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Geophysical electromagnetic data modelling with radial basis function generated nite dierences
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Summary
Geophysical electromagnetic (EM) data modelling techniques are usually mesh-based methods that have inherent diculties when dealing with complex three-dimensional (3-D) models. In this study, we consider the
relatively new approach of meshfree methods, and propose a radial basis function-based nite dierence (RBFFD) method to model 3-D potential eld data as an early stage to investigating its capabilities for modelling
EM data. The prominent advantage of this method over mesh-based methods is that the physical model can
be represented only by a distribution of nodes, which can be much easier to generate than to obtain a mesh
of sucient quality for more traditional modelling approaches. For a single-source density model discretized
by unstructured nodes with local renements at observation locations and in the source region, the numerical
results computed by the proposed method agree well with the analytical solutions, demonstrating the potential
of the RBF-FD method to eectively solve geophysical data modelling problems.
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Introduction
Mesh-based methods, e.g., typical Finite Dierence
(FD), Finite Element (FE) and Finite Volume (FV)
methods, are still dominant in numerical modelling
of geophysical electromagnetic data due to their wellestablished theories and computational eciencies
(Börner, 2010).

For realistic conductivity models

with complicated topographies and interfaces, FE
methods (FEMs) are oftentimes preferred because the
problem of irregular geometries can be easily handled

trivial remeshings in adaptive mesh renement, which
can cause accuracy degradation if not handled properly. However, these diculties can be circumvented
by employing an interpolation scheme that is only
based on a distribution of nodes. The methods based
on this idea are generally termed as meshfree methods.
Meshfree methods were rst proposed several decades
ago as an alternative to interpolation using arbitrarily scattered data, and have been applied successfully
to solving PDEs, e.g., convective-diusive equation in
uid mechanics (Nguyen et al., 2008).

when the model is discretized with unstructured grids

In this study, we rst introduce the idea of meshfree

(Ansari & Farquharson, 2014).

Implementations of

interpolation, then present a strong form-based mesh-

FD and FV methods are, compared to the FEMs,

free method that we have used to obtain the solution

more straightforward. However, in the conventional

to the 3-D Poisson's equation for gravity.

FD methods the model is often overmeshed in order

Meshfree methods

to adequately approximate the irregular geometries in
a stair-case manner. For the FV methods, unstructured meshes can be used to handle the geometry
problem but this choice often leads to additional computational overhead when generating the linear system of equations (Jahandari & Farquharson, 2015).

Meshfree interpolation of a multivariate function,
which is fundamental to meshfree methods, can be
realized by using basis functions other than monomials that are used for polynomial interpolation. One

Mesh-based methods have the common feature that

type of such basis function is radial basis functions

an underlying mesh with tessellated elements (e.g.,

(RBFs; Buhmann, 2003). The general form of a ra-

tetrahedra in 3-D) has to be constructed to represent

dial function in

n-dimensional

real space is

the computational model. This is due to the fact that

R0 (r) = φ(||r − r0 ||),

a mesh-based interpolation scheme of the function

r, r0 ∈ Rn ,

(1)

in the partial dierential equations (PDEs) is used.

r

is the position vector,

r0

is the center of

R0 ,

Consequently, mesh-based methods have some inher-

where

ent diculties in dealing with 3-D models with com-

|| · ||

plex geometries, specically, too much human labour

of the basis function, and

required to guarantee high-quality meshes, and non-

expressions (see Table 1). Given a set of data points

is the l2 norm that ensures the radial symmetry

φ can be linear or nonlinear
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ri , i = 1, 2, ..., n,

u(r) usR
(
r
)
·
aj with
j
j=1

realization of the RBF-based nite dierence (RBF-

Applying the following interpolation con-

approach for solving PDEs in a nite-dierence way,

interpolation for a function

ing RBFs is expressed as
weights

aj .

û(r) =

Pn

dition

FD) methods (Flyer et al., 2014). RBF-FD is a new
but does not require any kind of mesh in the prob-

û(rk ) = u(rk ) = uk ,

lem domain.

k = 1, · · · , n,

(2)

tains
results in a

n×n

linear system

Aa = u.

The critical

In RBF-FD, the discretization sten-

cils become subdomains and each subdomain con-

nN

arbitrarily scattered nodes, where

N

feature of RBF-based interpolation is that restrictions

freedom of the problem. Within each subdomain

on nodal positions can be freed. This can readily be

the dierential operator

illustrated as follows. In FEMs, the corresponding interpolation matrix

A

Lu = f,

is required to be nonsingular so

that the interpolation is unique. Geometrically, this
means that nodes 1, 2 and 3 of a triangular element
shown in Fig. 1a cannot be inline. However, this is not
the case for RBF-based meshfree interpolation. Buhmann (2003) shows that, as long as the data points
are distinct, the invertibility of a RBF-based interpolation matrix can always be guaranteed for many
types of RBFs, including the examples shown in Table 1. It is this feature that eliminates the necessity
of connectivity of nodes (see Fig. 1b).

b)

a)

support node

is

the number of all nodes representing the degrees of

L

Ωi ,

in the PDE

u ∈ Ω,

(3)

is approximated at the support node

rc

(see Fig. 1b)

by a linear combination of function values

Pn

Lu|rc =

k=1 bk uk . The weights, bk , are obtained by solving
the following n × n linear system

R1 (r1 ) R1 (r2 ) · · ·
 R2 (r1 ) R2 (r2 ) · · ·

 ..
.
..
.
 .
.
.
Rn (r1 ) Rn (r2 ) · · ·



R1 (rn )
R2 (rn ) 


.
.

.
Rn (rn )

 
b1
 b2 
 
 .. 
.
bn


=


LR1 (r)|rc
 LR2 (r)|rc 



,
.
.


.
LRn (r)|rc

(4)

and will ll in the corresponding row of the coecient

M in the resultant N × N global linear sysM u = f . This gives rise to a highly sparse linear

matrix
tem

system, which is a desired feature commonly known
in FE and classical FD methods. For simplicity, we
1
2

have chosen the nearest
3

node

ri

n−1

data points for each

to form all subdomains.

It is well known that for Gaussian RBFs, interpola-

c
c→0

tion error is improved for small shape parameters

in uence domain
(subdomain)

unstructured mesh

(see Table 1), and converges to a constant as
(Fasshauer, 2007).

For this reason, Gaussian RBFs

are chosen here. Although interpolation accuracy using Gaussian RBFs is largely aected by

Figure 1:

Schematic illustrations of interpolation ele-

ments for a) FEMs and b) RBF-FD.

choose an optimal

c

ci = c0 /d2i
Typical RBFs.

how to

problem (Flyer et al., 2014). We propose a simple but
eective method to determine

Table 1:

c,

for solving PDEs is still an open

c > 0 is an independent constant

c

in each subdomain:

for the i-th spherical subdomain, where

is the radius of the sphere, and

c0

which aects the overall accuracy.

that controls the shape of a RBF.

di

is a scaling value
We have found

this method works well for unstructured nodes with
varying subdomain sizes.
Name

RBF

linear

R(r) = c|r0 − r|
2
R(r) = e−c|r0 −r|
2 1
R(r) = (c2 + |r0 − r| ) 2
1
2
R(r) = (c2 + |r0 − r| )− 2

Gaussian
multiquadric
inverse-multiquadric

RBF-based meshfree methods have only recently been
applied to modelling 2-D geophysical seismic waves
(Martin et al., 2015) and EM data (Wittke & Tezkan,
2014). Here, we use the RBF-FD method to model 3D gravitational potential responses for a single-source
model and test its capabilities for solving the more
complex Maxwell's equations for EM elds.

To the

RBF-based nite dierences

best of our knowledge, this is the rst attempt for nu-

With the new idea of meshfree interpolation, many

nevertheless our goal is to model 3-D EM responses

meshfree methods have been proposed to solve PDEs

with RBF-FD. Also, our meshfree scheme uses an un-

(Nguyen et al., 2008).

structured nodal distribution with local renements

In this study, we employ a

merically modelling 3-D geophysical gravity data, but
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so that the computation is accurate at locations of
interest while remaining memory-ecient.

Numerical example
The boundary value problem for potential,

φ,

is ex-

pressed as

(

where

∇2 φ(r) = −4πγρ(r), r ∈ Ω ⊆ R3 ;
φ(r) = f (r), r ∈ ∂Ω,
γ

is

(6.67408 × 10

the
−11

tribution, and

f

universal
m

3

gravitational

· kg−1 · s−2 ), ρ

(5)

constant

is the density dis-

denotes the prescribed potentials on

the computational boundaries. A Dirichlet boundary
condition was used in this study. The vertical com-

gz ,

ponent of the gravity,

which is the measurable

quantity in most eld surveys, can then be calculated
by dierentiation

gz = [∇φ]z = ∇φ · nz ,

with

nz

denoting the z -directed unit vector in Cartesian coordinates. The model comprises a density mass at the

2 g/cm3 ,

20 × 20 × 20

m and density of

and a zero-density background space with

dimension

1000 × 1000 × 1000

m.

Fig. 2 shows the

nodal representation of the model with renements
in the source region and at 60 observation locations
along the prole

Figure 2:

Top:
Below:

Enlarged view of nodes around 4 receivers at y=

0.

−200 ≤ x ≤ 200 m, y = 0, z = 200
n = 10 − 20 nodes in each sub-

For our tests,

domain is sucient to obtain accurate solutions. A
direct solver (Amestoy et al., 2000) was chosen here
to solve the asymmetric linear system.
Fig. 3 shows the solutions and their relative errors
for potential and gravity at the observation locations.
The analytical solutions are obtained from Waldvogel (1976) for potential and Li and Chouteau (1998)
for gravity.

3-D nodal representation for the model.
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We generated four unstructured nodal
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distributions with dierent node densities (see Ta-

and permits local renements. For all situations, the
primary solutions (potential) agree reasonably well
with analytical results.

The relative errors are less

than 3.2%. The situation without any constraint on
the maximum volume of a tetrahedron is particularly
promising since the number of degrees of freedom can

timal

c0

gave the lowest root-mean-square (RMS)

error (see Table 2). These

c0

were obtained by a

20
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have larger errors due to direct dierentiations using

We also observed that, for each set of nodes an op-
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ture for large 3-D problems. The computed gravities

should be used.

30

b)
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be reduced to a minimum, which is an important fea-

potentials, suggesting a better dierentiation scheme
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Figure 3:

Solutions for 4 dierent nodal distributions

indicated by

Vmax . a) Potentials (solid lines) and relative

errors (dashed lines);

b)

gravities (solid lines) and rela-

tive errors (dashed lines). See Table 2 for the meaning of
control parameter

Vmax

for node density.
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Table 2:

RMS, optimal scaling
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