6th International Symposium on Three-Dimensional Electromagnetics
Berkeley, California, March 28–30, 2017

3-D inversion of magnetotelluric impedance tensor and magnetic transfer function
data using tetrahedral grids
H. Jahandari1 , and C. G. Farquharson1
1
Memorial University of Newfoundland

Summary
This study investigates the application of tetrahedral grids for the inversion of magnetotelluric (MT) data.
A minimum-structure method with a Gauss-Newton (GN) algorithm for optimization is used. To avoid the
explicit formation of the sensitivity matrices, an iterative solver is employed for solving the normal system at
each GN step where the sensitivity matrix-vector products that are required by this solver are calculated using
pseudoforward problems. Forward problems are formulated using an edge-based finite-element approach and
a direct solver is used for the solutions. This solver allows saving and re-using the factorization of matrices
which greatly reduces the computation time. An example is presented in which synthetic impedance tensor and
magnetic transfer function (MTF) data due to a real model with topography and a sulphide body are inverted.
Separate and joint inversions of these data successfully recovered the synthetic model and data which shows the
effectiveness of unstructured grids for complex and realistic MT inversion scenarios.
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Introduction
In the context of the modelling and inversion of magnetotelluric (MT) data, it is common to use structured rectilinear grids. While these grids are simple
to work with and efficient in terms of accuracy, they
don’t support irregular structures. Modified rectilinear methods exist which address this limitation (e.g.,
Kordy et al., 2016; Grayver, 2015). Unstructured
grids, on the other hand, not only accommodate irregular structures such as topography and geological
interfaces, but also allow the local refinement of the
mesh. Although several applications of unstructured
grids for the modelling of MT data have been reflected
in the literature (e.g., Nam et al., 2007; Ren et al.,
2013), only recently Usui (2015) has used tetrahedral
grids for the inversion of MT data.
In this study, unstructured tetrahedral grids are used
for the spatial discretization, and an edge-based totalfield finite-element (FE) approach (Jin, 2002) is employed for formulating the MT forward problem. The
inversion method is a minimum-structure algorithm
with a Gauss-Newton (GN) optimizer in which measures of data misfit and model structure are minimized while a trade-off parameter regularizes the
process (see, e.g., Farquharson, 2008). Unlike Usui
(2015) who explicitly forms the Jacobian matrix and
solves the normal system of equations by a direct
solver, in our approach an iterative method is used

to solve the normal system and the Jacobian matrix(or its transpose) vector products which are required
by this solver are calculated by solving pseudoforward
problems (see, e.g., Rodi & Mackie, 2001). A direct
solver is used for solving the forward problems which
allows saving and re-using the factorization of matrices which helps reducing the computation time.
Minimum-structure Inversion
In a minimum-structure algorithm, the computational domain is divided into piecewise constant elements and the inversion aims at finding a solution
model that sufficiently reproduces the observed data
dt while keeping the model as simple as possible. This
goal is achieved by iteratively minimizing an objective
function Φ which is the sum of measures of data misfit φd and model structure φm . For iteration number
n, this relation can be shown as
Φn = φnd + φnm .

(1)

The data misfit is

φnd = kWd dt − dn k2

(2)

where k·k represents the l2 -norm and Wd contains
the uncertainties of the observed data. dn is the current calculated data and is related to the previous
iteration by:
dn = dn−1 + δ dn .

(3)
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Since in the GN method the problem is linearized,
the data perturbation δ dn can be linked to the model
perturbation δ mn using the sensitivity matrix as
δ dn = Jn−1 δ mn .

(4)

δ mn is used to update the model:
mn = mn−1 + δ mn .

forward and pseudoforward problems and MPI was
used to solve the forward and inversion problems in
parallel. At each GN iteration, the coefficient matrix
of the forward problem was LU factorized by MUMPS
once for each frequency and then used for the forward
calculation of dn−1 and all the related pseudoforward
problems in that iteration.

(5)

The model structure is composed of roughness φnr and
smallness φns measures:
φnm = β n (αr φnr + αs φns ) ,

(6)

where αr and αs are constant scalars and β n is a
regularization parameter which is adjusted by a cooling strategy (see, e.g., Farquharson, 2008). φnr is a
measure of the smoothness of the current model mn :
φnr = kWr mn k2 ,

(7)

where Wr is a first order spatial finite-difference matrix which operates on the centroids of adjacent tetrahedra (it also contains weights based on the volumes
of the cells). φns is a measure of the closeness of mn
to a reference model mf :

φns = kWs mn − mf k2 ,
(8)
where Ws contains weights to control this closeness.
The normal equation for the GN method is derived
by taking the derivative of Φn with respect to δ mn
and equating to zero which gives
T

{Jn−1 WTd Wd Jn−1 + αr β n WTr Wr
T

+ αs β n WTs Ws } δ mn = Jn−1 WTd Wd dt − dn−1
− αr β n WTr Wr mn−1 + αs β n WTs Ws mf − m




n−1

Figure 1: The synthetic model (top) and the inversion mesh (bottom).

(9)
Example
where the left-hand side matrix and the right-hand
side vector are, respectively, the approximate Hessian and gradient of Φn . For solving this problem
at each GN iteration, we used the GMRES iterative
solver from the SPARSKIT package (Saad, 1990). As
a Krylov subspace solver, GMRES does not need the
Hessian matrix but instead its product with a vector
at each iteration. All the components of the Hessian
are known and trivial to calculate except for Jn−1 and
its transposed. Each product of these matrices with
a vector can be calculated implicitly by solving two
pseudoforward problems. The MUMPS sparse direct
solver (Amestoy et al., 2006) was used for solving the

In this example, synthetic MT data due to the model
of Eastern Deeps zone sulphide deposit in Voisey’s
Bay, Labrador, Canada, is inverted. The impedance
tensor Z and MTF vector were used for separate and
joint inversions. The Eastern Deeps model is shown
in Fig. 1. The conductivities of the sulphide body and
the background were 1 and 0.0001 S/m, respectively.
Synthetic data for 11 frequencies from 100 to 10000
Hz were generated at 96 sites along six profiles, and
2 and 5 percent noise were added to the Z and MTF
data, respectively. The mesh used for the inversions
consisted of 455192 tetrahedra (Fig. 1). The profiles
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were 500 m apart and the separation between the stations was 200 m. For refining the mesh at each site,
a triangle with the edge size of 1 m was positioned
at the air-earth interface at that point. Both the initial and the reference models were homogeneous halfspaces of 0.0001 S/m. The cooling factors for the Z,
MTF and the joint inversions were 0.75, 0.9 and 0.9,
and the target data misfits for these inversions were,
8448, 4224 and 12672, respectively.
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the body. However, the tip of the sulphide body is
better recovered from the Z and the joint inversions.
Fig. 5 shows the synthetic and calculated Z and MTF
data at an arbitrary site (indicated by a white disk
in Fig. 1).

Conclusions
The results of the 3-D inversion of MT data using
tetrahedral grids were reported in this abstract. For
solving the GN normal system an iterative solver was
used in which the sensitivity matrix-vector products
were calculated using pseudoforward problems. An
edge-based FE method was used for formulating the
forward problems and a direct solver was used for
the solutions which allowed saving and re-using the
factorization of the coefficient matrices. An example
with a real geological model and topography was presented in which the synthetic impedance and MTF
data were used for separate and joint inversions.

103

Data misfit / Trade off

5

10

c

15

20

25

30

data misfit
trade−off

109

35

40

45

50

55

60

65

model smallness
model roughness

108
107
106

10−1

105
104

Model smallness/roughness

0
1010

103
0

10

20

30

40

50

60

70

80

90

100

110

120

Iteration number

Figure 2: a, b and c panels correspond to the Z,
MTF and their joint inversions, respectively.
For the forward problems, MUMPS used about 14 GB
of RAM for the factorization phases which took about
1 hr. Each solution phase took about 3 s. Fig. 2 shows
the data misfit, model structure components and the
trade-off parameter for the inversions. The inversions
for Z and MTF, and the joint inversion required 43,
43 and 97 iterations to reach the target misfits which
took approximately 5, 5 and 11 days, respectively.
Vertical sections of the synthetic and inversion models are shown in Figs. 3 and 4. It can be seen that all
the results show the correct location and extension of

Figure 3: From top to bottom, the synthetic model
and the Z, MTF and joint inversion models.
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While all the inversions sufficiently recovered the synthetic model and data, the joint inversion gave more
accurate solutions but it also required more effort for
the convergence.
References

Z/(2πƒ)1/2 (V/AHz1/2)

Figure 4: Top to bottom, sections of the synthetic
model and the Z, MTF and joint inversion models, respectively, along the strike of the body.
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Figure 5: Black error bars and full lines correspond
to the real parts. Blue bars and dashed lines
correspond to the imaginary parts.
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