1 m thick, buried horizontally 10 beneath the
air/Earth interface (Figure 2, inset). Discretizing the
disk with small tetrahedra (edge length roughly 1 m),
the volume–based finite element results are compared
with those where the disk is simply represented by
facets with transverse conductance se = σ S/m ×1 m.
Again, the agreement is excellent (Figure 2) over a
range of disk conductivities and thus, it would appear that the volume, facet and edge representations
of electrical conductivity in Eq (1) are self consistent.
It’s worth pointing out that benchmarking results
shown here are for embedded conductors. This is encouraging for the metal clutter problem, but what
about embedded resistors? This remains an open research question, but it’s worth noting the following
example in DC resistivity modelling. Replacing the

10-2 S/m

volume model
facet model

10-1 S/m
1 S/m
10 S/m

Figure 2: Comparison of finite element solutions
of the scattered electric potential for a series
of (0.01, 0.1, 1.0 and 10 S/m) conductive thin
disks embedded in a 0.001 S/m halfspace, subject to a 1 A point source on the air/Earth interface directly over disk center (see inset).
As a final example, the DC response of an underground tunnel complex is presented, on the floor of
which lies a pair of 2 km long railway rails energized
by 1 A grounded source (Figure 1). Buried 1 km deep
into the side of 11 degree slope, the tunnel complex
presents an interesting challenge for modeling for several reasons. First is the fact standard light–freight
rails have a cross sectional area of approximately 60
cm2 . A single rail 2 km in length thus occupies a
volume 12 m3 of steel, which would require roughly
100 million tetrahedra of 1 cm edge length to dis3/4
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cretize for a finite element mesh. In the edge–based
discretization, the rails are approximated by a set of
edges, each 5 m in length, resulting in only NE = 800
additional terms in the summation Eq (1). One small
challenge presented by the use of edge–based elements
is that it is no longer appropriate impose a homogeneous Neumann boundary condition on the air/Earth
interface at those edges where the strong conductor
lies. Because the conductor is zero thickness, such a
boundary condition is in conflict continuity of current
at the Earth/conductor interface. Hence, an air layer
is added to the model, in this case roughly doubling
the number of elements in the finite element mesh to
approximately 300k, within which there are only 50k
nodes. The finite element system of equations Eq (6)
is solved iteratively using a Jacobi–scaled conjugate
gradients in 32 s on a 3.1 GHz MacBook (Figure 3).

0.001 S/m Earth

11º
2m

rails

1A

tunnel entrance

Figure 3: Entrance to an underground tunnel complex, 1 km deep, into the side of 11 degree slope.
Rails (heavy lines) are energized at the entrance
by a 1 A point source. Finite element discretization in the region of the tunnel is approximately
5 m edge length. Rails are modeled as light
freight capacity (49.6 kg/m, 1.4 m separation)
with electrical conductivity 7 × 106 S/m.

Conclusions
A novel model of hierarchical electrical conductivity
has been proposed and exercised for finite element
analysis of Earth models containing anthropogenic
clutter. Benchmarking examples demonstrate internal consistency between the hierarchy of conductivity
structures and agreement with external reference solutions. Example calculations show that the proposed
model can reduce the resource footprint of the finite
element calculation by several orders of magnitude.
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