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Abstract
In the present paper, we give a detailed study of soft fuzzy sets in topological spaces. We study some
aspects like separability, connectedness, their generalizations and relationships between them.
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Introduction

The notion of connectedness in fuzzy
topological spaces has been studied by [1-3]. In
fuzzy soft setting, connectedness has been
introduced in [4-7]. In [8] they introduced the
generalized fuzzy soft connectedness and
generalized fuzzy soft Ci-connectedness (i=1, 2,
3, 4) in generalized fuzzy soft topological space
and studied some of its basic properties. In this
paper, we extend the notion of connectedness of
fuzzy soft topological spaces to generalized
fuzzy soft topological spaces in [9-11]. We
introduce different notions of generalized fuzzy
soft separated sets and study the relationship
between them. The study is also devoted to
introduce the different notions of connectedness
in generalized fuzzy soft topological spaces and
study the implications that exist between them
[12,13]. Also, we study some characterizations
of connectedness in generalized fuzzy soft
setting [14-17].

Materials and methods

In this section, we give some basic
concepts on generalized fuzzy soft sets,
generalized fuzzy soft topology and generalized
fuzzy soft continuous mappings which will be
needed in the sequel.

Definition 2.1

Let X be a non-empty set. A fuzzy set A
in X is defined by a membership function puA:X
— [0,1] whose value puA(x) represents the "grade
of membership™ of x in A for x € X. The set of
all fuzzy sets in a set X is denoted by X, where [
is the closed unit interval [0,1].

Definition 2.2

If A, B € I1X, then, we have:
() A<B &(x)<uB(x),V x € X;
(i) A=B &(x)=uB(x),vV x € X;
(iii) C=A VB < (x)=max(uA(x),uB(x)),V x € X;
(iv) D=A A B &(x)=min(uA(x),uB(x)),V x € X;
(V) E = ACe(x)=1— uA(x),vV x € X.

Definition 2.3

Let X be an initial universe set and E be a
set of parameters. Let (X) denotes the power set
of X and ACE. A pair (f, .) is called a soft set
over X if f is a mapping from A into P(X), i.e., f:
A — P(X). In other words, a soft set is a
parameterized family of subsets of the set X. For
e € A, (e) may be considered as the set of e-
approximate elements of the soft set (f).

Definition 2.4

Let X be an initial universe set and E be a
set of parameters. Let ACE. A fuzzy soft set fA
over X is a mapping from E to IX, ie,
fA:E—IX, where (e)#20 if e € ACE, and
fA(e)=0 if e € A, where 0 denotes the empty
fuzzy setin X.

Definition 2.5

Let X be a universal set of elements and
E be a universal set of parameters for X. Let F: E
— IX and u be a fuzzy subset of E, i.e., u: E —
X. Let Fu be the mapping Fu: E — 1XxI defined
as follows: (e) = (F(e), u(e)), where F(e) € IX
and u(e)el. Then Fu is called a generalized
fuzzy soft set (GFSS in short) over (X,). The
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family of all generalized fuzzy soft sets over (X,)
is denoted by GFS(X,E).

Definition 2.6

Let Fu and G& be two GFSSs over (X,).
Fu is said to be a GFS subset of G6 or G6 is said
to be a GFS super set of Fu denoted by FucGé
if,
() wis a fuzzy subset of §;
(ii) (e) is also a fuzzy subset of (e),Ve € E.

Definition 2.7

Let Fu be a GFSS over (X,). The
generalized fuzzy soft complement of Fpu,
denoted by Fuc, is defined by Fuc=G4§, where
(e) =u(e) and G(e)= Fc(e), Ve€E.

Obviously ( c)c=Fpu.

Definition 2.8

Let Fu and G& be two GFSSs over (X,.).
The generalized fuzzy soft union (GFS union, in
short) of Fu and G&, denoted by Fu LI G&, is the
GFSS Hv, defined as Hv: E — X[ such that
Hv(e)=(H(e),v(e)), where H(e)=F(e)vG(e) and
v(e)=u(e)vd(e), Ve€E. Let {(Fu), A€V}, where
V is an index set, be a family of GFSSs. The GFS
union of these family, denoted by LIAEA(Fu)A ,
is The GFSS Hv, defined as Hv: E — IXxI such

that Hv(e)=(H(e),v(e)), where
H(e)=VAeV(F(e))A, and v(e)=VAeV(u(e))A,
Ve€E.

Definition 2.9

Let Fu and G& be two GFSSs over (X,.).
The generalized fuzzy soft Intersection (GFS
Intersection, in short) of Fu and G&, denoted by
Fu Tl Gé, isthe GFSS Mo, defined as Mo : E —
IXxI such that Mao(e)=(M(e),a(e)), where
M(e)=F(e)AG(e) and o(e)=u(e)Ad(e), Ve€E. Let
{(Fu)\ A€V}, where V is an index set, be a
family of GFSSs. The GFS Intersection of these
family, denoted by MAEV(Fu)A , is the GFSS
Mg, defined as Mo: E — IXXI such that
Ma(e)=(M(e),a(e)), where M(e)=ALeV(F(e))A,
and a(e)=ALeV(u(e))A, Ve€E.

Theorem 2.10

Let {(Fu)A A€EV}SGFSS(X,E). Then the
following statements [3] hold:
(i) [UrAEV(Fu)A AEV]c=NAEV(Fu)Ac,
(i) [MAeV(Fu)h LEV]c=ULEV(Fu)hc.
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Definition 2.11

A GFSS is said to be a generalized null
fuzzy soft set, denoted by 06, if 06:E — IXxI
such that 00(e)=(0(e),6(e)) where 0(e)=0 Ve€E
and 6(e)=0 Ve€E ( Where 0(x)=0,Vx€X ).

Definition 2.13

A GFSS is said to be a generalized
absolute fuzzy soft set, denoted by 1A, if 1A : E
— IXxI, where 1A(e)=(1(e),A(e)) is defined by
[(e)=I,V e€E and A(e)=1,Ve€E ( Where I(x) =
1vxeX).

Definition 2.14

Let T be a collection of generalized fuzzy
soft sets over (X,). Then T is said to be a
generalized fuzzy soft topology (GFS topology
in short) over (X,) if the following conditions are
satisfied:
(i) 06 and TA are in T;
(if) Arbitrary GFS unions of members of T
belong to T
(iii) Finite GFS intersections of members of T
belongto T.
The triple (X,,) is called a generalized fuzzy soft
topological space (GFST-space in short) over
(X,E). The members of T are called generalized
fuzzy soft open sets [S open in short] in (X,T,E).

Definition 2.15

Let (X,) be a GFST-space. A GFSS Fu
over (X,) is said to be a generalized fuzzy soft
closed set in X [GFS closed in short], if its
complement Fuc is GFS open. The collection of
all GFS closed sets will be denoted by Tc.

Definition 2.16

Let (X,) be a GFST-space and
FUEGFSS(X,E). The generalized fuzzy soft
closure of Fu, denoted by (Fu), is the
intersection of all GFS closed supper sets of F.
i.e., (Fu)=n{Hv: Hv €Tc,Fu=Hv}. Clearly,
(Fu) is the smallest GFS closed set over (X,E)
which contains Fu.

Definition 2.17

The generalized fuzzy soft set Fu €
G(X,E) is called a generalized fuzzy soft point
(GFS point in short) if there exist eeE and xeX
such that:

(1) (e)(x)=a (0<a<l) and F(e)(y)=0 for all
yeX—{x},
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(i) (e)=4 (0<A<1) and u(e")=0 for all e’€eE—{e}.
We denote this generalized fuzzy soft point
Fu=(xa,el).

(x,) and (a,) are called respectively, the support
and the value of (xa,el).

Definition 2.18

Let Fu be a GFSS over (X,). We say that
(xa,)EFu read as (xa,ed) belongs to the GFSS
Fu if for the element e€E, a<F(e)(x) and
A<u(e).

Definition 2.19

For any two GFSSs Fu and G6 over (X,).
Fu is said to be a generalized fuzzy soft quasi-
coincident with G&, denoted by FuqG3d, if there
exist e €E and x €X such that (e)(x)+G(e)(x)>1
and u (e) + 8 (e) > 1. If Fu is not generalized
fuzzy soft quasi-coincident with G&, then we
write FuqGé, i.e., for every e€E and x€X,
(e)(x)+G(e)(x)<1 or for every e€E and x€X, u
(e)+d (e)<l.

Definition 2.20

Let (xa,) be a GFS point and Fu be a
GFSS over (X,E). (xa,) is said to be generalized
fuzzy soft quasi-coincident with Fu, denoted by
(xa,ed)qFu, if and only if there exists an
element e € E such that a+F(e)(x)>1 and A+u
(e)>1.

Theorem 2.21

Let Fu and G& are GFSSs over (X,). Then
the following hold[17]:
(WVFUEGS=Fuq(Gé)c;
(i) FuqGs=FunGs+0o;
(i) (xa,)qF u=(xa,e)E(Fu)c;
(iv) Fuq(Fp)c.
Definition 2.22

Let GF(X,E) and GFSS(Y,K) be the
families of all generalized fuzzy soft sets over
(X,E) and (Y,K) , respectively. Let u:X—Y and
p:E—K be two functions. Then a mapping fup :
GFSS(X,E) — GFSS(Y,K) is defined as follows:
for a generalized fuzzy soft set FUeEGFSS(X,E),Y

kep(E)SK and yEeY,
fup(Fu)(k)(y)={(Vxeu-1(y)Veep—1(k)
F(e)(x) Ve€p—1(k)u(e)) if

u—1(y)#@,p—1(k)#9,(0,0), otherwise.

fup is called a generalized fuzzy soft mapping
[GFS mapping in short] and f(Fu) is called a
GFS image of a GFSS Fp.
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Definition 2.23

Let u: X— Y and p: E — K be
mappings. Let f : GFSS(X,E)— GFSS(Y,K) be a
GFS mapping and GO6EGFSS(Y,K). Then,
fup }(GS) € GFSS(X,E), defined as follows:
fup H(G8)(e)(x)=(G(p(e))(w(x)).6(p(e))),  for
e€eFE, x €X.
fup 1(G8) is called a GFS inverse image of G&.
If u and p are injective then the generalized
fuzzy soft mapping fup is said to be injective. If
u and p are surjective then the generalized fuzzy
soft mapping fup is said to be surjective. The
generalized fuzzy soft mapping fup is called
constant, if u and p are constant.

Definition 2.24

Let (X,T1,E) and (Y,T2,K) be two GFST-
spaces, and fup : (X,T1,E)— (Y,T2,K) be a GFS
mapping. Then fup is called
(i) generalized fuzzy soft continuous [GFS-
continuous in short] if fup—1(GS)ET, for all
GOETs.

(if) generalized fuzzy soft open [ GFS open in
short] if fup(Fu)€eT, for each FueT}.

Definition 2.25

Let (X,) be a GFST-space and
FueGFS(X,E). Then, Fu is called
I. GFSC1-connected if and only if it does not
exist two nonvoid GFS open sets Hv and Ky
such  that FuEHvUKy, HvNKyEFuc,
FunHv#00 and FunKy+06.
ii. GFSC2-connected if and only if it does not
exist two nonvoid GFS open sets Hv and Ky
such that FuEHvUKy, FunHvnKy=00,
FunHv#00 and FunKy#06.
iii. GFSC3-connected if and only if it does not
exist two nonvoid GFS open sets Hv and Ky
such that FuEHvUKy, HYNKyEFuc, HVEF uc
and KyZFuc.
Iv. GFSC4-connected if and only if it does not
exist two nonvoid GFS open sets Hv and Ky
such that FuEHvUKy, FunHvnKy=00,
HVZLFuc and KyZFuc.
Otherwise, Fu is called not GFSCi-connected set
fori=1, 2, 3, 4.

Remark 2.26

In the above definition, if we take 1A
instead of F, then the GFST-space (X,,E) is
called GFSCi-connected space (i=1,2,3,4).
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Definition 2.27

Two non-null GFSS sets Fu and G& in
GFST-space (X,) are said to be generalized fuzzy
soft Q—separated [GFS Q—separated, in short] if
cl(FW)NGS=Funcl(G8§)=06.

Definition 2.28

Two non- null GFSSs Fu and G§ in
GFST-space (X,) are said to be generalized
fuzzy soft weakly separated [ in short, GFS
weakly separated] if cl(Fu)qGé and Fuqcl(G6).

Definition 2.29

Two non- null GFSSs Fu and G§ in
GFST-space (X,) are said to be generalized
fuzzy soft separated [ in short, GFS separated] if
there exist GFS open sets Hv and Ky such that
Fu=Hv,GSEKy and FunKy=GSnHv=00.
Definition 2.30

Let FueG(X,E). The generalized fuzzy
soft support ( in short, GFS support) of Fu
defined by S(Fu) is the set, S(Fu)
={xeX,ecE:F(e)(x)>0 and u(e)>0}.

Definition 2.31

Two non- null GFSSs Fu and G§ are said
to be GFS quasi-coincident with respect to Fu if
F(e)(x)+G(e)(x)>1 and u(e)+dé(e)>1 for every
x,e€S(Fpu).

Definition 2.32

Two non- null GFSSs Fu and G§ in a
GFST-space (X,) are said to be generalized
fuzzy soft strongly separated [ in short, GFS
strongly separated] if there exist GFS open sets
Hv and Ky such that
i. FuE Hv,EKy and FunKy=G8nHv=080,

ii. Fu and Hv are GFS quasi-coincident with
respect to Fu,
iii. G6 and Ky are GFS quasi-coincident with
respect to G§.

Definition 2.33

Let (X,.) be a GFST—space over (X,E)
and G6 be GFS subset of (X,E). Then
TG6={GSNFu:FueT } is called a GFS relative
topology and (G&,TGS,E) is called a GFS
subspace of (X,T,E). If G6€T (resp, G6€Tc) then
(GS,6,E) is called generalized fuzzy soft open
(resp. closed) subspace of (X,T,E).

Definition 2.34

A GFSS Fu in a GFST-space (X,T,E) is
called GFS Q-connected set if there does not two

Characterization of fuzzy soft sets in topological spaces

non-null GFS Q-separated sets Hv and Ky such
that Fu=HvUKy, Otherwise, Fu is called not
GFS Q-connected set.

Definition 2.35

A GFSS Fu in a GFST-space (X,T,E) is
called GFS weakly-connected set if there does
not two non-null GFS weakly separated sets Hv
and Ky such that Fu=HvUKy, Otherwise, Fu is
called not GFS weakly-connected set.

Definition 2.36

A GFSS Fu in a GFST-space (X, E) is
called GFS s—connected (respectively, GFS
strongly-connected) set if there does not two
non-null GFS separated (respectively, not
strongly separated) sets Hv and Ky such that
Fu=HvUKy, Otherwise, Fu is called not GFS s-
connected  (respectively, GFS  strongly-
connected) set.

Definition 2.37

A GFSS Fu in a GFST-space (X, E) is
called generalized fuzzy soft clopen set (GFS
clopen set, in shoft) if Fu,uceT.

Definition 2.38

A GFSS Fu in a GFST-space (X, E) is
called GFS clopen-connected set in (X,) if there
does not exist any non-null proper GFS clopen
set in (Fu,TFu,E). In this definitions, if we take
1A instead of Fp, then the GFST-space (X,.E) is
called GFS Q-connected (respectively, GFS
weakly-connected, GFS s-connected, GFS
strongly-connected, GFS clopen-connected )
space.

Results and discussions

At this juncture, we will introduce
different notions of generalized fuzzy soft
separated sets and study the relation between
these  notions. We also carry out
characterizations of the generalized fuzzy soft
separated sets.

Theorem 3.1

Let (X,,) be a GFST-space, Fu and G6 be
two GFS closed sets in ( X,E). Then Fu and G&
are GFS Q-separated sets if and only if
FunGé=06.
Proof. Suppose that Fu and G6§ are GFS Q-
separated sets. Then (Fu)NGS=Funcl(G5)=06.
Since Fu and G6 are GFS closed sets then,
FunGs=06. Conversely, let FunGés=06. Since
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Fu and G& are GFS closed sets, then
(FW)NGS=FunGé6=00 and
Funcl(G8)=FunGé=06. It follows that, Fu and
G& are GFS Q-separated sets.

Theorem 3.2

Let Hv, be GFS Q-separated sets of

GFST-space (X,T,E) and FuEHv,GS=Ky.Then,
Fu,G§ are GFSQ—separated sets.
Proof. Let Fu=Hv. Then, (FuwZcl(Hv). It
follows that,
(F)NGS=cl(Fu)NKy=cl(Hv)NKy=06.  Also,
since  GOSEKy. Then, (G&)Ecl(Ky). Hence,
Fun(G&)EHvMcl(Ky)=00 . Thus Fu, are
GFSQ—separated sets.

Theorem 3.3

Let (X,) be a GFST-space and

Fu,G6€GFS(X,E). Then, Fu and G6 are GFS
weakly separated sets if and only if there exist
GFS open sets Hv and Ky such that
Fu=Hv,EKy, and FugKy and GSqHv.
Proof. Let Fu and G& are GFS weakly separated
sets in (X,,). Then (Fu)qGS and Fuqcl(G9).
Therefore, GO6CT[cl(Fu)]lc and FuZ[cl(Gd)]c.
Taking Hv=[cl(GS)]c and Ky=[cl(Fu)]c. Then,
Hv,€T, FugKy and G&qHv. The converse is
obvious.

Theorem 3.4

Let Fu and GS& are GFS Q-separated
(respectively, separated, strongly separated,
weakly  separated) sets in (X,) and
HVEFu,y=G6. Then, Hv and Ky are GFS Q-
separated (respectively, separated, strongly
separated, weakly separated) sets in (X, .).

Proof. As a sample, we will prove the case GFS
Q—separated. Let Fu and G§ are GFS
Q—separated in (X,). Then,
(Fu)NGS=Funcl(G56)=06. Since HVEFu,EG6,
then

(Hv)NKy=Hvncl(Ky)=00, therefore, Hv and G§
are GFS Q—separated set in (X,E).

Theorem 3.5

Let (X,) be a GFST-space and
Fu,GSEGFS(X,E). Then, Fu and G6 are GFS
Q—separated in (X,) if and only if there exist GFS
closed sets Hv and Ky such that FuEHv,6EKy
and FunKy=G5nHv=08.

Proof. Let Fu and G§ are GFS Q—separated in
(X,). Then, (Fu)NGS=Funcl(G6)=06. Taking
Hv=(Fu) and Ky=cl(G&). Therefore, Hv and Ky
are GFS closed sets in (X,) such that
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FuEHv,62Ky and FunKy=GSnHv=06. The
converse is obvious.

Theorem 3.6

Let (X,,E) be a GFST-space and
GSSFUEGFSS(X,E).Then,
clFu(Go)=cl(G6)NFu, where clF(GS) denotes
the GFS closure in the GFS subspace
(Fu,TFu,E).

Proof. We know (G&) is GFS closed set in
(X,T,E) = cl(G6)NFu is GFS closed set in
(Fu,TFu,E). Now, GO6Ccl(GS)NFu and GFS
closure of G6 in (Fu,TFu,E) is the smallest GFS
closed set containing G4, so, GFS closure of G&
in (Fu,TFu,E) is contained in cl(GS)NFu i.e.,
clFu(GS)Ecl(GS)NFu.

Conversely, let clF(G6) be a GFS closure of G&
in (Fu,TFu,E). Since, cl(GJ) is GFS closed set in
(Fu,TFu,E) = clFu(G8)=KynFu where Ky is
GFS closed set in (X,T,E). Then, Ky is GFS
closed set containing Go =
(GO)EKy=cl(GS)NFUEKyNFu=clFu(GJ).

Theorem 3.7

Let (X, E) be a GFST-space and

GOCFuUeGF(X,E). If Hv and Ky are GFS
separated ( respectively, Q—separated, strongly
separated, weakly separated) in (Fu,TFu,E), then
Hv and Ky are GFS separated ( respectively, Q-
separated, strongly separated, weakly separated)
in (G6,TGS,E).
Proof. As a sample, we will prove the case GFS
weakly separated. Let Hv and Ky be GFS weakly
separated sets in (Fu,u,E). Then, cl(Hv)qKy and
HvqclFu(Ky). Since, GS=Fu.Then,
clGS(Hv)=clFu(Hv)NGS=clFu(Hv) and
clGS(Ky)=clFu(Ky)nGS=clFu(Ky). Therefore,
cl(Hv)qKy and HvqclGS(Ky). Thus, Hv and Ky
be GFS weakly separated in (G§,6,E). At this
point, we introduce different notions of
connectedness of GFSSs and study the relation
between these notions. We also characterize
generalized fuzzy soft connected sets.

Theorem 3.8

The GFS-weakly connected set in (X,) is
a GFS Q-connected.
Proof. Let Fu be a GFS-weakly connected set in
(X,). Suppose Fu is not a GFS (Q-connected.
Then, there exist two non-null GFS Q-separated
sets Hv and Ky such that Fu=HvUKy. Now we
have Hv and Ky are non-null GFS weakly
separated sets in (X,) such that Fu=HvUKYy.
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Therefore, Fu is not a GFS-weakly connected set
in (X,), a contradiction. Hence, Fu is a GFS Q-
connected.

Remark 3.10.

A GFS Q-connected set may not be GFS
weakly-connected

Theorem 3.11

A GFSC1-connected set in (X,) is GFS
weakly-connected.
Proof. Let Fu be a GFSC1-connected set in (X,.).
Suppose Fu is not GFS weakly-connected. Then,
there exist two nonvoid GFS weakly separated
sets Hv and Ky such that Fu=HvUKy. By
Theorem 3.3, there exist GFS open sets My and
Nn such that HvEMy,ENn, HvgNn and
MyqKy. Then, FUEMyLND. Also,
FunMy#06. For, if FunMyp=00, then
FunHv=00 so that Hv=08 (since Fu=HvUKYy
implies that HvEFu), which contradiction that
Hv is a non-null. Similarly, FuriNn#08. Also,
MyYnNnE(Fu)c. For, if MynNnZFuc, then
there exist x€X,EE such that
M(e)(x)>1-F(e)(x), P(e)>1-u(e) and
N(e)(x)>1-F(e)(x), n(e)>1—u(e). This means

M(e)(x)+F(e)(x)>1, P(e)+u(e)>1 and
N(e)(x)+F(e)(x)>1, n(e)+u(e)>1. Since,
Fu=HvUKYy, then M(e)(x)+H(e)(x)>1,
Y(e)+v(e)>1 or M(e)(x)+K(e)(x)>1,
Y(e)+y(e)>1 and

N(e)(x)+H(e)(x)>1, n(e)+v(e)>1 or
N(e)(x)+K(e)(x)>1, n(e)+y(e)>1. Hence,

(MyqgHv or MypgKy) and (NngHv or NnqKy).
This a contradiction. So, Fu is a GFS weakly-
connected.

Remark 3.12

The GFS weakly-connected set may not
be a GFSC1-connected.

Theorem 3.13

A GFS weakly-connected set in (X,) is
GFSC2-connected.
Proof. Let Fu be a GFS weakly-connected set in
(X,). Suppose Fu is not GFSC2-connected. Then,
there exist Hv and Ky€T such that FuEHvLKYy,
FunHvnKy=00, FunHv+00 and FunKy#06.
Then, Fu=MyLNn where My=FunHvEHv and
Nn=FunKyEKy. Since FunHvnKy=00 and
MyEHv, then FunMynKy=06. Also, since
MyEFu, then MynKy=08. Therefore, MyqKy,
Similarly, NnqHv. Hence, Fu is not a GFS
weakly-connected. This complete the proof.
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Theorem 3.14

A GFS weakly-connected set in (X,) is
GFSC3-connected.
Proof. Let Fu be a GFS weakly-connected set in
(X,). Suppose Fu is not GFSC3-connected. Then,
there exist Hv and Ky€T such that FuEHvUKYy,
HvMNKyCSFuc, HvZFuc and KyZFuc. Then,
Fu=MyuUNn where My=FunHvEHv and
Nn=FunKyEKy. Let Jo and LpeG(X,E) defined
by: Jo={My, Hv3Ky,008, otherwise Lp={Nn,
Ky=Hv,08, otherwise. Then Fu=/oULp.
Now, (e)(x)#0, a(e)#0. For, (e)(x)=0, a(e)=0.
Since, HVZFuc, then there exist xeX,e€E such
that H(e)(x)+F(e)(x)>1, v(e)+u(e)>1. Then,
(e)(x)>K(e)(x), v(e)>y(e). For, H(e)(x)<K(e)(x),

v(e)<y(e) implies K(e)(x)+F(e)(x)>1,
y(e)+u(e)>1 and hence
(HvnKy)(e)(x)>1-Fu(e)(x) .e.,
H(e)(x)>1-F(e)(x), v(e)>1—u(e) and

K(e)(x)>1-F(e)(x), vy(e)>1-u(e) this is a
contradiction with HvnKyEFuc. So, (e)(x)#0,
o(e)#0. Similarly, (e)(x)#0, p(e)#0. Also,
JoEMyYEHv and LpENnCEKy. Now, JogKy.
For, if JogKy, then there exist xeX,eeE such
that J(e)(x)+K(e)(x)>1, a(e)+y(e)>1 and hence
J(e)(x)>0, a(e)>0. This means H(e)(x)>K(e)(x),
v(e)<y(e) and so F(e)(x)=M(e)(x), u(e)=y(e)
implying F(e)(x)+H(e)(x)>1, u(e)+v(e)>1 and
thus (HvnKy)(e)(x)>1-Fu(e)(x) which is a
contradiction with HvMKyCEFuc. Similarly,
LpgHv. Thus, Jo and Lp are GFS weakly
separated and Fu=JoULp. So, Fu is not a GFS
weakly-connected. This a contradiction. Then Fu
IS a GFSC3-connected.

Remark 3.15

The GFSC3-connected set (respectively,
GFSC2-connected) may not be a GFS weakly-
connected.

Theorem 3.16

The GFSC3-connected set in (X, .) is a
GFS Q-connected.
Proof. Let Fu be a GFSC3-connected set in (X,.).
Suppose Fu is not GFS Q-connected. Then, there
exist two non-null GFS Q-separated sets Hv and
Ky such that Fu=HvUKY,
(Hv)NKy=Hvncl(Ky)=06. This implies that
KyE[cl(Hv)]c and  HvE[cl(KYy)]c. Let
My=[cl(Hv)]c and Nn=[cl(Ky)]c. Then, My
and Nn are non- null GFS open sets such that
FuEMyLUNn. Now,
MyYrNn=[cl(Hv)]cn[cl(Ky)]c=[cl(Hv)Ucl(KY)]
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c=[cl(HvUKYy)]cEFuc. Aso, MyZLFuc. For, if
MyYCFuc, then Fu=Mypc=(Hv) which would
imply Ky=00 ( since cl(Hv)NKy=00). This is a
contradiction. Similarly, NnZFuc. Therefore, Fu
is not GFSC3-connected. So, Fu is GFS Q-
connected.

Theorem 3.17

A GFSS Fu in (X, .) is GFSC2-connected
if and only if Fu is GFS s-connected.
Proof. Let Fu be a GFSC2-connected set in (X,).
Suppose Fu is not a GFS s-connected. Then
there exist non-null GFS separated sets Hv and
Ky in (X,) such that Fu=HvUKYy. Then, there
exist two non- null GFS open sets My and Nn
such that HVEMY, KyENn, and
HvnNn=KynMy=00. Then, FuEMypLNn.
Now,
FunMynNn=(HvUKy)NMynNn=(HvnMyn
Nn)U(KynMypriNn)=06 and
FunMy=(HvUKy)NMy=(HvnMy)U(KynMy)
=Hv#00. Similarly, FuriNn#06. So, Fu is not
GFSC2—connected which is a contradiction.
Conversely, let Fu be GFS s-connected. Suppose
that Fu is not GFSC2-connected. Then there
exist two non-null GFS open sets My and Np
such that FuEMyUNn, FunMiynNn=00,
FunMy+#00, FunNn#06. Hence, Fu=HvUKy
where Hv=FunMyEMy and Ky=FunNnENn.
Also, KynMyp=(FunNn)nMyp=06, Similarly,
HvnNn=00. So, Fu is not GFS s-connected and
this complete the proof.

Theorem 3.18

The GFSC4-connected set in (X, .) is a
GFS strongly-connected.
Proof. Let Fu be a GFSC4-connected set in (X,.).
Suppose Fu is not a GFS strongly-connected.
Then there exist two non-null GFS strongly
separated sets Hv and Ky in (X,) such that
Fu=HvUKYy. So, there exist two non- null GFS
open sets My and Nn such that HvEMy,
KyENn, and HvNNn=KynMy=06, Hv and M
GFS quasi-coincident with respect to Hv, and Ky
and Nn GFS quasi-coincident with respect to Ky.
Then, for every x,eeS(Hv) we have
H(e)(x)+M(e)(x)>1 and v(e)+y(e)>1 and for
every x,eeS(Ky) we have K(e)(x)+N(e)(x)>1
and y(e)+n(e)>1. Then, FuEMyuUNn. Also,
FunMypnNn=06. Again,
F(e)(x)+M(e)(x)>H(e)(x)+M(e)(x) and
u(e)+yp(e)>v(e)+y(e)> for every x,eeS(Hv).
Therefore, My ZFuc, Similarly, NnZFuc. Thus,
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Fu is not a GFSC4——connected. This is a
contradiction. So, Fu is a GFS strongly-
connected.

Theorem 3.19

Let (X,T1,E) and (Y,T2,K) be a GFST-

spaces and fup:(X,T1,E)—(Y,T1,K) be a GFS-
continuous bijective mapping. If Fu is a GFSCi-
connected (respectively, GFS s-connected, GFS
strongly-connected, GFS weakly-connected, GFS
clopen-connected) set in (X,) for i=1, 2, then
fu(Fu) is a GFSCi-connected (respectively, GFS
s-connected, GFS strongly-connected, GFS
weakly-connected, GFS clopen-connected) set in
(Y,K) for i=1, 2.
Proof. The case of GFSCi-connected set (i=1,2)
previously proved (see [11] ). Now, we prove the
case of GFS clopen-connected. Let Fu be a GFS-
clopen connected set in (X, .). Suppose f(F) is
not a GFS clopen-connected set in (Y,K). Then,
f(Fu) has non-null proper clopen GFS subset of
Jo. So, there exist SeeT2 and Lp€T?2c such that
Jo=f(Fu)nSe=fup(Fu)NLp. Since, fup is
injective mapping, then
fup *(Jo)=Funfup (Se)=Funfup ‘(Lp). Also,
since SeeT2 and Lp€T2c and fup is a GFS-
continuous mapping, then fup “(Se)€T1 and
fup '(Lp)ET1c . Hence, fup *(Jo) is non-null
proper clopen GFS subset of Fu which is a
contradiction. Therefore, f(Fu) is a GFS-clopen
connected set in (Y,K). The cases of GFSC3-
connected and GFSC4-connected sets we need to
the  GFS-continuous  surjective  mapping
previously proved (see [11] ).

Theorem 3.20

Let (X,T1,E) and (Y,T2,K) be a GFST-
spaces and fup:(X,T1,E)—(Y,T1,K) be a GFS
injective mapping. If Fu is a GFS Q—connected
set in (X,), then fu(Fu) is a GFS Q-connected set
in (Y,K).

Proof. Let Fu be a GFS Q—connected set in (X,).
Suppose f(Fu) is not a GFS Q—connected set in
(Y,K). Then, there exist two non- null GFS Q
separated sets Jo and Lp in (X,) such that

f(Fu) =JouLp, cl(Jo)NLp=JoNcl(Lp)=06Y.
Since, fup is injective mapping, then
fup (fup(Fu) ) =fup ‘(Jo)ufup ‘(Lp), This
means that, fup “(Jo), fup *(Lp) are GFS Q
separated sets of Fu in (X,E), which is
contradicts of the GFS Q-connectedness of Fu in
(X,E).
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cl(fup (o) fup (Lp)Efup ‘(cl(Jo)Nfup
(Lp)=fup *(cl(Jo)NLp))=fup ‘(06Y)=06X,

fup *(Jo)ncl(fup (Lp))=fup (Jon fup *(cl(
Lp))=fup (Lpncl(Lp))=fup (06Y)=06X.
Therefore, f(Fu) is a GFS Q-connected set in
(Y,K).

Theorem 3.21

Let (X,T1,E) and (Y, T2,K) be a GFST-

spaces and fup:(X,T1,E)—(Y,T1,K) be a GFS-
bijective open mapping. If G§ is a GFSCi-
connected(respectively, GFS s-connected, GFS
strongly-connected, GFS Q-connected, GFS
weakly-connected, GFS clopen-connected) set in
(Y,E) for i=1,2,3,4, then fup “(G&) is a GFSCi-
connected (respectively, GFS s-connected, GFS
strongly-connected, GFS  Q-connected,GFS
weakly-connected, GFS-clopen connected) set in
(Y,E) for i=1,2,3,4.
Proof. The case of GFSCi-connected set
(i=1,2,3,4) previously proved (see [13] ). Now,
we will prove the case of GFS s-connected. Let
GS is a GFS s—connected set in (Y,). Suppose
fup }(GS) is not a GFS s-connected set in (X,E).
Then, there exist two non- null GFS separated
sets Hv and Ky in (X,) such that
fup }(G8)=HvUKy. Therefore, there exist two
non- null GFS open sets My and N7 in (X,) such
that HVEMY and KyENn and
HvnNNn=KynMyp=0 . Since, fup is a GFS
surjective mapping, then f(fup (G8))=G§ and
o) Go=fup(HvUKy)=fup(Hv)U fup(Ky).
Since, fup is a GFS open mapping, then f(My)
and fup(Nn) are non-null GFS open sets in
(Y,K) such that fup(Hv)Efup(My),
fup(Ky)Efup(Nn). Since, fup is a GFS
injective mapping, then
fup(HV)N fup(Nn)=fup(HvnNn)=00Y  and
fup(Ky)Nfup(M)=00Y. It follows that G§ is
not a GFS s-connected set, a contradiction.

Theorem 3.22

If Fu and G6& are intersecting GFSC1-
(respectively, GFSC?2-connected, GFS
s=connected, GFS weakly-connected, GFS Q-
connected, GF'S strongly-connected) sets in (X,).
Then, FuuGS is a GFSC1-connected
(respectively,  GFSC2-connected, GFS s-
connected, GFS weakly-connected, GFS Q-
connected, GFS strongly-connected) set in (X, .).
Proof. The cases of GFSC1l-connected and
GFSC2connected sets is previously proved (see
[14] ). Now, we will prove the case of GFS Q-
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connected sets. Let Fu and G6 are intersecting
GFS Q-connected sets in (X,). SupposeFuUGé is
not a GFS Q-connected set. Then, there exist two
non- null GFS Q-separated sets Hv and Ky in
(X,) such that FuuGé=HvUKy. Therefore,
FunHv, FunKy, G6NMHv and GSNKy are non-
null GFS Q—separated sets in (X,) as subsets of
Hv and Ky. Since, Fu=(FunHv)U(FunkKy) and
GO=(FunHv)U(FunKy), then Fu and G& are not
GFS Q—connected which is a contradiction.

Theorem 3.23

Let {(Fu):i€J} be a family of a GFSC1-
connected (respectively, GFSC2-connected, GFS
s-connected, GFS weakly-connected, GFS Q-
connected, GFS strongly-connected) sets in (X,)
such that for i,je/, the GFSSs (Fu)i and (Fu)j
are intersecting. Then, Fu=Llie(Fu)i is a
GFSC1-connected (respectively, GFSC2-
connected, GFS s-connected, GFS weakly-
connected, GFS Q-connected, GFS strongly-
connected) set in (X,E).

Proof. The case of GFSCl-connected set
previously proved (see [5]). Now, we will prove
the case of GFSC2-connected set. Let {(Fu):i€/}
be family of GFSC2-connected sets in (X,).
Suppose that Fu is not a GFSC2-connected set in
(X,). Then, there exist two GFS open sets Hv and
Ky in (X,) such that FuEHvUKYy,
FunHvnKy=08, FunHv#00 and FunKy+06.
Now, let (Fu)0 be any GFSS of the given family.
Then, (Fu)0OEHvUKy, HvNKyE(Fu)iOc. But,
(FWO is a GFSC2-connected set. Hence,
(Fu)OnHv=00 or (Fup)ionKy=06. Now if
(Fu)OnHv=00, we can prove that (Fun)inHv=00
for each i€/—{i0} and so FunHv=06. This
complete the proof.

Corollary 3.24

If {(Fp):i€J} is a family of a GFSC1-
connected (respectively, GFSC2-connected, GFS
s-connected, GFS weakly-connected, GFS Q-
connected, GFS strongly-connected) sets in X
and TMi€J(Fu)i#00, then Fu=Li€J(Fu)i is a
GFSC1-connected (respectively, GFSC2-
connected, GFS s-connected, GFS weakly-
connected, GFS Q-connected, GFS strongly-
connected) set in (X,E).

Theorem 3.25

If Fu and G& are GFS quasi-coincident
GFSC3-connected (respectively, GFSC4-
connected) sets in (X,), then FulLIGS is a GFSC3-
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connected (respectively, GFSC4-connected) set
in (X,E).

Proof. As a sample, we will prove the case
GFSC3—connected. Let Fu and G be GFS quasi-
coincident GFSC3—connected sets in (X,).
Suppose there exist two non-null GFS open sets
Hv and Ky in (X,) such that FuLUGSEHVUKy
and HvNKyCS(FuulGdé)e. (1) [ we prove that
HVE(FuuG8)c or Ky=(FuuGé)c] Therefore,
FuCHvUKy, HvMNKySFuc, GSEHvUKy and
HvMNKyCSGée. Since, Fu and G§ are
GFSC3—connected, then (HVEFuc or KyCFuc)
and (HvEG6c or Ky=EGSc). Moreover, since Fu
and G& are GFS quasi-coincident, there exist
x€X,€E such that

(e)(x)>1—(e)(x) and wu(e)>1-6(e). (2) Now,
consider the following cases:

Case 1. Suppose HVEFuc. Then, by (2) we have,
1-H(e)(x)>F(e)(x)>1-G(e)(x) and
1-v(e)>u(e)>1-6(e) =H(e)(x)<G(e)(x) and
v(e)<d(e). (3) We claim that, KyZGdc. For if
not, then K(e)(x)<1-G(e)(x)<F(e)(x) and
v(e)<1-6(e)<u(e). (4) Now by (3) and (4), we
have H(e)(x)VK(e)(x)<F(e)(x)vG(e)(x) and
v(e)vy(e)<u(e)vé(e) which implies
FulGSZHvUKYy, this contradicts (1). Hence,
HvVEGSc. Therefore, HYEFucnGéc=(FuUGd)c.
Case 2. Suppose KyCFuc. Here, we can show as
in Case 1 that HvZGéSc. Therefore, Ky=Géc.
Hence, KyEGdc. Therefore,
KyEFucnGéc=(FuuGsd)c. This complete the
proof.

Theorem 3.26

Let {(Fu):i€J} be a family of GFSC3-
connected (respectively, GFSC4-connected,) sets
in (X,) such that for i,je/, the GFSSs (Fu)i and
(Fw)j are GFS quasi-coincident. Then,
Fu=Llie(Fu)i IS a GFSC3-connected
(respectively, GFSC4—connected ) set in (X,E).
Proof. Let {(Fu):i€J} be family of GFSC3-
connected sets in (X,). Suppose there exist two
GFS open sets Hv and Ky in (X,) such that
FuEHvUKy and HvNKyEFuc. Let (Fu)O be
any GFSS of the given family. Then,
(FW)OEHVUKy, HvnKy=(Fu)iOc. Since, (Fu)0
is a GFSC3-connected set, we have HvE(Fu)iOc
or Ky=(Fu)iOc. Now, the result follows in view
of the facts that (Fu)i0OEHvc, then (Fu)iEHvc
for each i€J—{i0}, since (Fu)i0 and (Fu)i are
GFS quasi-coincident GFSC3—connected sets,
and HvC[li€J(Fu)ilc=Fuc. Hence, Fu is a
GFSC3-connected. Similarly, if {(Fu):i€j} is
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family of GFSC4-connected sets in (X,) such that
for i,jeJ, the GFSSs (Fu)i and (Fu)j are GFS
quasi-coincident, then, Fu=LlieJ(Fu)i is a
GFSC4-connected set in (X,E). This completes
the proof.

Corollary 3.27

Let {(Fu):i€J} be a family of a GFSC3-

connected (respectively, GFSC4-connected,) sets
in (X,) and (xa,ed) be a GFS point such that
a>12, A>12 and (xa,ed)elli€J(Fu)i. Then
LIie(Fu)i is a GFSC3-connected (respectively,
GFSC4—connected ) set in (X,E).
Proof. Since (xa,)ENi€](Fu)i, then
(xa,ed)e(Fu)i for each i€j. Therefore, (Fu) and
(Fu) are GFS quasi-coincident for each i,j€]. By
Theorem 4.13, Llie(Fu)i is a GFSC3-connected
(respectively, GFSC4-connected ) set in (X,E).

Theorem 3.28

If Fu is a GFSC3-connected

(respectively, GFSCA4-connected, GFS strongly-
connected, GFS Q-connected) set in (X,) and
FUEGo6=c(Fu), then G& is also a GFSC3-
connected (respectively, GFSC4-connected, GFS
strongly-connected, GFS Q-connected) set in
(X,E). In particular (Fu) is GFSC3-connected
(respectively, GFSCA4-connected, GFS strongly-
connected, GFS Q-connected) set in (X,E).
Proof. As a sample, we will prove the case
GFSC3—connected. Let Hv and Ky be GFS open
sets in (X,) such that GSSHvUKy and
HvMNKySGée.  Then,  FuEHvUKy  and
HvNKyEFuc. Since Fu is a GFSC3—connected
set, we have FuCHvc or FuEKyc. But, if
FuZHvc, then (Fu)EHvc and on the other hand,
if FucKyc, then cl(Fu)EKyc. Therefore,
GO=(Fu)=Hve or GS=cl(Fu)EKyc. Hence, G&
iS a GFSC3—connected set in (X,). This
completes the proof.

Conclusions

In the present paper have extended the notion of
connectedness of fuzzy soft topological spaces to
generalized fuzzy soft topological spaces. We
have introduced different notions of generalized
fuzzy soft separated sets and studied the
relationship between them. The study has also
been devoted to introduce the different notions
of connectedness in generalized fuzzy soft
topological spaces and study the implications
that exist between them. However, we note that
the last theorem above fails in case of GFSC1-
connectedness (respectively, GFSC2-
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connectedness, GFS clopen-connectedness, GFS
weakly-connectedness, GFS s-connectedness)
which is a departure from general topology. In
fact, closure of a  GFSCl-connected
(respectively, GFSC2-connected, GFS clopen-
connected, GFS weakly-connected, GFS s-
connected) set need not be a GFSC1-connected
(respectively, GFSC2-connected, GFS clopen-
connected, GFS weakly-connected, GFS s-
connected).
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