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Abstract

Matrix theory plays a vital role in linear algebra its applications to several areas is highly remarkable. A
matrix over the fuzzy algebra is called a fuzzy matrix. Transition probability matrix plays a vital role in
Markov process. Transition matrix defined in fuzzy setting called as fuzzy transition matrix. Interval-
valued fuzzy matrix is another generalization of fuzzy matrix. This Paper is an inspiration received from
the theory of interval valed fuzzy matrices and fuzzy transition matrices. This structure namely interval
valued intiutionistic fuzzy transition matrices (IVIFTM) generalizes the concept of fuzzy transition
matrices. Various operations in this IVITFTMS are discussed in this paper. The complement and
transpose of IVIFTM is defined and we provide some results on them. The union and intersection of
two IVIFTMS are also fefoned and their commutative and associative properties are also discussed.
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Introduction

Though there are various models in Random
process the role of Markov process is highly
remarkable. Markov process is used to model the
objects that have limited memory in the past.
State transition probabilities associated with
Markov chain is represented by means of a
matrix called transition probability matrix or
simply transition matrix. Fuzzy matrices was
introduced by Thomason (Tuckwell, 1995).

Kim (1983) studied about the canonical form
of an idempotent matrix. Meenakshi (2008) book
gives a detailed theory about fuzzy matrices over
fuzzy algebra and its applications. Vijayabalaji et
al., (2016) introduced the notion of fuzzy
transition matrices.

Intuitionistic fuzzy matrices (IFMs) are
another interesting structure that was introduced
by Pal et al., (2002). Several properties on IFMs
have been studied in (Khan and Pal, 2002). The
notion of interval valued intuitionistic fuzzy
matrices (IVIFMs) and some basic operators on
IVIFMs can be seen in (Pal and Khan, 2002).

Motivated by the above theory our aim in
this paper is to introduce the notion iof interval-
valued intuitionistic fuzzy transition matrix
(IVIFTM) and to provide some results on it.

Preliminaries

This section recalls some basic definitions an
d results which will be needed in the sequel.
Definition 2.1 (Oliver, 2005).
The homogeneous state transition probabilit
y py;satisfies the following:
(HO0<p; <1
2) X;py=1,i=1,2,..,n
which follows from the fact that the states are mut
ually exclusive and collectively exhaustive.
Example 2.2 (Oliver, 2005).
The state transition probability
matrix P, where pij is the entry in the ith rowa
nd jth column:
_ P11 Puaz
p= [gzj PM]
P is called the transition probability matrix.
Definition 2.3 (Meenakshi, 2008).
1 For any two elements
4 =(a,)andB = (b,) € V,,,, define
LA+EB = [mP {az‘}; b:‘j}.} =Vi}' [.ai}',bi}']’
wheren,; b;; € F.
(2) For any elements A = [ai }.) € V,xn and a
scalar k € F define
kA = [mf{k’ai}'}) :"ﬁ"i}' [k’ ai}')‘
The system V,, ..., together with these operati
ons of component wise fuzzy addition and fuzzy
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multiplication is called fuzzy vector space over

F and the scalarsre restricted to F .

Definition 2.4 (Meenakshi, 2008).
Define two operations + and on V...

follows.

(1) A+B = (supfa;; b;}) =V;; (a;;b;;)s

where a;; b;; € F.

(2)  AB = (sup {inf {ay, b} }) =V, {

AN @, bk}-) 1

Definition 2.5 (Vijayabalaji et al., 2016).

Let V., denotes set of all 2 Ztransition

matrices over the fuzzy algebra [0,1]. The

operations (+,.) are defined on V5., as follows.
For any two elements 4 = [a,;) and

BE= (_bi}') SR
A+B=
a;; + bi}-, L'fﬂ,i-}- + bi}- =1
{rxi}- + bi}- —1,if a; + bi}. = 1}

as

@
A+B =

{1rxﬂd 0, ifa; + b; =linrowl }
(ii) 0andl,if a;; +b; =linrow 2
(iii)  For any scalar

ke(0,1),kA =

fractional part of (10ka,;)

The system V., together with these
operations of component wise transition
addition and multiplication is called fuzzy
transition matrices are restricted.

Definition 2.6 (Oliver, 2005).

An intuitionistic fuzzy matrix (IFM) A of
order n X n is defined as
A =[x, }-,{a#b__,a},u }]nmwhereaw and a, . are
called membership and non membership values
of x;; in A, which maintaining the condition
0<a, +ta, =<1
For simplicity, we write 4 = [x;;,a;; ] ,xn0r
simply[ 6;;],xWhere a;; = (a, .a,. ).
Definition 2.7 (Pal et al., 2002).

An interval valued intuitionistic fuzzy matrix
(IVIFM) A of order nxn is defined
asd — [x;pday, @y VaxaWhere @, anda, . are
both the subsets of [0, 1] which are denoted by
Ay, = @y @y pland

ay.. = [@y;1, @y, y]which

vi maintaining  the

Interval-valued intuitionistic fuzzy transition matrices
condition [eyv+a, )1 for
i,j=123,..n

valued
matrix

interval
transition

Some operations on
intuitionistic  fuzzy
(IVIFTM)

Definition 3.1.

An interval valued intuitionistic fuzzy
transition matrix (IVIFTM) A of order nxn is
defined —as A =[x day,ay Maxnwhere

Gy andc:,},h__ are both the subsets of [0, 1] which

are  denoted by . = [a,

Gy = [n:},l_j_ LGy, yJwith the
condition[rxﬁjy +a, #] =1

Lo B w]and

and for each

interval OyuiiL + Cpyiu = 1= AyL + y,. gfor
i,j=123,..n
Definition 3.2.

Let 5., denotes set of all 2 X 2 interval
valued intuitionistic  transition matrices
(IVIFTMs) over the fuzzy algebra [0, 1]. The
operations (+, .) are defined on V5., as follows
For any two elements
A= {leyr oy vl [ay 0 ey o1} and
B = {{[b,u[jl-’ b,b![j' U]’ [b]"[J-'L-’ b}l’[J-'U]}} = .V: w2
A+B= ([a.%_.b, a#uy],[am{_, a},h_.,_,]) + ([b%i_, b#l_jy],[b},ul_,b},l.jy])
- E{ [a‘#[‘l_-L + b'u[_fl.]’ [a'ul_f i + bu[-l_. U] } r {[ﬂ'}.-[jl. e
b}f[j' U]’ [a'}"[j' o +b}f[j' U] }}

Since

4A+8=

By T By 0y + By < 1
Qi L +bm.-'v - Lif Bur + b“l’-"” =1

Example3.3.
Let
4=
{[0.1,0.9],[0.1,0.9]} {[0.2,0.8],[0.3,0.7])
[{[0.2,0.8],[0.3,0.?]} {[0.1,0.9], [0.1,0.9]}]
B =
FWEJBLWEJJD ﬂ&iuﬂjalamq
{[0.2,0.8],[0.1,0.9]} ({([0.3,0.7],[0.1,0.9]}
be the two IVIFTMs. Then,
AtE = [([0.3,0.7],[0.4,0.6]} {[0.5,0.5], [0.5,0.5]}}
([0.4,0.6],[0.4,0.6]} {[0.4,0.6],[0.2,0.3]}
Proposition 3.4.
Let A, B, C= IVIFTM.
@1) A+B=B+A
(i1) (A+B)+C=A+(B+C)
(i)  A+0=0+A=A
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Proof.

Let A= {{[ﬂ’#ul-’ﬂ’#u{-’]’[a}rul-' a}ruu]}}’
B = {{[b#[jl-’b#uv]’:b}r[J:L-’b}r[J:U]}}and
C= {{[cui_l.-i-icuijU]’[cvijL-’cn_fU]}]
A+B = {[rx#l.jl_, ay.ulay, 1 rx},l_j_;;]} -
@ ([Bypby;;uls [By, 10 by ])

= {([a#l'jl- + b#l'fl-]f[a#:j'U t b#l'j'l’])’([a}qjl- + lb}fl'J.'I-’]J' [a}fl'J.'U + b}flJ.'U]P}

= {{[buljl + a.'.i,:_:i-]’ [b.'..[_l-':.-r t :I'u[_l-'U]}’ L:[b'}",_l-'.L +
u'}"l:_l-'U:’ [b}'l:_l-'l-r t u’}fl:_l-' U])}
{[b#lj‘&"bf"lj U]-’ [byl_l-.&-' b}"lj U]:I +

{[a#ijl-’ a’#uU]’ [a}’ifl’ Dy ol

A+B=FE+A4
(ii)

(+B)+C={(a, 0, o1 [3,0 0, oD+ (b, 0By L [0y by D)) +

{[C#[J_.Lr c.l_;[_l.- U]’ [c}"[_fl" f},.[-l_. U]}

[l - - - .
{{lay o +by0) (a0 + b, o). (e

[ I .
O gl 1 P32 g g A0 M gk T
I T I T 17
By gl [My.r T Syl )iy
i ¥ij vy U103
+
{ep . Cuul [Eirr v )
pifle Tpg U Loy L Py U
= {0+ ) + i g+ ) + o1 Cygn + Byy) + €1 b (g0 + By
+Cy|jU])}

= {00+ Buga + ) [y + By + )10 ([ + (B +
+ (byUU + Cygu)])}

= {[a,u[jl' ﬂ’,'.al_la U]" [ﬂ’y[jl' ﬂ’y[_la U]} +

Cy[jLJJrWyUU

{{{[buul + C,'.L[J-'L-]’ [b,'.L[J-'U + S,I.L[J-'U]}’{[b}"[j.{- +
c}"[_l-' U:’ [b}"[_l-'U + c}f[jy]}}}

=A+(B+0C)
Since
0.1 =< lower value = 05,05 =

upper value = 1

Therefore (A+B)+C=A+(B+0)
A+0=
{": [amji-’ a#[_." U]’ [a}’[_."*r-" a}’i_." U] }} +
iy ([00L[0.0]]
= {([a’#[jl_- + 0]’ [a',l_'[J.-U + 0]:‘,([&1,[;;__ + 0]’ [a'}rl-J.-U’ +O:|)}

= {{[ﬂ,{i[j'.&-’ ﬂu[j' U]}’ {[ﬂ}"[j'.&-’ ﬂ}l’[J-' U]}}
=4

Interval-valued intuitionistic fuzzy transition matrices
Hence A+0=0+4=A.
Theorem 3.5.
Let A be an IVIFTM of any order
then, A +4 + 4.
Proof.

Let A= {{ [ﬂ-#l._l_.Lr ﬂ-#l._l_. U]’ [ﬂ-},.l.-l_._&_, a}"l'_." U] }}
+4= {{[a%i_, a,, uls [a}‘[_.-'-’-" a},l_jy]}} +

o,  +a lla - +e dle  +a 1l +a T
i IO T T A T A U T A VY O

= {{[b#.;i-’ b#[_." vl [b}’[_."*’-" b}’i_." U]}}
+ A
Definition 3.5.
Let A={( [aHJ__ L %Uu]r [a}’u LGy s])1be the
IVIFTM. Then complement of A and
transpose of A is defined as follows:
qi—

6)) U [“ru‘ Ly vl :a’#u‘ L o]}

.

AI— = {{[ﬂ,ul.-[.&-’ ﬂ,ul.-[{."]r [ﬂ}fl-'[L-’ ﬂ}fl-'[ U]}} nLn
Example3.6.

Let
. [{[n.z,n.a], [0.5. 0.5 {[0.4,06][0.3.0.7])
“~ llo.1.09][03.0.7]) ([0.2,08).[0.50.5])

\[0.5,0.5].[0.2,0.8]) ([0.3,0.71, [0.4, 0.6])
G) L0307 [0.108) ([050.5)00.208D

o

[i[n._z, 0.81, [0.5,05])  {[01,0.9], [0.3,0.7])
(i) L[0.4.0.6].[0.3.07]) ([0.2,0.8].[2.5,0.5])

Proposition 3.7.
Let A.BelVIFTM. Then the following
results hold.

@) (AT = A
(i1) (4 +B)T = AT 4 BT
Proof.
6)) Let
A= {{ [a.”ijf-" a.ﬂiji"]’ [IS!'.-']Z‘]'J'-'J u-.".l:‘l'i'l] }}
Now, AT = {{[a_uui, u:uL.J.-U-], [”‘;'iJ'L’ a‘.r‘.;."u']}}T
= (e anwl Loy o0y 0]
Y = {{lay,0 a0,0) [ay,000y,07)
g UCHERER NCREN 1} S
(i) Leta={{[a, au,0) [ay0 0],
£ = (e Bug) By Byl
"q + B = {[a_[.'.l",'LJ a_u.l'J'L']’ [a;r'(J'L- a;r'l'J'L']} + {[b_u(J'LJ EJ_[.'.I'J'[']J [b;r'[‘,'L’ b;r'l'J'L']}
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= {{[Cuub +b,] (a0t
by o) laye + Byl (a0 +
:"'I:J' L-'] :'}

(A+B) = '[{ Cugie + buub] [u‘uuu
_u[J'L']}’{[a',r'[J'L + EJ;;'UL']' [a'lr'[‘l'i-"-l-b:r'[‘l'il']}}r

= {{[GEJ'[L I

by vl oy

'EJ_LJ'[L]-' [G_EJ':L' I ng.-]} {[R‘..-“_;.,

+by 010

= {{ [C'_EJ'[L-' a’_u‘,'['.-']-' [R‘..-'J'[L- a';.-",'[i-'] }} I
Ulby 00 b o) By a0 by o]

= -[{[C-EI.J.L, By ] [y ﬂ;-.-J-L']}}T +
{{[by, o Bugu ] [By 0 Byl ¥
= AT + BT
Proposition 3.8.
Let A.EerviFTi4. Then the following
results hold.
i (A=A
(i) TA+E)=4+E.
(i) (4 = 4.
Proof. i)
It follows from the definition.
Definition 3.9.
Let A and B be two IVIFTMS then we define
the union and intersection as follows.

(i) The union of A and B is denoted
by 4 U E and defined as

AUE—

(ay,
{E_\:[;up(ﬂ_u ,.) inf (a3, 0 u},_]] {mf

J 5‘-‘(3(“,‘”; Fif b

\

xs).’_;

(i1) The intersection of A and B is denoted by
A n E and defined as

ANB=

{{x [Lﬂf{ﬂluub Ezuub) sup (amub “u“]]

]
xeXt

fl..l"’ .-’1_1'4:]]}‘.'r (11)

vijU* FUUJ

lnf(u

Let
A_FM$&&ML&ﬂ}HMJﬂJMJﬂﬂ
U3 07,005,050 {l04 06].00.3 070

B_PME&ﬂJalaﬂ}{M$&ﬂJ&1&m}
o109 [0.2,08] {l0.3.07][0.1, 080}
be two IVIFTMs. Then,

AUEB=
FM&uﬂJ&Lum}{M&nﬂJazum}
@) {[0.3,0.71.[0.5,0.51) ([0.4,0.6].[0.3,0.7])
[{[n.ﬁ,ﬂ.ﬁ], (0.3 0.71%  {[n.4.0.6]. [0.2. 0.8])
([0.1,00],[0.2,0.8]) ([0.3,0.7].[0.1,0.3])

Interval-valued intuitionistic fuzzy transition matrices
AUE=
[i[u.b, vl [ oely (o 0.6l [02 0.8]0
i[0.3,0.7],[0.2,08]} ({[04.06] [0.1,09])

ANB=
P&i&ﬂJ&LUﬂ} {[0.3.0.7].[0.2, 0.8}

(ii) {[0.3.071.[0.5.05]) ([04.0.6].[0.3.0.7])

L0505 103,071 {l04.0.6] [0.2,0.8])
Wlo1,00][0.2,08] {l0.3,0.71[0.1, 080}

{[0.4 0] [03.07]) ({([0.4.06][02 08])

ANE= 11010600307 ([0.3.0.7]. 0.2, 0.8]}

Theorem 3.11.
Let A, B and C be the three IVIFTMs ,
then the following are true.
(1) AUB=EBUA
(ii) ANEBE=AnNE
(i) AvBucl=(luBluc
(iv) 4nEncl={4nEBEInc
Proof.
Let A = {{[ay, 2.0, 0] (8,204,010
E= {{[buum i [Byg e By 010} and

- '[" [C_E[J'L-' ':jl‘_[‘,'i-']-' [c;.-'["L-' c;.-'u‘i-'] 'I}

AUB= {[Q_E[J'L-' u’_r.ui-']-’ [a‘..-'[_l'L-'a;.-'[J'L']} U
([Bygye- Do [Byy e By 1)

{{sup (a_ﬂl.‘l.;‘, b_ﬂiJ.L],InF(a_QU iU o (mf(a-(ub YijU o) sup (a.“‘l Yot oh}

o x P Wb de oo on - P A
feup (b oo, inf (b ey o) Anf (b poap g dosup (b a0 1T

{['[’_uiJ-LJ I’_u;,-i-']* [b:r'[J'L’ b:r'[ji-'] hu {[ﬂ_uiJ-LJ G‘_ug-i-']* |u':r'[J'L’ 'J';r',J-L']}
AUB=EUA

g N

ANE= {[Q_E[J'L" u’_L[J'L']’ [ |.|‘-'"a
([b

f{inf ('J._QUL, h_u_‘,r,]» "up (n'-“l.l”'

Fij

_u,:_l'L-' b_ﬂ:_,'i-']-’ [EJ;.-'[_I'L-' EJ;.-‘,:_,‘ L-']::I
P._ﬂub.)}, {R”p(ﬂ?u’*‘ hmu:l, '.nr(”'n,.-'f‘ -5leaj}}

{linf( !J_zl.‘l.y a_‘_U.L], sup ':b_uu-i.-' Byyu W, {sup (b it Oy ). inf (b U By "}

{[EJ_QULJ h_u;J-L-']J [b:r'[J'L’ EJ:."UL'] n {[Q_E[J'L’ E‘_uUL-']J |a:r'[J'L’ I'J';r'u-r.-']::'

ANEBE=EnNA
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(AUBYUC =
{{ [a.uiJ'L’ u’_ﬂui-':-’ [a-."'ij:-'" c_."'lij L"]} Y

G ([oye-byo M by by D)V

{ [C_E[J'I.-' C_E[J'L']-' [:';.-'UL-' ':';.-'[J'L'] }

{Hsup (@2 1) 10 (8 9 By D) G0 (@ 2. By, ). SUP (@ By )V}
U {[':'_uiJ-LJ FuL-J-L']J [c:r'[J'L" c:r'[J'L']}

= {0 [ P2 iy 210 Py ) B 1)
{EHF[{%ULJ EJ;;'UL':]J I:"';f-i‘,-:,]s sup [':u}'ui-'* E’;f-L-J-i,':]]J |5';;[-‘,-'.;] n

= {{sup [ﬂ_uu:,s':h_uu:x c_l‘.,;_,'L:]]-' Eﬂﬂﬂ_uuus ':E_u,;_,-L'J ':ju,;_,-i-':]]}J
{InF[a.r.L.J.L, {EJ;,L.J.,-_,-, .::'FUL:]], sup [ﬂ-,r';‘,- T ':h:r'ui-" .::';r.L.J.,-_,-:]] 1

= {[Q_E[J'L-' u’_ﬂui-']-’ [a‘.r'[J'L-' g‘..-',:j L-']::I u

( inf (b, b )
Ilewnth e N infih o W THETHTT e
f (S | o & ELUJ.- WLt LSl PN _ELL‘IIJ.J =up (b o Jl
L 4P Wy Gypu?
(AUBYUC=AU(BUO)
(ANEyNC =
r. .
Wi, ..o, 1T ..o 100
U e B b 1 By O
frr T 1L TN
(IV) R e R T e S TL L A
{ [E_u[J'I.' E_u,:jL-‘]-' [:'..-UL-' C..-,:J'L-'] }
¢ sup {o_l,.l.}.‘-., bk‘.‘,u‘l'-’]‘ A
(linf (ay ;. by 1)sup (ay g By o) { }}JL
i Hij Rij Ll =g lnF{g_f‘[‘iU" b:."l",'l-J']

n {[C_E[J'L-' ':ju[‘,'i-']-' [c;r'[J'L-' C;.-',:J'L']}
= {{IHF [{Q_E[J'L-' EJ_E,:J'L:]-' ':ju[J'L]-' SL'I.FI' [{u’_u[‘,' e E_EU L-':]-' ':jul-_,-i-'] }J

{sup[q:a.'r.L.J.L, by u ) Cygyrl InF [(Gyy i By )]s €y 0] n

= {{IEF [a_u[J'L-' '::EJ_E[J'L-' ':fu,-\,-L:]]J Sup[a_u[J'L" {E_EUL'-' ':ju[‘,'i.-':]] }4

{sup[e, ;. {EJ..U.L-, c.(.l.‘l.;]], inf [ﬂ-{-;‘,-w {EJ-{-U;-, c.{.l.‘l.;,-]] 1

Fij&! WEF

Interval-valued intuitionistic fuzzy transition matrices
= {[a_r.li‘l'i'.-' Oy, s [ﬂ-(-l-‘,-r.s ﬂ-(-l-‘,-.'.']} n
sup (By, 2. Cpp
. - ]
flinf (by. 2. €y, 2 5Up By Cp o { )
{ b S inf (by v Cpw)

(ANBYNC=AN(BNC)

Conclusions

In this paper we have generalized the concept
of fuzzy transition matrices in interval valued
fuzzy settings and provided some interesting
results on it. As a further plan we intend to
introduce the notion of fuzzy soft transition
matrices and to provide a decision theory on it.
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