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Abstract—A fundamental challenge of a smart grid is: to what
extent can moving energy through space and time be optimized
to benefit the power network with large-scale energy storage
integration? With energy storage, there is a possibility to generate
more energy when the demand is low and store it for later use. In
this paper, we study a dynamic optimal power flow (OPF) problem
with energy storage dynamics in purely resistive power networks.
By exploiting the recently discovered zero duality gap property
in the OPF problem, we apply optimization decomposition techniques to decouple the coupling energy storage constraints and
obtain the global optimal solution using distributed message passing algorithms. The decomposition methods offer new interesting
insights on the equilibrium load profile smoothing feature over
space and time through the relationship between the optimal dual
solution in the OPF and the energy storage dynamics. We evaluate
the performance of the distributed algorithms in several IEEE
benchmark systems and show that they converge fast to the global
optimal solution by numerical simulations.
Index Terms—Optimal power flow, energy storage, decomposition method, distributed optimization, smart grid, message passing algorithm.

I. I NTRODUCTION

A

key challenge in a smart grid design is the integration
of power flow control in the power grid network together with the distributed renewable energy sources and energy
storage at the endpoints of the network. Renewable energy is
intermittent and difficult to predict and harness, and this in
turn makes power flow in the power grid network harder to
control and optimize. An interconnected system of hundreds of
millions of distributed energy resources introduces rapid, large
and random fluctuations in power supply and demand. Such
deployments create stronger demands and highly variable (in
time and space) operating conditions than those experienced in
current networks. The integration of a two-way communication
infrastructure to connect the power grid network and different
types of demands and supply generation (see Fig. 1), while
promising in a smart grid, motivates the important question:
to what extent can moving energy through space and time be
optimized to benefit the power network with large-scale storage
integration?
Manuscript received March 27, 2014; accepted May 10, 2014. Date of
publication June 19, 2014; date of current version August 13, 2014. This work
was supported in part by grants from the Research Grants Council of Hong
Kong Project No. RGC CityU 122013.
The authors are with the College of Science and Engineering, City University of Hong Kong, Kowloon, Hong Kong (e-mail: x.lou@my.cityu.edu.hk;
cheewtan@cityu.edu.hk).
Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/JSAC.2014.2332091

Fig. 1. A general outline of the interconnection in a power grid network with
a two-way communication infrastructure for message passing to coordinate
the distributed optimization of supply, energy storage and different kinds of
workloads with possibly time-varying demand, e.g., plug-in electric vehicles.

There are clearly benefits in a joint optimization of energy
storage and the power flow [1], [2]. Energy production and
consumption can dynamically lead to new equilibrium operating points over time. Energy storage at demand buses can
absorb the transients while the power loads are rebalanced.
In particular, when the power price is low (due to a lower
demand at off-peak hours), energy can be stored in batteries.
On the other hand, when the power price is high (due to a
higher demand at peak hours), users can first draw energy
locally from the batteries before consuming the energy directly
from the power grid network. Energy storage can also help in
load smoothing [2]. For example, the energy storage battery
in plug-in electric vehicles1 plays an interestingly dual role:
they represent a new type of demand load to be satisfied and
also as new energy storage resources (when power flows from
the vehicle to grid) for load smoothing [3], [4]. With energy
storage, how should power flow be optimized to maximize
efficiency and minimize power consumption cost?
The optimal power flow (OPF) problem is a classical nonlinear optimization problem, whose solution optimizes a networkwide objective, e.g., generation cost or transmission loss, subject to physical constraints on the power flow, the demand
specification and the network connectivity constraints [5], [6].
It is well-known that the OPF is generally hard to solve due to
its nonconvexity. In the vast literature on OPF, approximation
methodologies, e.g., the direct current (DC) OPF linearization
1 A trend is expected in the growing use of plug-in electric vehicles that use
chemical energy stored in rechargeable battery packs and installation of electric
vehicle charging infrastructures, and this is one of the driving forces behind a
smart power grid network.
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that assumes a constant voltage and small phase angle, have
been widely used [7]–[11]. However, recent developments2
have shown that semidefinite programming (SDP) can be used
to convexify the OPF and, under certain assumptions, solving
this SDP convex relaxation is even exact [14], [15].3 For
example, the relaxation is exact for distribution networks that
have tree-like network topology [16], [17]. This is important
because SDP is a convex optimization problem that can be
efficiently solved [18].
These developments have attracted a surge of interests in developing computational algorithms to solve the OPF exactly or
to obtain relaxations for the OPF and its special cases [19]–[23].
However, most efforts have been devoted to centralized
computation issues (which of course is still useful in the context
of a tightly-regulated system) without focusing on energy
storage. Indeed, the dynamic OPF with energy storage is a more
complex time-dependent power flow optimization problem
(also known as the multi-period OPF in the power system
literature [24], [25]). The energy storage dynamics have unique
time-dependent characteristics that couple with power flow
(over time) and the network topology (over space). In addition,
the demand profile (over time) and the energy storage dynamics
introduce a new degree of freedom to optimize for load smoothing over time that is beneficial to power systems operation.
The authors in [26] first studied such a dynamic OPF with
energy storage using the DC OPF linearization and finite horizon optimal control for a simple network topology (a single
generator with a single battery connected to a single load). The
authors demonstrated a unique feature in the optimal policy
in which generation first exceeds demand in order to charge
up the battery and subsequently demand exceeds generation
with additional energy supplement coming from the battery till
the battery is fully depleted by the end of the horizon. The
authors in [25] applied the SDP convex relaxation in [15] to a
dynamic OPF but did not consider energy storage. Gayme et al.
[20] solved this dynamic OPF problem with energy storage
constraints using the SDP convex relaxation technique in a
centralized manner. This however requires a high computational complexity due to solving an SDP of higher dimension
(whose complexity increases with the number of periods in the
horizon). The authors in [3] proposed valley-filling algorithms
(for load smoothing) to tackle the problem in [20] for electric
vehicle charging. The authors in [21] proposed message passing
algorithms for distributed optimization that can be combined
with receding horizon control.
In this paper, we study a dynamic OPF problem for a
purely resistive power network (i.e., no phase angle, reactive
power variables and reactance parameters) with energy storage
dynamics. This allows energy storage dynamics to be optimized
jointly with the demand and supply across multiple time periods. Our focus is to study optimization decomposition tech-

niques to enable distributed computation. Decomposition methods (predominantly Lagrange dual decomposition) have been
previously used in the literature to solve the OPF [7], [8], [24],
[27], [28], but these prior work use approaches (using the DC
OPF linearization to approximate the OPF) different from that
in this paper. Decomposition enables fundamental understanding of architectural possibilities, especially in the distributed
coordination of functional modules in a large network [29],
[30]. We also study the interplay between optimal generation
schedule and the time-varying load profile, i.e., how to generate
more energy when the demand is low and store it for later use by
charging and discharging the energy storage. A resistive power
network OPF with energy storage can be practically useful
in high-voltage direct current (HVDC) network or microgrid
clusters integrated with renewable energy sources, e.g., solar
cells and photovoltaic generator, that produce real power flow.
Overall, the contributions of the paper are as follows:
1) We formulate a time-dependent dynamic OPF problem
for resistive power networks with energy storage dynamics. We leverage a zero duality gap property in the static
OPF to solve this dynamic OPF problem.
2) We propose various decomposition methodologies (an indirect Lagrange dual-dual and a primal-dual hierarchical
decomposition) that lead to different kinds of efficient and
distributed algorithms to solve the dynamic OPF.
3) We give a physical interpretation to the connection between the dual solution corresponding to the power flow
and energy storage as time-varying marginal price and
storage price respectively that explains the phenomenon
of load profile smoothing over time.
4) Through extensive numerical experiments, we show that
these algorithms converge fast to the global optimal solution of the dynamic OPF. We also demonstrate the equilibrium load profile smoothing feature of the dynamic
OPF with energy storage under various problem settings.
The rest of this paper is organized as follows. In Section II,
we introduce the system model and formulate the dynamic OPF
with energy storage problem formulation. In Section III, we
review some preliminary results on the static OPF problem and
its convex relaxation. In Section IV, we propose distributed
algorithms to solve the dynamic OPF problem by an indirect
dual-dual decomposition technique. In Section V, we propose
an alternative primal-dual decomposition. In Section VI, we
explain the connection between the Lagrange dual variables and
the energy storage dynamics. Numerical evaluations are presented in Section VII. In Section VIII, we conclude the paper.
We refer the readers to Fig. 2 for an overview of the overall
relationship between the problem formulation, the optimization
decomposition, the proposed algorithms and the interpretation
of the dynamic OPF with energy storage.
II. O PTIMAL P OWER F LOW W ITH E NERGY S TORAGE

2 We

refer the readers to [12], [13] for an overview on this development
that clarifies the relationships between various models of OPF and its convex
relaxation.
3 The convex relaxation is exact if the optimal solution of a convex relaxation
is feasible for the original OPF problem and hence globally optimal as well.
The relaxation gap (as well as the Lagrange duality gap in the OPF considered
in this paper) is zero in this case.

Let us consider a purely resistive power network with buses
N = {1, 2, . . . , N } and E ⊆ N × N transmission lines. Let
us denote the set of generation buses and demand buses by
G and D respectively. We assume that the bus i ∈ N has an
energy storage battery attached to it. Let us denote the one-hop
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In addition to the basic OPF constraints, each battery at bus
i ∈ N has to satisfy [20], [26]:4
bi (t + 1) = ηi bi (t) + ri (t),

t = 1, . . . , T,

(4)

where storage leakage in a general battery can be modeled by
appropriately choosing 0 < ηi ≤ 1 for all i ∈ N in (4). The
initial condition of the battery at i ∈ N is given by:
bi (1) = Bi0 ,

(5)

where Bi0 is a positive constant. At each i ∈ N , bi (t) and ri (t)
are constrained respectively by:
0 ≤ bi (t) ≤ Bi , t = 1, . . . , T + 1,
ri ≤ ri (t) ≤ r¯i , t = 1, . . . , T,
Fig. 2. An overview of the connection on the different optimization decomposition, algorithms and the interpretation of the dynamic OPF with energy
storage. The upper half of the line corresponds to the two optimization decomposition techniques, while the lower half corresponds to the insight on how the
dual solution of the two decomposition can be interpreted.

(6)
(7)

where Bi is the battery capacity at bus i. Our objective is to
minimize the total transmission loss in the network:
T
X

V(t)⊤ YV(t),

t=1

neighbors (connected by transmission lines) of bus i by the
set Ωi (|Ωi | ≥ 1). The transmission lines have admittance and
this is modeled by the admittance matrix Y. In particular, Y
is symmetric, i.e., Yij = Yji ∈ R++ , if (i, j) ∈ E and Yij =
Yji = 0 otherwise [14], [15].
We consider a multi-period power flow system indexed by
t = 1, . . . , T , where T is the terminating time period. We use
V(t) and I(t) to denote the column vectors for the voltages
(Vi (t))i∈N and the current (Ii (t))i∈N for t = 1, . . . , T , respectively. By Kirchhoff’s Current Law and Ohm’s Law, we have
I(t) = YV(t) for t = 1, . . . , T , i.e.,
P

Y1j · · ·
−Y1N


 I (t) 
1
j∈Ω1
 V1 (t)
V2 (t) 
−Y21
···
−Y2N 
 I2 (t)  

 . =
..
.


.. 
.

 .  
. (1)
.
.

.
.
.
.
.


P
−YN 1 · · ·
YN j
IN (t)
VN (t)
j∈ΩN

Using I(t) in (1), the nodal power and voltage constraints are
given respectively as follows:
V(t)⊤ Yi V(t) ≤ pi (t) − ri (t),
V ≤ V(t) ≤ V,

t = 1, . . . , T,
t = 1, . . . , T,

(2)

and the energy storage cost:
hi (bi (t), ri (t)) = h1i (bi (t)) + h2i (ri (t)) , ∀ i ∈ N , ∀ t,
whose first component
h1i (bi (t)) = αi (Bi − bi (t)) for all i ∈ N , t = 1, . . . , T + 1,
with αi ≥ 0 for all i ∈ N captures the instantaneous amount of
the energy stored in the battery, i.e., the penalty is proportional
to the deviation from the storage capacity [26]. The second
component h2i (ri (t)) captures the battery dynamics, i.e., the
charging/discharging amount of power in the battery. In addition, we assume that h2i (ri (t)) is convex in ri (t) for all i ∈ N
and t = 1, . . . , T [31], i.e., the battery cost increases with the
charge/discharge rate. In this paper, we let
h2i (ri (t)) = α̃i ri2 (t) for all i ∈ N , t = 1, . . . , T,
with α̃i ≥ 0 for all i ∈ N .
Consider the following time-dependent dynamic OPF
problem:
minimize

V(t)⊤ YV(t) +

t=1

(3)

where (·)⊤ denotes the transpose, Yi = (1/2)(Ei Y + YEi ),
n×n
with ei being the standard basis vector in
Ei = ei e⊤
i ∈R
n
R (i.e., Ei is a matrix with a single one in the (i, i)th entry
and zero everywhere else), ri (t) is the amount of power that
the energy storage of bus i charges (positive) or discharges
(negative) at time t and {V, V} are given voltage bound values.
For a generation bus i ∈ G, p̄i (t) is strictly positive and models
the generator capacity. On the other hand, for a demand bus i ∈
D, p̄i (t) is strictly negative, and the magnitude |p̄i | represents
the minimum power that has to be provided to satisfy the load
at bus i. Similarly to [22], we make the load over-satisfaction
assumption, i.e., a demand bus can absorb the power |p̄i | to
satisfy the basic demand requirement and to charge the attached
energy storage battery.

T
X

+

+1
X TX

h1i (bi (t))

i∈N t=1

T
X

subject to

h2i (ri (t))
t=1
V(t)⊤ Yi V(t) ≤ pi (t)

variables :

t = 1, . . . , T,
V ≤ V(t) ≤ V, t = 1, . . . , T,
bi (t+1) = ηi bi (t) + ri (t), i ∈ N , t = 1, . . . , T,
b(1) = B0 ,
0 ≤ b(t) ≤ B, t = 1, . . . , T + 1,
r ≤ r(t) ≤ r̄, t = 1, . . . , T,
V(t), b(t), r(t),
(8)

− ri (t),

∀i ∈ N,

4 We let the power quantities be in the unit of energy per unit time so that
energy and power are used interchangeably [26].
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where b(t) and r(t) denote the column vectors for (bi (t))i∈N
and (ri (t))i∈N , respectively. The problem formulation in (8)
is a nonconvex quadratic constrained quadratic programming
(QCQP) problem, which is generally hard to solve. In the
following, we first review some results in [14], [15], [22] for
a static OPF, and then leverage optimization decomposition
techniques in Sections IV and V to solve (8).
III. P RELIMINARIES ON C ONVEX
R ELAXATION OF S TATIC OPF
Consider a fixed time period in (8) and suppose that there is
no battery, then (8) reduces to (omitting the time index t):
minimize

V⊤ YV

subject to V⊤ Yi V ≤ pi ,

∀i ∈ N,

V ≤ V ≤ V,
variables :

V.

(9)

Note that (9) is a static OPF problem that minimizes the total
power losses in a resistive power network subject to voltage and
power constraints. Even though (9) is nonconvex, it has recently
been shown in [15] that a convex relaxation using SDP can yield
the global optimal solution of (9) under some mild conditions
[15]. This remarkable result is a consequence of a special type
of quadratic programming problem with nonnegative problem
parameters and solution [14], [32]. In particular, the SDP
convex relaxation of (9) is given by:
minimize

trace(YW)

subject to trace(Yi W) ≤ pi ,

∀i ∈ N,

V 2i ≤ trace(Ei W) ≤ V
W º 0, Wij ≥ 0,
variables :

W,

2
i,

∀i ∈ N,

∀ i, j ∈ N ,
(10)

where W º 0 means that W is a positive semidefinite matrix and trace(·) denotes the matrix trace operator. In fact,
(10) is equivalent to (9) if the constraint rank(W) = 1 is
included in (10) since W = VV⊤ . However, by observing
that Y, Y1 , . . . , YN are matrices with nonpositive off-diagonal
elements, the authors in [14], [15] show that (9) can be solved
exactly by (10). Furthermore, it has been shown that this tight
relaxation result also implies that the Lagrange duality gap of
(9) is zero, and (9) can also be solved exactly by a second order
cone programming relaxation [12], [13], [22]. A more general
result that applies to the alternating current (AC) OPF problem
can be found in [12], [13], [15].
In our recent work [22], we leverage this zero duality gap
property to design low-complexity distributed algorithms to
solve (9) directly instead of solving the SDP convex relaxation in (10) with a centralized SDP solver (e.g., interior-point
method). In fact, the optimal solution of (9) can be unique
(for different network topologies, e.g., line, radial and mesh
networks). In addition, this uniqueness characterization of (9)
has implications on how efficient distributed algorithms can
be designed to solve (9). The key idea is to exploit the zero

Fig. 3. Indirect dual-dual optimization decomposition to solve the OPF with
energy storage problem in (8). The partial dual decomposition is applied at the
two levels.

duality gap result in [14], [15] and the Poincare-Hopf Index
Theorem in [33], [34] to show uniqueness, and then design
message passing algorithms to solve (9) using the Lagrange
dual decomposition. In another recent work [35], we have
studied a dynamic OPF problem similar to (8) but the work
has some limitations: A simplified inequality constraint bi (t +
1) ≤ bi (t) + ri (t) for t = 1, . . . , T has been used instead of
the equality constraint given in (4) that can model the storage
dynamics more accurately, and only the battery amount (i.e.,
h1i (t)) is used to model the battery cost.
IV. I NDIRECT D UAL -D UAL D ECOMPOSITION
AND A LGORITHMS
In this section, we study new optimization decomposition
methodologies that can offer novel architectural transformation
insights, and enable scalable and distributed algorithm design
to solve (8). We study an indirect decomposition technique to
decompose the dynamic OPF in (8) into simpler subproblems to
unravel the coupling over space and time. Fig. 3 illustrates the
overview of this decomposition. In the first level, Lagrange dual
decomposition is first applied. The dual variable corresponding
to (2) plays the role of power flow price to control the decomposed subproblems. In the second level, Lagrange dual decomposition is again applied. The dual variable corresponding to (4)
plays the role of energy storage price to control the second-level
subproblems.
In the following, we explain each of these two levels in
details. Let us apply a partial dual decomposition to decompose
(8) over time. Then, for the subproblems, they are separable for
t = 1, . . . , T and each of them corresponds to one static OPF
problem at time period t:
X
¡
¢
λi (t) V(t)⊤ Yi V(t)
minimize V(t)⊤ YV(t) +
i∈N

subject to V ≤ V(t) ≤ V,

variables :

V(t),

(11)

where λi (t) for all i and t are the nonnegative Lagrange
dual variables corresponding to the constraint V(t)⊤ Yi V(t) ≤
pi (t) − ri (t) in (8). Note that λi (t) can be interpreted as the
power price (by the shadow price interpretation of the optimal
dual solution, cf. Chapter 5 in [18]). Due to the zero duality
gap, each decomposed subproblem (11) for a fixed t can be
solved with the following message passing algorithm (for a
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fixed λi (t) for all i and t, and we use ℓ to index the iteration
in the algorithm) in [22].

Since bi (t + 1) = ηi bi (t) + ri (t) for t = 1, . . . , T , and
bi (1) = Bi0 , then for each i ∈ N we have:
bi (t + 1) = ηit bi (1) +

Algorithm 1: Distributed computation of voltages

ηit−τ ri (τ ), t = 1, . . . , T.

τ =1

t=1

∀ i ∈ N , where

+

T
X

subject to bi (t + 1) = ηit bi (1) +

Now, for a fixed b(t), if we apply the partial dual decomposition to (16), we get a second-level subproblem at each i ∈ N :
Ã
!
T
+1
t
X
X
t
t−τ
αi Bi − ηi bi (1) −
ηi ri (τ )
minimize
+

(12)

λi (t) V∗ (t)⊤ Yi V∗ (t) .
¡

¢

variables :

⊤

∗

+ β V (t) Yi V (t) − pi (t) + ri (t)

¢¤+

, ∀i ∈ N,
(13)

where β is an appropriate stepsize, and [·]+ denotes the projection onto the nonnegative orthant. This update will in turn drive
Algorithm 1.
Next, let us consider the decomposed problem corresponding
to the energy storage:
minimize

T
+1
X
t=1

α⊤(B − b(t))+

T
X
t=1

T
X

λi (t)ri (t) −

Ã

t
X

ηit−τ ri (τ )µi (t)

τ =1

!

X
λ(t)⊤r(t)+
α̃i ri2 (t)
i∈N

subject to bi (t + 1) = ηi bi (t)+ri (t), i ∈ N , t = 1, . . . , T,
b(1) = B0 ,
0 ≤ b(t) ≤ B, t = 1, . . . , T + 1,
r ≤ r(t) ≤ r̄, t = 1, . . . , T,
variables : b(t), r(t).
(14)

ri (t),

(17)

where µi (t) is the Lagrange dual variable corresponding to (4).
Then, we have the following update on the charging/discharging
amount of power in the energy storage for t = 1, . . . , T
and i ∈ N :
rik+1 (t)
"
=

∗

τ =1

t=1

subject to ri ≤ ri (t) ≤ r¯i , i ∈ N , t = 1, . . . , T,

The dual function is differentiable at each t and can be solved
iteratively by the following gradient update:

¡

(16)

¡
¢
+ µi (t) bi (t + 1) − ηit bi (1) + α̃i ri2 (t)

where

i∈N

ηit−τ ri (τ ), ∀ i ∈ N ,

r(t), b(t), t = 1, . . . , T.

t=1

t=1

subject to λ(t) ≥ 0, t = 1, . . . , T,
variables : λ(t),

λk+1
(t)
i
£ k
= λi (t)

variables :

g (λ(t)) + λ(t)⊤ (r(t) − p̄(t))

g (λ(t)) = V∗ (t)⊤ YV∗ (t) +

t
X

τ =1

Remark 1: Algorithm 1 converges to the unique optimal solution of (11) for each t = 1, . . . , T [22]. The spectral property
of the nonnegative matrix A(t) in Algorithm 1 can be used to
characterize its convergence performance [22]. In addition, the
dependency on the network topology for message passing is
captured by the matrix A(t).
The optimal power prices are obtained by solving the following primary master dual problem:

X

α̃i ri2 (t)

i∈N

r ≤ r(t) ≤ r̄,

maximize

X

λ(t)⊤ r(t) +

t=1

∀ (i, j) ∈ E.

j∈Ωi

T
X

(15)

We thus rewrite (14) as:
Ã
!
T
+1
t
X
X
⊤
t
t−τ
B − η b(1) −
minimize
α
η r(τ )

j∈Ωi

2Yij + λi (t)Yij + λj (t)Yij
P
,
2 (1 + λi (t))
Yij

t
X

τ =1

Compute voltage V(t):






X
Viℓ+1 (t) = max V i , min V i ,
Aij (t)Vjℓ (t)



Aij (t) =

1375

Ã

rik (t)−θ

T
X
λ∗i (t)− ηiτ −t (αi +µ∗i (τ ))+2α̃i rik (t)
τ =t

!#ri

,

ri

(18)
bki (t

+ 1)
"

= ηit bi (1) +

t
X

ηit−τ rik (τ )

τ =1

# Bi

,

(19)

0

where θ is an appropriate stepsize, and [x]ab denotes the projection max{b, min{a, x}} where b < a.
Furthermore, the second-level master dual problem is
given by
maximize

T X
X

gi (µ(t)) + α̃i ri∗2 (t) + λ(t)⊤ r∗ (t)

t=1 i∈N

+ α⊤ (B − b∗ (T + 1))

variables :

µ(t),

(20)
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where
gi (µ(t)) = αi (Bi −b∗i (t)) + µi (t) (b∗i (t + 1)−ηi b∗i (t)−ri∗ (t))
at each subproblem of (17). In particular, a subgradient update
of the dual variable µi (t) for t = 1, . . . , T to solve (20) is
given by
µk+1
(t) = µki (t)+γ (b∗i (t+1)−ηi b∗i (t)−ri∗ (t)) , ∀ i ∈ N , (21)
i
where γ is an appropriate stepsize. We summarize the various
solution update of the above dual-dual decomposition in the
following (using k to index algorithm iteration).
Algorithm 2: Dual-Dual Decomposition
1) Set the stepsizes β, θ, γ ∈ (0, 1).
2) Compute the charging/discharging amount of power in
storage:
"

rik+1 (t) = rik (t)

−θ

Ã

λki (t)

−

T
X
τ =t

ηiτ −t

¡

αi +

µki (τ )

¢

+

2α̃i rik (t)

! #r i
ri

∀ i ∈ N and t = 1, . . . , T .
3) Compute the battery amount:
"
# Bi
t
X
k
t
t−τ k
ηi ri (τ )
bi (t + 1) = ηi bi (1) +
τ =1

Fig. 4.

Message passing in a 5-bus system ([6, Chapter 6, pp. 327]).

power price information with its one-hop neighbors by message
passing. An example is illustrated in Fig. 4 for a 5-bus system
([6, Chapter 6, pp. 327]). Each node i ∈ N randomly chooses
a feasible Vi0 (t) for t = 1, . . . , T and broadcasts to its onehop neighbors. Once a node i ∈ N receives all Vj (t) where
j ∈ Ωi , it calculates λi (t). Next, the updated λi (t) is then
passed to its neighbors. After collecting all λj (t)(j ∈ Ωi ), Vi (t)
is calculated by Algorithm 1 at bus i. The other variables
ri (t), bi (t) and µi (t) for i ∈ N and t = 1, . . . , T only require
information locally available at bus i. This message passing is
repeated until convergence.

0

∀ i ∈ N and t = 1, . . . , T .
4) Compute the storage dual variable:
¡
¢
µk+1
(t) = µki (t) + γ bki (t + 1) − ηi bki (t) − rik (t)
i

∀ i ∈ N and t = 1, . . . , T .
5) Run Algorithm 1 to compute the voltage and set
Algorithm 1 output as Vk (t) for t = 1, . . . , T .
6) Compute the power price:
£
¡
¢¤+
λk+1
(t) = λki (t) + β Vk (t)⊤ Yi Vk (t) − pi (t) + rik (t)
i
∀ i ∈ N and t = 1, . . . , T .
Update β, θ and γ until convergence.

Remark 2: Steps 5 and 6 are equivalent to Algorithm 2 in
[22] for a fixed ri (t) at each t, and its convergence proof is
given in [22]. Moreover, the subgradient method of the secondlevel (i.e., Steps 2 and 4) can converge to a closed neighborhood
of the optimal solution by appropriately choosing the stepsize
(using a diminishing stepsize rule or sufficiently small constant
stepsizes) [30], [36].
Remark 3: Algorithm 2 is distributed, because each bus
only communicates with its local one-hop neighbors, i.e., at
Steps 5 and 6, each bus exchanges nodal voltage and nodal

V. A LTERNATIVE P RIMAL -D UAL D ECOMPOSITION
AND A LGORITHMS
We now present an alternative decomposition method (a
primal-dual decomposition) that leads to a distributed algorithm
(without using Algorithm 1) to solve (8). The difference between these two decompositions is in how power prices drive
the voltage computation. Consider a primal decomposition to
(8) by fixing V(t) for t = 1, . . . , T . Then, we obtain subproblems of (8) given by:
minimize

+1
X TX

h1i (bi (t)) +

i∈N t=1

T
X

h2i (ri (t))

t=1

subject to V(t)⊤ Yi V(t) ≤ pi (t) − ri (t), ∀ i ∈ N ,
t = 1, . . . , T, bi (t + 1) = ηi bi (t) + ri (t),
i ∈ N , t = 1, . . . , T,
b(1) = B0 ,
0 ≤ b(t) ≤ B, t = 1, . . . , T + 1,
r ≤ r(t) ≤ r̄, t = 1, . . . , T,
variables :

b(t), r(t).

(22)
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Going up one-level, the master primal problem can be
written as
minimize

f ∗ (V(t))

subject to V ≤ V(t) ≤ V,
variables :

Fig. 5. Alternative primal-dual decomposition to solve the OPF with energy
storage problem in (8). The primal and dual decomposition are applied at the
first level and the second level respectively.

We use Fig. 5 to illustrate this alternative decomposition
structure from (22). In the first level, a primal decomposition
is used. The primal variable vi (t) plays the role of resources
to control the decomposed subproblems. In the second level,
a partial Lagrange dual decomposition is applied to (22). The
dual variables λi (t) and µi (t) play the role of power price and
storage dual variable to control these second-level subproblems,
respectively.
Now, by applying the partial dual decomposition to (22), for
each i ∈ N , we have the following subproblem:
minimize

T
+1
X

αi (Bi − bi (t)) +

t=1

T
X

λi (t)ri (t) + α̃i ri2 (t)

t=1

variables :

ri ≤ ri (t) ≤ r̄i ,

t = 1, . . . , T,

bi (t), ri (t).

T X
X

 V i
X
X

Yij Viℓ (t) −
λ̃∗ij (t)Vjℓ (t)  ,
− δ 2λ̃∗i (t)


j∈Ωi

j∈Ωi

Vi

where
λ̃∗i (t) = (1 + λ∗i (t)) ,
for all i ∈ N and

gi (µ(t), λ(t)) + α̃i ri∗2 (t)

⊤

1) Set the stepsizes δ, γ, β, θ ∈ (0, 1).
2) Until convergence (of the index ℓ), compute the voltage:



∗

+ α (B − b (T + 1))
subject to λ(t) ≥ 0,
µ(t), λ(t),

Algorithm 3: Primal-Dual Decomposition


Viℓ+1 (t) = Viℓ (t)

t=1 i∈N

variables :


Viℓ+1 (t) = Viℓ (t)

(23)

After using the relation bi (t + 1) = ηi bi (t) + ri (t) for t =
1, . . . , T , and fixing bi (t), we can rewrite the second-level
subproblem as (17) at each i ∈ N . Thus, we have ri (t) and bi (t)
as given in (18) and (19) for all i ∈ N and t = 1, . . . , T .
This second-level master dual problem is given by
maximize

where f ∗ (V(t)) is the optimal value of (8) for a given V(t) for
t = 1, . . . , T . Recall that λ(t) for t = 1, . . . , T are the set of
nodal power prices corresponding to (2). A subgradient method
can solve (25) by iteratively updating the voltage Vi (t):


for all (i, j) ∈ E and δ is an appropriate stepsize.
We summarize the various solution update of the above
alternative decomposition in the following (using k to index
algorithm iteration).

subject to bi (1) = Bi0 ,
t = 1, . . . , T + 1,

(25)

¡
¢
λ̃∗ij (t) = 2Yij + λ∗i (t)Yij + λ∗j (t)Yij ,

+ µi (t) (bi (t + 1) − ηi bi (t) − ri (t))

0 ≤ bi (t) ≤ Bi ,

V(t),

(24)

where
¡
¢
gi (µ(t), λ(t)) = λi (t) V∗ (t)⊤ Yi V∗ (t) − p̄i (t) + ri∗ (t)
+ µi (t) (b∗i (t + 1) − ηi b∗i (t) − ri∗ (t))
+ αi (Bi − b∗i (t)) ,
in each subproblem of (17). The subgradient update of the dual
variable λi (t) and µi (t) for t = 1, . . . , T can be done by (13)
and (21) respectively.

− δ 2λ̃ki (t)

X

j∈Ωi

Yij Viℓ (t) −

X

j∈Ωi

 V i

λ̃kij (t)Vjℓ (t)  ,
Vi

where λ̃ki (t) = (1 + λki (t)), ∀ i ∈ N and λ̃kij (t) = (2Yij +
λki (t)Yij + λkj (t)Yij ), ∀ (i, j) ∈ E and t = 1, . . . , T .
Upon convergence, let Vk (t) be the voltage output.
3) Compute the storage dual variable:
¡
¢
(t) = µki (t) + γ bki (t + 1) − ηi bki (t) − rik (t)
µk+1
i

∀ i ∈ N and t = 1, . . . , T .
4) Compute the power price:
£
¡
¢¤+
(t) = λki (t) + β Vk (t)⊤ Yi Vk (t) − pi (t) + rik (t)
.
λk+1
i
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5) Compute the charging/discharging amount of power in
storage:



rik+1 (t) = rik (t)
Ã

− θ λki (t) −

T
X
τ =t

!

r i

¡
¢

ηiτ −t αi + µki (τ ) + 2α̃i rik (t) 

ri

∀ i ∈ N and t = 1, . . . , T .
6) Compute the battery amount:
"
# Bi
t
X
ηit−τ rik (τ )
bki (t + 1) = ηit bi (1) +
τ =1

0

∀ i ∈ N , and t = 1, . . . , T .
7) Update δ, γ, β, and θ until convergence.

estingly, the difference between two successive dual variables
ηi µi (t) − µi (t − 1) plays a decoupling role over time.
Lemma 1: For a battery i, if µi (t − 1) − ηi µi (t) < αi ,
where t = 2, . . . , T or µi (T ) < αi , then it is saturated at t or
T + 1; If the inequality is reversed, then battery i is drained for
t = 2, . . . , T or T + 1. If the battery bound
P of bus i in (8) is
inactive for t = 1, . . . , T , then µi (t) = Tτ=t ηiT −τ αi .
In addition, if ri (t) < (1/(2α̃i ))(µi (t) − λi (t)), where t =
1, 2, . . . , T , then the charging power amount upper bound is
hit at t; If the inequality is reversed, then battery i reaches
its discharging power amount upper bound for t = 1, 2, . . . , T .
If the charging/discharging power amount bounds of bus
i in (8) are inactive for t = 1, 2, . . . , T , then ri (t) = (1/
(2α̃i ))(µi (t) − λi (t)).
Proof: As the dynamic OPF has a zero duality gap, we use
the Karush-Kuhn-Tucker (KKT) conditions (cf. [18]) to deduce
the following:
2α̃i ri (t) = µi (t)−λi (t)+ν i (t)−ν i (t), t = 1, 2, . . . , T (27)
ηi µi (t)−µi (t−1) = −αi +µi (t)−µi (t), t = 2, 3, . . . , T,

Remark 4: Unlike Algorithm 2, Algorithm 3 requires more
subgradient updates to converge to a closed neighborhood of
the optimal solution by appropriately choosing the stepsizes
(using a diminishing stepsize rule or sufficiently small constant
stepsizes) [30], [36] and also synchronizing the updates at
each level of the decomposition [29]. The message passing in
Algorithm 3 is similar to that illustrated in Fig. 4.
VI. E NERGY S TORAGE C OUPLING OVER T IME
I NTERPRETATION VIA L AGRANGE D UALITY
In this section, we discuss the physical interpretation of
the optimization structures obtained through the two different
decomposition methods in the previous two sections.
A. Physical Interpretation of Dual Solution From Indirect
Dual-Dual Decomposition
In the indirect dual-dual decomposition, for the subproblem
corresponding to the energy storage, i.e., (14), the Lagrangian
at each i ∈ N can be expressed as:
Li =

T
+1
X

αi (Bi − bi (t)) + µi (t) (bi (t) − Bi ) − µi (t)bi (t)

t=1

+

T
X

λi (t)ri (t) + µi (t) (bi (t + 1) − ηi bi (t) − ri (t))

µi (T ) = αi − µi (T + 1) + µi (T + 1).

Suppose that battery i never drains or saturates, i.e., 0 < bi (t) <
Bi , then ηi µi (t) − µi (t − 1) = −αi for t = 2, . . . , T and
P
µi (T ) = αi . Thus, µi (t) = Tτ=t ηiT −τ αi for t = 1, . . . , T . If
a battery i drains, then ηi µi (t) − µi (t − 1) ≤ −αi for t =
2, 3, . . . , T (drains at t) and µi (T ) ≥ αi (drains at T + 1). If
a battery i saturates, then ηi µi (t) − µi (t − 1) ≥ −αi for t =
2, 3, . . . , T (saturates at t) and µi (T ) ≤ αi (saturates at T + 1).
In addition, suppose the charge/discharge bounds are not
tight at the storage of bus i, i.e., ri < ri (t) < r¯i for t =
1, 2, . . . , T , then the charging/discharging power amount is
completely determined by the difference between two dual variables (µi (t) and λi (t)), i.e., ri (t) = (1/(2α̃i ))(µi (t) − λi (t)).
If a battery hits its charging power amount upper bound for t =
1, 2, . . . , T , then ri (t) = (1/(2α̃i ))(µi (t) − λi (t) − ν i (t)). If
a battery hits its discharging power amount upper bound
for t = 1, 2, . . . , T , then ri (t) = (1/(2α̃i ))(µi (t) − λi (t) +
ν i (t)). This proves Lemma 1.
¥
We now derive the battery amount. Rewriting the battery
amount (4) with dual variables for each i ∈ N and t = 1,
2, . . . , T , we have:
bi (t + 1)
= ηi bi (t) +

1
(µi (t) − λi (t) − ν i (t) + ν i (t)) ,
2α̃i

= ηi bi (t) +

1
2α̃i

t=1

+ α̃i ri2 (t) + ν i (t) (ri (t) − ri ) − ν i (t) (ri (t) − ri )
¡
¢
(26)
+ ρi (1) bi (1) − Bi0 ,

where the dual variable µi (t) corresponds to (4), µi (t) and
µi (t) respectively correspond to the lower and upper bounds of
(6), ρi (1) corresponds to (5), and ν i (t) and ν i (t) respectively
correspond to the discharge and charge bounds in (7). Inter-

(28)

×

Ã

−(t−1)

−λi (t)−ν i (t)+ν i (t)+µi (1)ηi

−

t−1
X

ηi−τ αi

τ =1

+

t ³
X

τ =2

!

´
−(t+1−τ )
µi (τ ) − µi (τ ) ηi
,

(29)
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where the second equality is due to (28). In (29), these two
entries corresponding toP
the lower and upper bound dual variables ν i (t) − ν i (t) and tτ =2 (µi (τ ) − µi (τ )) can be obtained
as follows:
ν i (t) − ν i (t) = 2α̃i ri (t) − µi (t) + λi (t)
t
X

µi (τ )−µi (τ ) =

τ =2

t
X

(30)

(ηi µi (τ )−µi (τ −1)+ αi ) .

(31)

τ =2

Therefore, if we rewrite (29) by the iteration updates for
t = 1, 2, . . . , T and i ∈ N as:
bki (t + 1)
"
=

ηi bki (t)+

1
2α̃i

Ã

− λi (t) + 2α̃i ri (t) − µi (t) + λi (t)
t
X
−(t+1−τ )
+ (ηi µi (τ )−µi (τ −1)+ αi ) ηi
τ =2

−

t−1
X

ηi−τ αi +

−(t−1)
µi (1)ηi

τ =1

!#Bi

, (32)

0

then we have an extension of Algorithm 2 that modifies the
battery amount update using the dual price iterates.
Algorithm 4: Extension of Algorithm 2
Replace Step 3 of Algorithm 2 by the update:
bki (t + 1)


1

=ηi bki(t)+
2α̃i

Ã
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Lemma 2: Suppose we ignore the battery cost hi (t) (let
α = 0 and α̃ = 0), the battery storage leakage (let η = 1)
and select the battery bounds to be large enough such that the
battery never hits the bounds before T + 1, then the load profile
is strictly smoothed, i.e., V(t)⊤ Yi V(t) = V(t − 1)⊤ Yi V(t −
1) for t = 2, . . . , T .
Proof: The Lagrangian that corresponds to the energy
storage, i.e., (22) (V(t) is fixed), at each i ∈ N is given by:
P
L̃i = Li + Tt=1 λi (t)(V⊤ (t)Yi V⊤ (t)). We analyze the KKT
conditions of L̃i similarly to Lemma 1. Since the battery bound
of bus i P
in (8) is inactive for all i ∈ N and t = 1, . . . , T − 1,
−1 T −τ −1
ηi
αi + ηiT −t µi (T ). Thus, if αi = 0 and
µi (t) = Tτ =t
ηi = 1 for all i ∈ N , we have µi (1) = µi (2) = · · · = µi (T ) for
all i ∈ N . Furthermore, by the stationarity of the Lagrangian
in the KKT conditions corresponding to ri (t), if α̃i = 0 and
battery i does not reach its charge/discharge bound for all i ∈ N
and t = 1, . . . , T , we have µi (t) = λi (t), which then implies
that λi (1) = λi (2) = · · · = λi (T ) for all i ∈ N . The problem
in (22) is then no longer coupled over time and hence can be
solved individually for each t. Moreover, as the nodal power
prices satisfy λi (1) = λi (2) = . . . , = λi (T ) for all i ∈ N , this
means that the nodal power in (22) at node i for t = 1, . . . , T
must be the same, i.e., V(t)⊤ Yi V(t) = V(t − 1)⊤ Yi V(t −
1) for t = 2, . . . , T .
¥
In summary, different decomposition methods can lead to
different load profile smoothing features. Partial load profile
smoothing can still be achieved with a partial decomposition.
As the energy storage batteries charge and discharge at different
time periods, the dual solution of each OPF in the temporal
dimension are coupled to achieve the load profile smoothing
(see evaluations in Section VII-A).
VII. N UMERICAL E VALUATIONS

−

µki (t)

+

2α̃i rik (t)

t
X
¡ k
¢ −(t+1−τ )
ηi µi (τ )−µki(τ −1)+ αi ηi
+
τ =2

−

t−1
X

τ =1

∀ i ∈ N and t = 1, . . . , T .

−(t−1)

ηi−τ αi + µki (1)ηi

!

 Bi



0

Remark 5: Similarly to Algorithm 2, by an appropriate
choice of the stepsizes, Algorithm 4 can converge to the
global optimal solution, and we compare these modifications
in Section VII.
B. Physical Interpretation of Dual Solution From Alternative
Primal-Dual Decomposition
In the alternative primal-dual decomposition, the following
special case result quantifies the effect of load smoothing
through the property of the dual solution.

In this section, we evaluate the performance of our proposed
message passing algorithms and demonstrate the load profile
smoothing features of the dynamic OPF problem in (8) for
different problem settings. In the following, unless otherwise
indicated, all the power values are normalized to per unit values
(pu) like in [20].
A. Illustration of Load Profile Smoothing by Energy Storage
To illustrate load profile smoothing, we use a 5-bus example
([6, Chapter 6, pp. 327]) as shown in Fig. 4, where a battery is
attached to each bus. We divide the time period of a day into six
intervals (every four hours in an interval and thus t = 1, 2, . . . 6)
and the demand profile starts at 6:00 P. M . (peak hour). After
solving this dynamic OPF under the demand variation, we can
observe a similar load profile smoothing feature akin to “valleyfilling” [3], [4] as shown in Fig. 6.
Fig. 6(a) shows the ideally smoothed load profile as described in Lemma 2. The peak has been flattened while the
valley has been filled to the same level in the whole period.
In Fig. 6(b), we increase the demand at Bus 2 while keeping
other parameters the same as before. Since Bus 2 reaches the
battery lower bound at time t = 3 (discharge the battery to
satisfy the high demand requirement), a strictly smoothed load
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Fig. 6. Illustration of the actual and required demand under different problem settings. (a) Ideal load smoothing. (b) Approximately ideal load smoothing.
(c) A load smoothing case by choosing αi = α̃i = 0.1. (d) A load smoothing case by choosing αi = 0.2, α̃i = 0.3.

profile is not shown according to Lemma 1 and Lemma 2.
However, for the two time periods t = 1 ∼ 2 and t = 3 ∼ 6,
as the relationship λi (t) = λi (t − 1) still holds at each time
period, the load profile is also strictly smoothed in each of
these two periods. In Fig. 6(c) and (d), we consider the battery
dynamic cost h(t) and set the battery storage leakage parameter
ηi = 0.98. Incidentally, by an appropriate choice of the battery
cost parameter αi = α̃i = 0.1, the load can also be smoothed.
Specifically, at the demand peak hour, e.g., 6:00 P. M ., the
demand bus discharges the battery and less power is absorbed
from the grid. Conversely, the battery is charged at the demand
off-peak hour, e.g., 2:00 A . M .. Thus, the high load usage during
the peak hours is shifted to the off-peak hours (valley bottom).
However, when αi increases, the smoothing effect is limited in
order to minimize the total battery cost, and thus smoothing
holds partially, e.g., the load is not balanced at Bus 3 when
αi = 0.2, α̃i = 0.3.
Next, in connection to Fig. 6(a), we plot the variation of
the energy storage at Bus 2 in Fig. 7 to illustrate the result in
Lemma 2. When the demand is high, the battery is discharged
to provide power to the attached bus. During the off-peak hours,
the battery absorbs power from the grid to charge the battery.
When the next peak hour arrives, the power stored earlier is
used to supply the demand for the attached bus (realizing the
load profile smoothing over the whole time period).
B. Convergence Performance
We evaluate the convergence performance of Algorithm 2
and Algorithm 3 in the 5-bus system (Fig. 4) using the
time-varying demand of a day (six time intervals) as in
Section VII-A. The parameter of the line admittance is [Y12 ,
Y13 , Y23 , Y24 , Y35 ]⊤ = [4, 3, 6, 6, 7]⊤ pu. The initial stepsizes

Fig. 7. Illustration of Lemma 2 in the 5-bus system. This figure shows how
the actual demand, required demand and the battery storage amount vary in the
ideal load smoothing setting of a day as in Fig. 6(a) at Bus 2.

in Algorithm 2 are β = 0.3, θ = 0.04, γ = 0.04. The initial
stepsizes in Algorithm 3 are θ = 0.35, β = 0.25, γ = 0.25,
δ = 0.1. We use a diminishing stepsize rule (cf. [30], [36]) to
update the stepsizes. In Figs. 8 and 9, we show the convergence
of Algorithm 2 for four buses at three time intervals (t = 1, 3
and 6) using different initial points. In Fig. 8, the initial point
is set close to the optimal solution, i.e., in the neighborhood
of the optimal solution. Algorithm 2 converges by around
115 iterations. In Fig. 9, we let the initial point be set further
away from the optimal solution, Algorithm 2 converges in less
than 160 iterations. In Fig. 10, we choose the initial point
the same as that in Fig. 9 to show the convergence behavior
of Algorithm 3. By comparing Figs. 9 and 10, we see that
Algorithm 3 converges to the optimal solution slower than that
of Algorithm 2.
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Fig. 8.

Illustration of convergence of Algorithm 2 in the 5-bus system with the initial point set close to the optimal solution.

Fig. 9.

Illustration of convergence of Algorithm 2 in the 5-bus system with the initial point set further away from the optimal solution.

Next, we evaluate the algorithm performance on energy storage dynamics, i.e., the charging/discharging power amount using the same 5-bus system example. We choose the initial points
randomly and let r0 (t) = 0. In Figs. 11 and 12, we illustrate
the convergence of Algorithm 2 and Algorithm 4 on r(t) for
two buses at all the six intervals with differently random initial
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points, respectively. In Fig. 11, the battery amount is computed
only by the primal variable updates (Step 3 in Algorithm 2).
We see that it converges in around 150 iterations. In Fig. 12,
the battery amount is computed by using the dual variable
update (Step 3 in Algorithm 4), which also converges fast to
the optimal solution like in Algorithm 2.
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Fig. 10. Illustration of convergence of Algorithm 3 in the 5-bus system with the initial point set further away from the optimal solution.

Fig. 11. Illustration of convergence for the storage dynamics in Algorithm 2
in the 5-bus system.

C. Algorithm Performance in IEEE 14-Bus and
30-Bus Systems
In this section, we evaluate the convergence performance of
Algorithm 2 and Algorithm 3 for medium-sized systems using
the IEEE 14-bus system and 30-bus system that have richer
connectivity. The IEEE 14-bus system and the IEEE 30-bus
system correspond to a portion of the Midwestern U.S. Electric
Power System as of February 1962 and December 1961 respectively [37]. As originally there is no energy storage, we have
used the network topology and select appropriate values for
the other system parameters (e.g., line admittance) and battery
parameters to model energy storage. In both systems, Buses 1
and 2 are the generation buses. Moreover, similarly to [20], the
demand profiles for each bus are created by using typical hourly

Fig. 12. Illustration of convergence for the storage dynamics in Algorithm 4
in the 5-bus system.

demands averaged over 14 and 30 different days in January
2009 of the domestic customers in USA for the IEEE 14-bus
and 30-bus systems respectively (available in [38]). Fig. 13(a)
and (b) show the topology of the IEEE 30-bus system and the
IEEE 14-bus system respectively. Fig. 13(c) plots the scaled
aggregated demand profiles used in these two test systems, and
the time period of a day is divided into seven intervals (i.e.,
t = 1, 2, . . . 7) and the demand profile starts at 1:00 A . M .
By appropriately choosing the stepsizes, we plot the convergence behavior of Algorithms 2 and 3. Figs. 14 and 15 show
the convergence of both algorithms in the IEEE 14-bus system
and the IEEE 30-bus system respectively. In the top two subfigures of Fig. 14, we show the convergence of Algorithm 2 at
three buses (Buses 1, 4, and 14) for two time intervals (t = 1
and 4). In the bottom two sub-figures of Fig. 14, we show the
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Fig. 13. The IEEE test systems and the time-varying demand profiles used for numerical evaluations. (a) The topology of the IEEE 30-bus system.
(b) The topology of the IEEE 14-bus system. (c) The total demand profiles created by using typical hourly demands averaged over 14 and 30 different days
in January 2009 of the domestic customers in USA [38] for the IEEE 14-bus and 30-bus system respectively.

convergence of Algorithm 3 at three buses (Buses 2, 6, and 12)
for two time intervals (t = 3 and 6). Similarly, in the top two
sub-figures of Fig. 15, we show the convergence of Algorithm 2
at three buses (Buses 1, 15, and 30) for the time intervals t = 1
and 4. In the bottom two sub-figures of Fig. 15, we show the
convergence of Algorithm 3 at three buses (Buses 9, 14, and 23)
for the time intervals t = 3 and 6). From Figs. 14 and 15, we
see that the algorithms can converge to the optimal solution
typically in hundreds of iterations.
VIII. C ONCLUSION
In this paper, we studied a dynamic OPF problem in a
purely resistive power network with energy storage. By exploiting a recently-discovered zero duality gap result for the
static OPF, we decomposed the dynamic OPF into simpler
subproblems using an indirect dual-dual decomposition method
and an alternative primal-dual decomposition method for dis-

tributed optimization by message passing algorithms. The optimization decomposition technique also revealed an interesting
coupling over space and time of the Lagrange dual solution
(to be interpreted as power prices) and the energy storage
dynamics. We conducted extensive numerical evaluations on
the performance of the proposed algorithms and to demonstrate
the equilibrium load profile smoothing feature in the dynamic
OPF problem.
An important direction for future research is the extension for
the general alternating current (AC) network. Further studies
that unify the various approximation methodologies for solving
the AC OPF (e.g., the DC OPF linearization) and special cases
(purely resistive network as given here or AC with special
network topology) can allow us to better understand which
configuration of data, parameters and design variables are important to load profile smoothing, and to shed further insights
on the interaction between the physics of power flow and energy
storage dynamics.
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Fig. 14. Illustration of convergence of Algorithms 2 and 3 in the IEEE 14-bus system. The top two subfigures show the convergence of Algorithms 2 for
buses 1, 4, and 14 over two time intervals. The bottom two subfigures show the convergence of Algorithms 3 for buses 2, 6, and 12 over two time intervals.

Fig. 15. Illustration of convergence of Algorithms 2 and 3 in the IEEE 30-bus system. The top two subfigures show the convergence of Algorithms 2 for
buses 1, 15, and 30 over two time intervals. The bottom two subfigures show the convergence of Algorithms 3 for buses 9, 14, and 23 over two time intervals.

Another promising direction for future research is to examine
other important constraints in power system such as security
constraints, stability constraints and chance constraints. These
coupling constraints can lead to new decomposability structures
and algorithms for a smart grid. Incorporating the causality
constraint (whenever the demand cannot be predicted and resources can only be optimized using only currently available
knowledge and not those in the future time) is even harder to
analyze, but would be more practically useful. A possibility is
to study the extent to which online algorithm design can be used
for distributed computation and to benchmark optimality and
performance with the offline setting.
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