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Modeling arbitrary CSEM setups with the novel FEniCS-based toolbox custEM
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Summary
Modeling electromagnetic elds for specic controlled-source electromagnetic applications, such as semi-airborne
surveys with multiple ground-based transmitters and airborne receivers, requires ecient and customizable tools.
In particular, these need to be able to model electric and magnetic elds on the surface and in the air for multiple
arbitrary sources, a 3D subsurface resistivity distribution as well as topography.
We present the novel nite element modeling toolbox custEM, which is based on the open-source library
FEniCS. It features automatized nite element solutions for electric and magnetic elds in 3D setups with
the choice of three dierent approaches, each implemented as total and secondary eld formulation. Furthermore, the customizable implementation allows for the choice of higher polynomial orders, dierent solvers,
arbitrary sources, anisotropy and models including topography.
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Introduction
The application of land-based controlled-source electromagnetic (CSEM) methods with common survey
setups and processing software is well-established, but
becomes inecient or even impossible in areas with
remarkable topography, vegetation or in urban environments. Airborne methods show signicant advantages in circumventing these issues. Nevertheless, pure airborne methods are not suited for great
penetration depths due to comparatively small transmitter powers. Thus, a semi-airborne survey setup,
combining the advantages of ground-based electric
dipole transmitters and airborne SQUID-based magnetic eld receivers, or alternatively induction coil receivers, are applied in the interdisciplinary research
project "Deep Electromagnetic Sounding for Mineral
EXploration" (DESMEX). The goal is to explore
mineral deposits at depths up to 1000 m. The test
area near Schleiz, Germany is aected by topography, vegetation and the proximity to civilization.
In the recent years, remarkable progress has been
made in adapting the nite element (FEM) method
for modeling 3D CSEM problems. It mainly shows its
advantages over nite dierence or integral equation
methods in the solution on problem-adapted irregular meshes to include topography as well as arbitrary
transmitters. Three dierent strategies have been
successfully applied to solve the time-harmonic system of equations for low-frequencies: the electric eld
(E-eld) approach (Schwarzbach, Börner, & Spitzer,
2011, Grayver & Burg, 2014), the Coulomb-gauged
potential A-Φ approach on nodal elements (Badea,

Everett, Newman, & Biro, 2001, Puzyrev et al., 2013)
and the A-Φ approach on mixed Nédélec and nodal
elements (Ansari & Farquharson, 2014).
The well-established and open-source FEM library
FEniCS (Logg, Mardal, & Wells, 2012) supports
nodal, vector or mixed elements, higher order basis functions, source implementation, anisotropy, parallelization and others. Therefore, it is a perfectly
suited choice for (not only) electromagnetic modeling. By using FEniCS, we implemented these FEM
formulations as total and secondary eld formulations, whereat the resulting linear system of equations is symmetric and can be solved preferably with
direct (e.g., MUMPS) or iterative solvers. Besides
the FEM framework, more and more features such as
semi-analytic solutions for 1D layered-earth, common
sources and anomalies as well as mesh generation, interpolation and visualization tools have been added
to build the Python toolbox custEM (customizable
Electromagnetic Modeling toolbox).
As the implementation of arbitrary sources, topography and resistivity distributions including anisotropy
is supported, modeling of electric and magnetic elds
for any geology, topography or source and receiver
setup is possible. Currently, the accuracy of the solution can be solely validated for common congurations, e.g. line or loop sources in halfspace models.
First, the basic equations of the implemented weak
forms are introduced. Afterwards, the main features
of the toolbox custEM are presented and nally summarized.
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Basic equations

custEM features

E-eld approach
In the E-eld total eld approach, the time-harmonic
Helmholtz-equation is solved:

∇ × ∇ × E + iωµσE = −iωµj0

(1)

E denotes the electric eld, ω - angular frequency, σ
- electric conductivity, µ - magnetic permeability and
j0 - electric source current density. Alternatively, one
can compute the anomalous secondary electric eld
Es using a (semi)-analytic solution for the primary
eld E0 (Schwarzbach et al., 2011):
E = Es + E0
∇ × ∇ × Es + iωµσEs = −iωµ∆σE0

(2)
(3)

The magnetic eld H is derived as follows:

H=

−1
∇×E
iωµ

(4)

A-Φ nodal approach
The potential approach on nodal elements only allows
for the calculation of secondary vector and scalar potentials As and Φs , equivalent to the secondary Eeld approach, due to the Coulomb-gauge condition
∇ · A = 0 (Puzyrev et al., 2013):

∇2 As + iωµσAs + µσ∇Φs ) = −iωµ∆σA0 (5)
iω∇ · (σAs ) + ∇ · (σ∇Φs ) = −∇ · (iωµ∆σA0 ) (6)
Es and Hs are derived as follows:
Es = iω(As − ∇Φs )
µHs = ∇ × As

(7)

The weak forms of the previously stated equations
are implemented by using the Python interface of
FEniCS. Now, a selection of the available features
beyond the nite element kernel is introduced.

Automated computation for common setups
The total and secondary eld computation of common setups - dipole or loop sources in halfspace or
layered earth - is automatized in order to allow for
studies regarding the inuence of parameters such as
discretization, physical quantities or the polynomial
order on the computation speed and accuracy of the
solution. For all computations, a predened 'mesh',
computed by the mesh generation tools TetGen (Si,
2015) or Gmsh (Geuzaine & Remacle, 2009) needs to
be supplied. In the following example, the 'mesh'
contains a default horizontal plate as an anomaly
within the homogeneous halfspace.

from custEM import MOD
name = 'First_try'
mesh = 'Halfspace_plate'
M = Mod(name, mesh, 'A_Phi_n', 'Sec')
M.update_model_parameters(sigma_anom=1e-1,
omega=10)
M.FEM.build_var_form(S_type='Line_x')
M.solve_main_problem(postprocessing=True)
The code snippet shows the complete FEM solution
(Fig. 1) of the A-Φ nodal approach to compute
secondary electric and magnetic elds of an electric
dipole source for mainly default physical parameters
(e.g. µ, σ0 ), but an updated conductivity value for
the plate and a non-default omega. In general, all
modeling parameters can be adjusted individually.
10

E_imag

(8)

7.5e-07

A-Φ mixed approach
In contrast, the mixed potential formulation allows
for the computation of both, total and secondary potentials. Only the total formulation (Ansari & Farquharson, 2014) is given, since the secondary one is
similar to the nodal approach:

∇ × ∇ × A + iωµσA + µσ∇Φ = µj0

(9)

iω∇ · (σA) + ∇ · (σ∇Φ) = −∇ · j0 (10)
The derivation of E and H is equivalent to the nodal
approach, with the obvious dierence that the results
are already total electric and magnetic elds.
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Figure 1:

Imaginary part of the secondary E eld,
induced by a 100 x 100 x 20 m conductive plate.
Source is a 200 m long wire in x-direction, centered in the origin.
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Evaluation of the dierent approaches

Arbitrary setups

The dierent approaches are compared concerning accuracy and speed. The E-eld and A-Φ total approaches are used to compute the total electric eld
of an x-directed horizontal dipole at the surface of a
homogeneous halfspace (100 Ωm), each with polynomial orders 1 and 2. The dimensions of the domain
are 20 x 20 x 20 km with element sizes from 2 m close
to the source, increasing to 1000 m at the domain
boundaries. The result, interpolated on the 3 axis of
the modeling domain, is depicted in Fig. 2. The number of degrees of freedom (dofs) and the computation
time, dependent on the approach, a suitable number
of CPUs and polynomial order, are listed in Tab. 1.

Besides modeling common setups for approach evaluation and verication, the main advantage of custEM
is the ability to model electric and magnetic elds for
arbitrary sources and topography as needed for the
DESMEX project. The following model includes a
500 m long x-directed electric dipole source, a plate
dipping in y-direction and a sinusoidal topography
perpendicular to the x-direction, as indicated by the
mesh in Fig. 3. Conductivities are 100 Ωm, 1 Ωm and
1e6 Ωm for the subsurface, the plate and the air, respectively; ω is 100.
This result is compared to a at surface model. Furthermore, both models are computed for a homogeneous subsurface without plate. The models consist
of about 30,000 nodes and are solved with the total
E-eld approach, using 2nd-order polynomials (about
2.5 M dofs, computation time about 10 min). Representative electric and magnetic components are depicted in Fig. 4 along the y-axis of the mesh. The
dipping plate leads to an asymmetric displacement of
the elds in the topography model, whereas there is
no change in the at surface model due to symmetry.
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Modeling parameters related to Fig. 2.
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Table 1:

n dofs
0.60 M
3.27 M
0.68 M
3.56 M
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Figure 2:

Imaginary (left) and real (right) parts of the electric eld's x-component on x-, y-, and z- axis (from
top to bottom). Blue lines denote the solutions of polynomial order 1, red lines of order 2 and black lines
the semi-analytic reference solution. Note that increasing errors mainly correlate to the element size.
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analyzed rigorously in order to verify the results. Finally, alternatives to the preferably used direct solver
need to be tested, whose eciency decreases nonlinearly with the number of dofs and thus non-zero matrix entries (Tab. 1).
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Figure 3:

Topography mesh (x-z-plane) including a
dipping plate.
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Figure 4:

Electric and magnetic elds along the
y-axis for the topography model presented in
Fig. 3, the same model without the conducting
plate and a model with at topography (including the plate).

Conclusions
The current state of the toolbox custEM features
three dierent nite element approaches as secondary and total eld formulation for modeling
CSEM problems. Besides the automated computation of common survey setups, arbitrary ones
including custom sources and topography can be
modeled. The toolbox is available on request via
https://gitlab.com/Rochlitz.R/custEM.
Current challenges are to simplify mesh generation
and to automate post-processing. Particularly, work
needs to be spent on visualization and error estimation. Moreover, there are several inuences such as
mesh discretization, parallelization or source implementation for total eld computations that need to be
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over layered earth models, which are used for primary
eld computation and as reference solution. Furthermore, we thank the FEniCS community for creating
and maintaining this great open-source FEM library.
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