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THE EQUATIONS OF MOTION AND THEIR EFFECT ON ROLL
by Te G. Lang

Introduction

In order to understand the factors causing a torpedo to roll, it
is convenient to study the equations of motion. These equations are
obtained by equating the net force and net moment acting on the torpedo
to zero in each of the three principal planes. All three planes must
generally be considered when non-uniform motion exists because of the
interactions causing roll. These interactions will be discussed in this
paper, together with methods for estimating some of the more understandable
and predictable terms. It is convenient to begin the analysis of roll
motion by studying the simplified equations of motion in the roll and
yaw planes.

Simplified Roll Moment Equation

In general, a torpedo will operate under conditions of constant
velocity, small angles of attack, moderate turn rates and a low heel
angle. During certain portions of a run, the torpedo may accelerate
or decelerate, reach large angles of attack or heel, and in some instances,
may be designed to spin during flight. Factors affecting roll in the
second case will be discussed later. The simplified equations of motion
considered in this section will pertain only to those torpedoes that
operate under uniform speed conditions where the forces and moments are
linear and no secondary interactions existe.

Standard torpedo nomenclature is used in the following analysis,
and is listed at the end of this paper. The sign convention is shown
in FigS- 1 to 3.

The simplified roll moment equation is obtained from Ref. (1) and
is written as follows:

$ K= Sum of the hydrodynamic-and static roll moments
= Sum of the inertial roll moments

(1) K Unequal vertical flnS Unequal rudders Fin damping
ZK = rK e
Pull-around Misalignments, etc. Angular accel. Centrif. force
v '_A—_..\
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Even this simplified expression appears somewhat complex, since it
shows that in the linear range the roll moment is a function of the constant
hydrodynamic coefficients (K_' > Koy KS f’)’ physical parameters (W,

75 K s *ax, Jys M), the yaw angle of attack (\P), yaw turn rate (r),



ELRCH L RLANE

/.

G




YAW PLANE

G




}'\, LOOKING
Zj FwD.

N E T ROLL PLANE




: -
rudder deflection ( &r), roll rate (@= -.g), roll angular acceleration

(@: %l%‘)’ roll angle (@), and velocity (V). Eg. (1) can be rewritten
by collecting terms containing ¢ as follows:

(@) (P -Kf,q.HW}th Ke T oK + ‘fp’? + K N *Ks‘&"”?;;,Va

By considering the special case of a straight rumming torpedo, it
is possible to establish a criteria for dete.mining the correct amount of
pull-around. During a straight run @ = o, ¢d= 0, ,Pz 0, r =0, and Sr = 0.
Eq. (2) then reduces to:

Ko T OK
(3) Q’TMI&”T} % W };.

Since W = torpedo weight (1b), Z, = vertical distance (ft) of the

center of gravity below the center of buoyancy, the term WZ, is the pull=-
around moment (or the righting moment if the torpedo was rotated 9003).

Ko is the average roll moment acting on the torpedo due to fin or
stator misaligmment, splay, control surface misalignment, propeller shaft
bearing and seal friction, propeller torque unbalance, off-center location
of internal components, etce T4 K is the variation in roll moment from the
average that might be expected due to the manufacturing tolerances plus
changes that might occur with changes in depth or speed. In any torpedo
configuration, the average roll moment, K , can be reduced to zero by
setting the correct splay in the fixed £ifs or control surfaces, or by
locating the center of gravity off to one side. Consequently, the roll
angle variation in a straight run can be reduced to:

: S + AK
(L) : (PG‘TRMGHT) W}ag

This shows that the roll angle spread can be reduced either by
reducing the manufacturing tolerances or by increasing the pull-around
moment. Consequently, if the roll moment fluctuations are known, Eq. (L)
can be used to calculate the pull-around moment required to keep the roll
angle within given limits.

The next step,in analyzing the roll problem is to consider a steady
turn when r = 0, @ = 0, and ¢ = 0. Using the subscript "3" to refer to
the steady turn conditions, Eqe (2) and Eq. (3) can be combined as follows:

- % ( fruni Bormmcnr) = Koo 1 K2 by = 2,V

The term, (¢turﬁ'— CPStraight) s the change in roll angle from a

straight run to that in a turn. In an ideal torpedo design, the roll
change will be zero.



The terms K-P > K., and K $, are the roll moments per unit yaw angle
of attack, yaw turn rate, and rudder deflection, respectively. The

remaining term is the roll moment caused by the centrifugal forece acting
on the lowered center of gravity.

Both K ‘pﬂ and K.r, are roll moments in a turn resulting from unequal

vertical fins. If, for example, the lower vertical fin is larger than the

~ upper, then a yaw angle of attack, # , would produce sideforces on the two
fins that are unequal. The roll moment, K‘pr, is the net roll moment caused
by these unequal sideforces.

When the torpedo turns in its horizontal plane at a rate, r, a trans-
verse velocity is induced at the tail fins equal to ( -Xp ) r, . Since the
fins are also moving forward at a velocity V, the net vefocity vector makes
an angle P; = tan~' (X% with respect to the fin centerline. Hence, a
small angle of attack, <P, :'_"_fq"i?, is induced at the tail fins., The

~ - Xe) 7T
roll torque caused by this angle of attack is therefore K@@i 1""{@(—}—(-@%‘ .

This roll moment is also written as Krrt s hence,
=, (~Xe)
K"_ .rlt - ’% -—74

Consequently, it is seen that K, and K g are related in the following 7
manner: i

= ("X)
) i v K

If the torpedo is correctly designed, the roll angle change (¢turn T
(Pstraight) at all turn rates should be zero.

Substituting this condition and Eqe (6) into Eqe (5), the desired
relationship betweek K g’ K 5. » and the pull-around is:
(4%

ko Lot Sl BIGTE s e 22y

dividing by r + ,

/ 8'3- el
a ek i) SRR )

)
The terms (-;,&L )t and ( = )t are constants and can be obtained
from the yaw equation of motion for a uniform turn. K 5, 1s close to zero

if the rudders are equal. Otherwise, K F is calculated by estimating the

force per unit rudder deflection on each rudder, and then resolving the
differential forces times their distance from the torpedo centerline to
obtain the roll moment.



Kg is calculated in a similar manner. If the torpedo has a four=-
finned tail, as shown in Fig. L, the following method may be used for
evaluating K‘p

@) = K{*’ = L Fea = Leo B 3es

where, L g , 4 = 1ift per radian of the upper or lower fin (1b)

"Z'PA l.: distance from the centerline to the center of
)

pressure of the upper or lower fin (ft), (¥) down, (-) up

2 g = radius of the body plus boundary layér momentun

) thickness at the upper or lower fin midpoint (ft)
b .,y = radius to the upper or lower fin tip (ft_)
c ) = average upper or lower fin chord length (ft)

From Ref. (2), the total sideforce of a body plus a pair of fins is:

(9) Lgf Lo B(282) (1- 2% & v?

where CL

= lift coefficient derivative for a rectangular fin
having an over-all aspect ratio of 2b.
c

This 1ift forcey L-F'P » is distributed over the body and fin. Since
the lift force on the body is always directed toward the center, the onl:(
force contributing to a roll moment is that occurring on the fin. Ref. \2)

also shows that the fin 1ift/total 1ift ratio is approximately proportional
to their areas, or for rectangular fins, proportional to b - a =1 - 3/b in

the range 0 (a/b o 3e .2

ot

Hence, the net roll moment K 8 -F due to unequal fins, obtained from
Eaos. (8) and (9), is:

K{? = CL.L,.._ ’@(?- &4»(:“)([— Q“ )e/ V ('- /G- )(}fa)
- Ciuy # (2tasy) (- % Y € v (2244) (3,

@ KgZ GV ] Sen ta B 20 ““)(+ =
‘-" C’-u '@—c (}&)(,_ 41)(“_ Qj)g
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Hence, if the physical fin sizes are known, the roll moment, K $°
can be calculated.

In general, if the roll is to remain small, particularly during the
transient period between a straight run and a uniform turn, computer solu-
tions show that Kg p Should be small or zero. This means that both rudders

should be similar in size. In this case, Eqe (7) reduces to:

8
Ke [(2), - 2] = m 2,
so, when K g r = O, minimum heel is obtained when:
T
o

Consequently, a trial-and~error process can be used to compute the
correct relative fin sizes from Egs. (10)and (11). The term-( % ?tis ob=-

(11)

tained from the yaw equation of motion, which will be discussed later.

Referring back to the basic roll moment equation, (Eq. 2), the roll
damping moment, K P and the roll moment of inertia, Jx’ remain to be

evaluateds Using average dimensions for a, b, and ¢ shown in Fige L, the
roll da.mpi?1g moment of four fins is,

o L
~ - [ meVE - TrEYVa

(12) e (& ) >

This expression for K, is basically obtained from Ref. (3) but
modified by including the body interference and doubled since four fins
are now used instead of the single wing considered in Ref. (3)., Some
interference effects will occur between the four fins as the torpedo rolls
- and the damping effect is a little different for rectangular fins than for
the elliptic wing considered in Ref. (3), but these effects are expected
to be small.

8
reva
51

and is derived in the following manner, The mass flow lost by the presence
of the body in the region of the fins is mm z@wa*V (slugs/sec). If the

The loss of roll damping moment by the presence of the body is

body were not present, this mass flow would enter the region of the fins with
no angular,rotation and leave the region rotating at a rate approximately

equal to (P » the rotational rate of the fins. Hence, the change in angular, -~
momentum per second of this fluid mass is L mm. a*@ or K, s -Cra VP
P(body loss) ———

b 2
Hence,

L 4
Ol f_.ﬂ.-_y_i'- (ﬂ' Lbs R‘p/SEc)
(13) P (sooy Loss) 2 /



In a similar manner, the net roll damping moment of a pumpjet can be
showvm to be,

_.(’(Q 2 2 )
(1) Kz et
(pumpjet) 2 :
where: b = radius to the midpoint of the pumpjet shroud (ft)
Q = flow through the pumpjet (ft3/522§
= T Vo ('G' -n—l)
V. ve = average flow velocity through the pumpjet (ft/sec)
a = body radius at the pumpjet (¥¢)

The roll damping moment contributed by the torpedo body skin friction
is small, so it is generally neglected in all calculationse.

The remaining term to be evaluated in equation (2) is Jy, the moment
of inertia about the x-axis. This tem is the sum of the inertial (I,) and

the virtual (on) moments df inertia as follows:
(15) Ju = Ly + Tox

A quick method for obtaining an approximate value for Ix, the moment

of inertia of the torpedo in air, is to use the following expression,

(16) x = omd® (156 - -%’—'3'-)
f
where m = torpedo mass (slugs)

torpedo diameter (£t)
prismatic coefficient

d
Ca

torpedo volume
Ty oL *A
torpedo length (%)

£

The term on is the moment of inertia of the fluid captured by the tail

as the torpedo rotates. Ref. (L) shows that the virtual moment of inertia of
a wing having a span 2 b, and a chordlength ¢, is:

me c‘G-V

(17) =
l_”'(ww&) S EY (-&-;-I.‘sg)

(Stwe-F7™)

The vitual moment of inertia of a four-finned tail is equivalent to
that of two wings rotating about their center, times an interference factor.
Since no experimental interference factors are known for the four-finned
configuration, an interference factor of .9 is assumed.

Hence,

(18) % Z (H(. %)

X (¢ pwsy T X (wine)

1y



or combining (17) and (18), "
A TilE cs &
Lox (€ 2V e
246 (4t 1.3C)

The moment of inertia of the fluid displaced by a circular cylinder is:

(19)

Y
5 ) 2o L@ Ca

In the region 0{5(‘5 the presence of the body reduces the virtual
moment of inertia of four fins approximately by the amount shown in Eq. (20).

Hence, the net virtual moment of inertia of four fins, including the

body interference, is:
q ¥
" c* 6 L P E

(=
20846 (- +13c) 7L

A

ox (4 F/NS+ INTERF)

(21) 75

If a pumpjet is used instead of fins, the virtual moment of inertia is
simply that of a cylinder of fluid of the same size.

Hence, from Eq. (20),

= I_‘?i (ﬁq—mq)

(22) oI cL

x ( PUMPYET)

Since the roll moment depends upon the yaw angle of attack and turn
rate, the simplified yaw equation of motion is considered next.

Simplified Yaw Equation of Motion

Assuming that the torpedo .angles of attack (etand ‘P ) are small,
the roll angle (¢f) is small, the velocity (V) constant, the turn rate (r)
and rudder deflection ( Sr) are moderate and in the linear range, the

simplified yaw force and moment equations can be used. These are obtained
from Ref. (1) as follows:

Z Y = Sum of the principal hydrodynamic yaw forces

= Sum of the principal inertial yaw forces

(23) s) = );sﬂ +X'LQ+)/§,‘_£;+X£"L :-/»?.,-Vﬁ. f/mLVn_,

S N = Sun of the principal hydrodynamic yaw moments
= Sum of the principal inertial yaw moments

(2l) S.N: N@‘F"’ Mn.n' +Af$,;6‘n "“Np'p = J)"n’



In a steady turn, * = 0 and @ = 0. Using the subscript " " for
steady turn conditions, Eqs. (23) and (2L) become:

Gl A le S U O = e U
(26) N_p fo Norg + M‘a Snt =0
Eliminating S}t_and combining (25) and (26),

(27)

(4£t ) — (Jii) e Ajsd—(c*ﬂﬁ.v'* Xk-) +->1R1 h‘“

— ﬂ., vt -

o e Vo — Ne Y5,

Therefore, (% ) , can be obtained if the hydrodymamic coefficients

are known from tests or estimates. Ref. (S) is one of a number .of sources
which describe methods for estimating the hydrodynamic coefficierits.

If the torpedo turn rate is in the transient region between a straight
run and a uniform turn, the ¥/ ratio will be somewhat different from (4%Q)t

in a steady turn. Consequently, the pull-around centrifugal torque will
not be completely balanced by the hydrodynamic forces acting on the unequal
vertical fins. During this period, the roll can be kept negligibly small
if the roll damping moment is sufficiently large. Different torpedo
configurations have been programmed on an analogue computer and the results
show that the roll is kept to a minimum during this transient peried if K

is close to zero. On those torpedoes having only one rudder and low roll
damping, the transient roll angle is likely to be high.

Additional Factors Affecting Roll

There are many other factors affecting roll that were not included in
the simplified equations of motion. Most of these are difficult to analyze
or predict, so they will be qualitatively discussed. 1t is expected that
other presentations at this meeting will treat these factors in more detail
and mention others not listed here.

1. Roll and angle-of-attack interaction. If the plane of the angle-of-
attack is unsymmetrical with respect to the torpedo tail fins, a
1011l moment is produced which is proportional to the angle of attack,
This roll moment is explained in Ref,. (6) as being caused by the
boundary layer thickening on the leeward side of the torpedo and
decreasing on the windward side. Therefore, a fin on one side of
the tailcone would have effectively less area than a geometrically
equal fin on the opposite side, so a roll moment is produced. It
is interesting to note that an overturning moment is produced when
the angle between the torpedo vertical axis and the angle-of-attack

plane is close to 0°, 90°, 180°, and 2?O°;Owhereas a stabilizing roll
moment is produced near angles of 15°, 135°, 225°, and 315°. Maximum



roll moments occur at angles midway between those listed. Con-
sequently, a stable roll condition will occur at pitchoangles of
attack when the roll angle of a l-finned torpedo is L5 . At large
angles of attack this may be used as a feasible method for roll
control.

2. Cavitation. At high speed and shallow depths the stabilizing
- surfaces, control surfaces, and propellers (or pumpjets) are sus-
ceptible to cavitation. The onset of cavitation is sometimes
critical and is a function of the profile shape and the angle of
attack. Consequently, small differences in the angle of attack

of fins near the critical cavitation speed may cause one fin to
cavitate before another and produce large changes in sideforce and
roll moment.

3. OSpeed variation. Changes in speed produce changes in torpedo
trim, propeller shaft bearing and seal friction, splay torque,
angular momentum of the rotating elements, etc. A change in speed
will occur at launching, during turns, during changes in-depth,

and possibly during the run as a function of time. If these effects
can be estimated and programmed on a computer, the torpedo roll angle
change can be obtained as a function of time and if it is excessive,
steps can be taken to reduce the roll. In this case, all the
equations of motion presented in Ref. (1) must generally be pro-
grammed.

It is interesting to note that Eqs. (5), (6), (10), and (27)
can be combined to show that the heel change from a straight run
to a steady turn is proportional to the velocity. This fact also
indicates that if the heel change is zero at one speed it will be
zero at all sveeds,

Lhe Control surfaces. If the rudder deflection and elevator de-
flection produce changes in momentum of the water flow in the same
region, interactions are likely to occur which may cause roll. Also,
if an actuator for two. control surfaces is located on one side of

a yoke, elastic strain in this yoke will produce a differential
control surface deflection that may cause roll. A roll moment may
also be produced if two control surfaces are splayed and operate in
the wake of a fin., In this case, small deflections may produce

1ift on only one surface that extends beyond the wake, producing a
differential force. If either single or counter-rotating geared
propellers are used, a control surface deflection may produce a roll
moment due to the downwash entering the propellers. This effect is
probably more marked when the control surfaces are unsymmetrical.

5. Center of gravity. If the center of gravity is located away
from the center of buoyancy in either the vertical or horizontal
planes, turn rates and angular accelerations will cause roll due to
the inertia effects. As shown in the first part of the paper, some
of these inertial forces can be balanced hydrodynamically.

torpedo may also roll if the center of gravity shifts during the
run, or if the weight changes. These effects on roll can generally



be estimated and partially counter-balanced by allowing the
pull-around to vary during the run.

6. Interactions between the pitch, yaw, and roll planes. Many
additional interactions between the three principle planes are
mentioned in Ref. (1) such as products of inertia, non-linear
combinitions of angles of attack and attitude, etc. In general,

to fully understand a complex roll problem, it is necessary to
identify all the contributing factors and develop methods for
estimiting their effects. To do this, a combination of the experi-
mental and analytical approach is indispensables

-10-



NOMENCLATURE

Radivs of the body plus boundary layer momentum thickness at
the fin midpoint (ft)

Cross-sectional area of the torpedo = 35 olz‘f (££2)
2
-t

Aspect ratio of tail fins or wing, including the body =

2 surface area
T BT for rectangular fins,

Radius to the fin tip or to the midpoint of a shroud ring
cross-section (ft)

Average chord-length of a fin (ft)

1ift or sideforce
“LP(24c)VES

Torpedo volume

AL

Moment of inertia of the torpedo in air about the x-axis. (slug - £12)

Lift coefficient derivative =

Prismatic coefficient =

Virtual moment of inertia of the fins about the x-axis (slug . £t2)
Total effective moment of inertia about the x-axis (slug * f£t2)

Roll moment. ( +) clockwise looking forward (ft 1b)

Rol1 moment due to fin splay, etc. (ft 1b)

Variable roll moment due to misalignments, etc. (ft 1b)
Roll moment per unit yaw angle of attack (ft 1b/rad)
Roll moment per unit yaw turn rate (ft 1b/rad/sec)
Roll moment per unit rudder deflection ( ft 1b/rad)
Roll moment per unit roll rate (ft 1b/rad/sec)

Length of torpedo (ft)

Lift or sideforce per unit angle of attack ( 1b/rad)
Mass of the torpedo = %? (slugs)

Mass flow per second in a given region (slugs/sec)

Transverse torpedo mass including virtual mass (slugs)

=l 1l=



x
8,6
8.
£¢
Sn

Sny

Longitudinal torpedo mass including virtual mass (slugs)
Yaw moment about the CoG. (4 ) overturning. (ft 1b)

Yaw moment per unit yaw angle of attack (ft 1b/rad)

Yaw moment per unit yaw attack change rate (ft 1b/rad/sec)
Yaw moment per unit yaw turn rate (ft 1b/rad/sec)

Yaw moment per unit rudder deflection (£t 1b/rad)

Flow through the pumpjet (ft3/sec)

Turn rate in the Eorpedo yaw plane and its time derivative
(rad/sec, rad/sec®)

Turn rate during a steady turn (rad/sec)
Torpedo velocity (ft/sec)

Distance from the center of gravity to the center of pressure of
the tail. ( =) aft. (ft)

Sideforce in the torpedo yaw plane (+) Starboard. (1bs)
Sideforce per unit yaw angle of attack (1b/rad)
Sideforce per unit yaw turn rate (1b/rad/sec)

Sideforce per unit turn rate acceleration (1b/rad/sec?)
Sideforce per unit rudder deflection (1b/rad)

Distance from the center of buoyancy to the center of gravity.
(+) downward. (ft)

Distance from the center of buoyancy to the center of pressure of
a tail fin. (+) downward. (ft) Note: Zom is (—) while %ﬂl is (+).

Pitech angle of attack (nad)

Angle of attack and change rate in the torpedo yaw plane (rad, rad/sec)
Jaw angle of attack induced at the tail by a yaw turn rate (rad)

Yaw angle of attack in 2 steady turn (rad)

Rudder deflection (rad)

Rudder deflection in a steady turn (rad)

=



f° Density of water = 2 (slugs/ftB)

4’) @, J Ro11 angle, rate, and acceleration (rad, rad/sec, rad/sec?)

Subscripts

"

"'t Conditions in a steady turn

24" Dimensions of the upper vertical fin
0w

A Dimensions of the lower vertical fin

=13=
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