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Abstract— In this paper we propose a low complexity
linear precod ed V ertical B ell L ab s L ayered S pace-T ime
(V - B L A S T ) orthog onal freq u ency d iv ision mu ltiplexing
( O F D M ) system b ased on Q R d ecomposition. A conv en-
tional u ncod ed V - B L A S T O F D M system exhib its sig nifi cant
system d eg rad ation in a freq u ency selectiv e fad ing channel
as it d oes not fu lly exploit the av ailab le freq u ency d iv ersity.
T he new precod ed scheme exhib its consid erab le error
performance improv ement ov er a conv entional V - B L A S T
O F D M Q R system. S imu lation resu lts for b oth linear and
maximu m lik elihood estimators ind icate a trad e off b etween
the allowab le complexity ag ainst the achiev ab le system
performance. A n extend ed analysis for error propag ation
across the d if ferent layers in the case of V - B L A S T O F D M
is also presented .

I . I N T R O D U CT I O N

Commu nication s ys tems employing mu ltiple-inpu t
mu ltiple-ou tpu t ( M I M O ) tech niq u es are capable of in-
creas ing th e information capacity in wireles s fading
ch annels . O ne s u ch meth od is th e Vertical Bell Labs Lay-
ered S p ace-T im e ( V - B LA ST ) arch itectu re, wh ere pos s i-
bly u ncoded data s treams are trans mitted from different
antennas . A t th e receiv er s ignals are decoded u s ing a
decis ion feedback algorith m. O rth ogonal freq u ency di-
v is ion mu ltiplexing (O F D M ) is robu s t agains t mu ltipath
fading and offer low complexity eq u aliz ation. O F D M
in combination with V - B LA ST h as been propos ed as a
meth od to combat th e performance degradation du e to
M I M O freq u ency s electiv e fading ch annels [ 1 ]–[3 ] . A s
O F D M conv erts a broadband fading ch annel into a s et
of narrow band parallel M I M O ch annels , th e V - B LA ST
algorith m can be applied per s u bcarrier bas is [ 4 ] .

T h e performance of an u ncoded V -B LA ST O F D M
s ys tem is limited as it does not fu lly exploit th e av ail-
able trans mit and/or freq u ency div ers ity in a freq u ency
s electiv e fading ch annel [5 ] . A noth er drawback of th e
conv entional B LA ST algorith m is th e optimiz ation re-
q u ired at th e interference cancellation s tages in order to
minimiz e th e ris k of error propagation (a large nu mber
of ps eu do matrix inv ers ion compu tations are needed with
proper ordering). Some of th e s olu tions pres ented in
earlier literatu re for th e firs t problem inclu de applying
forward error correction codes acros s different O F D M
layers or th e u s e of precoding in combination with
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adv anced s ignal proces s ing at th e receiv er [ 6 ] . O F D M
data s ymbols s ent th rou gh each indiv idu al trans mit an-
tenna is referred to as a layer in th e V - B LA ST s ys tem.
M os t of th es e tech niq u es are compu tationally intens e and
req u ire intens iv e h ardware proces s ing. F or th e diagonal
B LA ST a precoding tech niq u e applied acros s th e O F D M
s pace-freq u ency grid combined with s ph ere decoding
was pres ented in [5 ] . A ch iev ing both th e s patial and
freq u ency div ers ity amids t complexity inv olv ed was th e
motiv ation in [5 ] .

In th is paper we cons ider a V - B LA ST O F D M s ys tem
bas ed on Q R decompos ition [7 ] , [ 8 ] and propos e a low
complexity precoding s ch eme to improv e th e s ys tem
performance. T h e Q R bas ed tech niq u e is different from
th e conv entional V - B LA ST detection as it only req u ires
one ps eu do inv ers e calcu lation [4 ] . T h e O F D M s ymbols
are grou ped and mapped th rou gh a matrix trans formation
before pas s ing th rou gh th e inv ers e dis crete F ou rier trans -
form (D F T ) at th e trans mitter. W e u s e th e Q R decom-
pos ition of th e ch annel matrix to redu ce th e complexity
s u bs tantially at th e receiv er proces s ing [7 ] . F or decoding
th e nth trans mitted layer precoded s u bcarriers th e per-
formance of both compu tationally complex maximu m
lik elih ood (M L) and a linear es timator is compared.
A s obs erv ed from th e s imu lation res u lts ou r meth od
s h ows a trade off between th e complexity and th e s ys tem
performance.

T h e res t of th is paper is organiz ed as follows . In Sec-
tion II we pres ent th e V - B LA ST O F D M s ys tem model
bas ed on Q R decompos ition and an error propagation
analys is . Section II I des cribes th e propos ed precoding
tech niq u e. Simu lation res u lts are giv en in Section IV
and finally Section V conclu des th e paper with s ome
remark s .
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II. V-BLAST OFDM MODEL WITH QR
DECOMPOSITION

We assume a multiple antenna system with T transmit
and R receive antennas. At the transmitter incoming bits
are multiplexed to T transmit antennas, serial/parallel
converted, mapped onto a modulation constellation. Fol-
lowing passing through an inverse discrete Fourier trans-
form (IDFT) a cyclic prefi x is inserted before upconvert-
ing to a radio frequency and transmitted to the channel.

Let x[n] denote the discrete time T × 1 transmitted
OFDM signal vector and y[n] be the received R × 1
signal vector. We assume a wideband frequency selective
channel. Hence the received signal y[n] can be expressed
as

y[n] =
L−1∑

l=0

H̃lx[n − l] (1)

where the complex R × T matrix H̃l represents entries
from the lth tap. H̃l contains circularly symmetric Gaus-
sian variables with zero mean and variance σ2

l , where
σ2

l is derived from the channel power delay profi le. The
entries within the matrix H̃l can be correlated, however
elements of H̃l due to different propagation paths are
assumed to be uncorrelated. The cyclic prefi x length is
assumed to be greater than the channel memory.

The received signal is converted to the discrete fre-
quency domain by using a DFT. Hence the decision
symbol for the kth OFDM subcarrier at the output of
the DFT is given by

Y(k) = H(k)X(k) + N(k) (2)

where X(k) = [X
(0)
k , X

(1)
k , · · · , X

(MT −1)
k ], X

(i)
k de-

notes the kth OFDM subcarrier transmitted from ith
antenna and k = 0, 1, · · · , N − 1. N is the total number
of OFDM subcarriers and N(k) is the additive white
Gaussian noise (AWGN) for the kth subcarrier with
variance E

{
N(k)N†(k)

}
= σ2

nIR. E(·) is the statistical
expectation, IR is the R × R identity matrix and (·)† is
the conjugate transpose of a matrix. H(k) is the channel
transfer function for the kth subcarrier.

H(k) =
L−1∑

l=0

H̃lexp
(
−j2π lk

N

)

(3)

Eq.(3) shows how OFDM converts the wideband
MIMO facing channel into a set of parallel narrowband
frequency flat channels. Hence we can apply the original
V-BLAST algorithm per subcarrier basis for the OFDM
system.

We consider the method based on QR decomposition
of the channel to realize the V-BLAST algorithm. The V-
BLAST algorithm calculates a series of computationally
intense pseudo inverses of the initial channel and the
modifi ed H(k) matrices. A reduced complexity method
as opposed to the conventional method using the QR
decomposition of the channel matrix was proposed in
[7], [8]. In this method due to the upper triangular

structure of the resulting matrix only one inverse calcula-
tion is performed. This saves the required computational
effort. However the optimum ordering is still crucial
in minimizing the error propagation. QR decomposition
applied to the kth subcarrier channel matrix H can be
expressed by H = QR.

H =






q1,1 . . . q1,T

...
. . .

...
qR,1 . . . qR,R






︸ ︷︷ ︸

Q






r1,1 . . . r1,T

...
. . .

...
0 . . . rT,T






︸ ︷︷ ︸

R

(4)
where Q matrix has unit norm orthogonal columns and
R is upper triangular. The QR factorization can be cal-
culated using many methods. e.g. using the Householder
transformation or Givens rotation [9]. By left multiplying
r with Q† we obtain

Ȳ = RX(k) + Ñ(k) (5)

Ñ(k) = QHN(k). Detection of the symbols in vector
X can be described by the following steps.

ȲT = YT,T XT + ÑT (6a)

X̂T = Q
′

{ȲT } (6b)

ȲT−1 = rT−1,T−1XT−1 + rXT −1,T X̂T + ÑT (6c)

X̂T−1 = Q
′

{ȲT−1} (6d)

Generally the nth element of Ȳ is given by

Ȳn = rn,nXn +
T∑

i=n+ 1

rn,iX̂i + Ñn (7)

Q
′

{·} denotes the detection. Symbol detection starts
from (6a). As seen from (6b) X̂T which is totally free
from interference can be initially estimated. The assumed
correct decisions are nulled from the upper layers to
detect symbols X̂T−1, X̂T−2, ..., X̂1 respectively. If in-
terference can be perfectly nulled in the upper layers
(assuming symbols are detected correctly in the lower
layers), then the signal-to-noise ratio for the nth layer
is governed by the diagonal element |rn,n|

2 in R [7].
Similar to the original V-BLAST algorithm the detection
order is critical in minimizing the error propagation. That
is proper ordering of the elements rn,n is essential.

A . E rro r P ro pag atio n A n alysis

In this section we analyze the error propagation due to
QR factorization applied to a V-BLAST OFDM system.
For narrowband conventional V-BLAST systems recent
literature have studied the effects of layer decoding and
error propagation results. Assuming no error propaga-
tion, the average symbol error rate (SER) for the nth
layer Sn of a given OFDM subcarrier k is written as
[10],

S̄n =

∫ ∞

0

Sn(µ)γn(µ)d µ (8)
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Instantaneous SER, Sn(µ) depends on a particular
modulation scheme (for a given instantaneous SNR µ)
and the frequency selectivity of the MIMO channel.
γn(µ) is the probability density function of nth layer
SNR for kth subcarrier. Note that we have dropped the
dependency of k from the notation of µ for simplicity.

µ = |rn,n|2
Es

σ2
n

(9)

In the case of M-QAM modulation Sn(µ) is given
by [11]

Sn(µ) = 1 −
{

1 −
(

1 − 1√
M

)

Q

(√

3

M − 1
µ

) } 2

(10)
where Q(x) = erfc(x/

√
2). Note however that we are

interested in evaluating the total SER. Now considering
the error propagation effects throughout the layers, the
actual total SER for nth layer can be expressed by con-
sidering the conditional error probability events. Hence
for the (T − 1)th layer total SER is given by

Ps,T−1 = P̂ (T − 1|T )Ps,T + (1 − Ps,T )ST−1 (11)

where P̂ (T − 1|T ) is the conditional SER for (T − 1)th
layer assuming that T th layer was decoded erroneously.
By following the same steps, for the (T −2)th layer, the
total SER can be expressed as,

Ps,T−2 = (1 − Ps,T )(1 − Ps,T−1)ST−2 (12)

+ P̂ (T − 2|T, T − 1)Ps,T−1Ps,T

+ P̂ (T − 2|T ){Ps,T−1(1 − Ps,T−2)}
+ P̂ (T − 2|T − 1){Ps,T−1(1 − Ps,T )}

Expressions for the remaining layers can be derived
following similar steps. Error propagation is mainly due
to single layer error decisions under high SNR condi-
tions. (mathematically this can be justifi ed by neglecting
all the cross error probability terms). Our simulation
results indicate that this is indeed true in most cases of
interest. Hence we can express (12) in a more simpler
format.

Ps,T−2 ≤ ST−2 (13)

+ P̂ (T − 2|T )Ps,T + P̂ (T − 2|T − 1)Ps,T−1

In general SER for any nth layer is approximately given
by

Ps,n ≤ Sn +
n−1∑

m=T

P̂ (n|m)Ps,m (14)

Averaging the mean SER for all individual N OFDM
subcarriers we obtain the total SER.

P̄s =
1

NT

N−1∑

m=0

T∑

n=1

Ps,n(m) (15)
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3 : SER against Eb/ N 0 for an uncoded 4-QAM modulated 4 × 4

V-BLAST OFDM system.

III. PRECODED V-BLAST OFDM SYSTEM

The previous analysis shows that the degradation in
QR decomposition technique is mainly due to the error
performance of the fi rst few decoded layers. Hence if
one can improve the detection reliability in those layers
it is expected that overall performance of the system will
improve. One way of achieving this idea is to employ
a coding technique across the OFDM subcarriers in a
layer. However such methods can be complex and the
achievable performance depends on the specifi c code
structure and decoding technique used. Hence we do
not consider the coding approach in this paper. Instead
the proposed technique uses a combination of subcar-
rier grouping (symbol precoding) and layer ordering to
exploit the available frequency diversity in an OFDM
system to improve the performance.

Symbol grouping or precoding techniques have been
addressed previously to solve the high peak-to-average
power ratio problem in OFDM signals and to reduce
decoding complexity in BLAST OFDM systems [5],
[6], [12]. Symbol grouping when properly designed
will improve the SER performance compared to the
conventional per sub carrier decoding method. Precoding
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to a certain extent has the potential to average out the
effects of good and the bad s u b c ar r ier s at the V - B L A S T
O F D M dec o der. In this w ay c hannel fading effec ts c an b e
m itig ated b ec au s e the O F D M s y m b o ls are s p read ac r o s s
s ev eral s u b c ar r ier s and rec o v ered jo intly .

A t the V - B L A S T O F D M trans m itter, the p r o p o s ed
m etho d u s ing linear p rec o ding fi r s t div ides the N s u b c ar-
r ier data in the nth lay er into Ng nu m b er o f s u b g r o u p s .
E lem ents in eac h o f thes e s u b g r o u p s are deno ted b y the
1 × u r o w v ec to r Xn, w here u = N/Ng . N o te that w e
o nly ap p ly p rec o ding ac r o s s the indiv idu al lay ers . vth
g r o u p v ec to r Xv,n is ex p res s ed b y

Xv,n = [Xv,n(0 ), Xv,n(1), · · · , Xv,n(u)] ( 1 6 )

A f ter g r o u p ing the indiv idu al g r o u p s are m u ltip lied b y
a u×u p rec o ding m atr ix Θ. N o redu ndanc y is intr o du c ed
as the p rec o der o u tp u ts a v ec to r o f 1 × u. A ll the Ng

m o difi ed v ec to r s X̃v,n, are as s em b led and then p o s s ib ly
interleav ed b efo re p r o c es s ing w ith the ID F T .

X̃v,n = ΘXt
v,n ( 1 7 )

w here (·)t des c r ib es the m atr ix trans p o s e. D es ig ning
the p r o p er p rec o ding m atr ic es in o rder to ac hiev e hig h
s y s tem p erf o r m anc e is no t a tr iv ial p r o b lem and is
c o m p lex . In fac t it inv o lv es the p air w is e e r r o r p r o bability
analy s is and then the p rec o ding m atr ix c an b e des ig ned
u s ing different c r iterio n. T he effec t o f the p rec o der is
to s p read the trans m itted energ y am o ng the indiv idu al
s u b c ar r ier s in the g r o u p and its effec tiv enes s to im p r o v e
the S E R p er f o r m anc e s tr ic tly dep ends o n the s tate o f
the c hannel c o nditio n. Interleav ing ap p lied ac r o s s the
O F D M s u b c ar r ier s w ill f u r ther enhanc e the ab ility o f
the p rec o der to im p r o v e the s y s tem p erf o r m anc e. In o u r
s im u latio ns w e s im p ly u s e the res u lts rep o r ted in [1 2 ] .

Θ =
1√
2

(

1 ej(π / 4 )

1 ej(5 π / 4 )

)

( 1 8 )

Θ =
1

2









1 ej(π / 8 ) ej(2π / 8 ) ej(3 π / 8 )

1 ej(5 π / 8 ) ej(10π / 8 ) ej(15 π / 8 )

1 ej(9 π / 8 ) ej(18 π / 8 ) ej(27 π / 8 )

1 ej(13 π / 8 ) ej(26 π / 8 ) ej(3 9 π / 8 )









A . M o difie d D e c o din g A p p r o ac h

A m o difi ed ap p r o ac h to the ex is ting s o r ted Q R de-
c o m p o s itio n (S Q R D ) alg o r ithm [ 1 3 ] is p res ented. It
jo intly u s es the S Q R D f o r lay er o rdering and linear
s y m b o l dec o ding . S Q R D c alc u lates the elem ents o f the
R m atr ix f r o m to p to b o tto m (r1,1 to rT,T ) iterativ ely to
ac hiev e s m all S N R f o r the to p lay ers thereb y reo rdering
the lay er detec tio n s eq u enc e. In do ing s o at ith s tep
S Q R D c alc u lates m inim u m no r m o f the c o lu m n v ec to r s
o f Q f r o m i to T and ex c hang e w ith the c u r rent ith
c o lu m n v ec to r ( s ee F ig . 1 ( 3 - 4 ) in [1 3 ] ) . In o u r p r o -
p o s ed m etho d w e m o dif y this c r iter io n b y c alc u lating
a g r o u p w is e no r m f o r the p rec o ded g r o u p . A ls o the
p rec o ded s y m b o ls are dec o ded u s ing M L and a linear
eq u aliz er. T he p erf o r m anc e im p r o v em ent in o u r m etho d
is du e to p rec o ding (ac hiev es f req u enc y div ers ity ) and

the m o difi ed o rdering em p lo y ed fo r the lay ers in the
p rec o ded g r o u p . T he p r o p o s ed ex tended alg o r ithm is
des c r ib ed b y the fo llo w ing s tep s f o r the Gth g r o u p in
lay er n.

S te p 1 : A m o difi ed o rdering c r iter io n fo r S Q R D is
determ ined. αi,l at lth s tep p er s u b c ar r ier b as is in S Q R D
is defi ned b y

αi,l = ‖(ql)i‖2 ( 1 9 )

w here i = 1, 2, ..., u and (ql)i is the lth c o lu m n v ec to r
f o r the i s u b c ar r ier Q m atr ix . G r o u p w is e no r m s f o r
different s u b c ar r ier Q m atr ic es are defi ned and the lay er
hav ing the m ax im u m g r o u p w is e no r m is c ho s en. T his
w ill determ ine the s w ap p ing c o lu m n index k

′

at the lth
s tep o f the m o difi ed S Q R D .

k
′

= arg m ax l=i,...,T

u−1
∑

i=0

αi,l ( 2 0 )

T he rem aining (T − 1) o rdering s tep s in the S Q R D
alg o r ithm are determ ined b y rep eating s tep 1 . T his w ill
ens u re that g r o u p w is e the lo w S N R lay ers are p o s itio ned
in the u p p er left hand c o rner o f the R m atr ic es .

S te p 2 : A f ter o rdering the lay ers are detec ted fr o m
b o tto m to to p u s ing interferenc e s u p p res s io n. L et the
b o tto m lay er to b e detec ted is g iv en b y the u× 1 v ec to r
ȳT = [ȳ0,T , ȳ1,T , ..., ȳu−1,T ]T .

ȳT = diag
(

r0
T,T , r1

T,T , ..., ru
T,T

)

ΘXt
v ( 2 1 )

ri
T,T des c r ib es rT,T f o r the ith s u b c ar r ier in the g r o u p

and ω is the T th lay er o rdering index . T rans m itted data
c an b e rec o v ered b y u s ing M L detec tio n and m inim iz ing
the fo llo w ing c o s t f u nc tio n f(Xt

v) [ 6 ] .

f(Xt
v) = ( 2 2 )

∥

∥

∥
ȳT − diag

(

r0
T,T , ..., ru−1

T,T

)

ΘXt
v

∥

∥

∥

2

A linear eq u aliz er c an als o b e u s ed fo r data detec tio n.
In [1 4 ] it w as s ho w n that a linear eq u aliz er f o llo w ed
b y hard dec is io n c an als o ex p lo it the m ax im u m m u l-
tip ath div ers ity in a linearly p rec o ded O F D M s y s tem .
In this c as e the eq u aliz er is g iv en b y the p s eu do inv ers e
o f diag (rn,n)Θ. A ltho u g h this p r o du c es s u b - o p tim u m
res u lts c o m p ared to the M L ap p r o ac h, it is les s c o m p u ta-
tio nally c o m p lex . In o u r s im u latio ns w e hav e p res ented
res u lts u s ing b o th o f thes e ap p r o ac hes .

S te p 3 : E s tim ate p rec o ded s u b c ar r ier s y m b o ls ˆ̃
X f o r

the ωth lay er are s u b trac ted fr o m the to p lay ers .

ˆ̃
Xv = ΘX̂t

v ( 2 3 )

S ig nals in the to p lay ers are detec ted fo llo w ing c an-
c ellatio n o f the es tim ated s ig nals at the b o tto m lay ers
and u s ing s tep s . 2 - 3 rec u r s iv ely .

7 1
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4: SER versus Eb/ N 0 of the precoded 2 × 2 system in a 2 path
Rayleigh fading channel using 4-QAM modulation.

IV. SIMU LATION RESU LTS

W e have considered a V-BLAST OFDM system us-
ing 4-QAM modulation and N = 64. Eb/N0 =
T/log2(M)σ2

n. C hannel state information is assumed at
the receiver with perfect synchronization. P ower delay
profi le of the channel is exponential with uniform tap
spacing in OFDM sample interval. C yclic prefi x length
was set to 6 (in OFDM samples). The impulse response
of the channel was assumed to be constant during one
OFDM frame, and variant for different frames.

Figs. 2-3 show the error propagation results for 2× 2
and 4×4 transmit/receive antenna systems using the QR
BLAST algorithm. U sing (11) and (15 ), the layer one
SER, the layer two SER and the total SER are plotted
in Fig. 2. If a correct decision is made in layer one,
the total SER reduces signifi cantly. Fig. 4 shows the
performance gain achieved by optimally ordering the
layers using SQRD. Note that the gain from perfectly
nulling the fi rst detected layer is not as great as that in
a 2 × 2 system for the simulated channel, due to the
possible error propagation in the remaining three layers.

Fig. 4 shows the SER results against Eb/N0 for the
linearly symbol precoded 2 × 2 QR V-BLAST system.
The precoded systems exhibit low SER for Eb/N0 >
15 dB and at high Eb/N0 the difference between the
conventional QR and the proposed techniques is compa-
rable. The ML estimator outperforms the linear estimator
however the difference is only visible for high Eb/N0

values. The complexity of the ML estimator increases
exponentially as the number of subcarriers per precoded
group and for higher order modulation schemes. In that
case the linear estimator is attractive if the performance
degradation can be tolerated.

V. C ONC LU SIONS

In this paper we have analyzed the performance of
a QR decomposition based V-BLAST OFDM system.
Error propagation results show that to maintain a low
system SER correct decisions at the fi rst few decoded
layers are crucial. An approximate expression for the re-
sulting V-BLAST OFDM SER performance was derived

A modifi ed approach using symbol precoding and
the SQRD algorithm was also presented. The method
exhibits better error performance than a conventional QR
V-BLAST OFDM system. P recoding was employed to
spread the good and the bad channel effects evenly across
the OFDM subcarriers. A modifi ed SQRD algorithm
was used to fi nd the optimum ordering for the precoded
groups. SER results for the ML and the linear equalizer
showed a tradeoff between the complexity and system
performance.
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