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SUMMARY
A full waveform time domain electromagnetic induction inverse solution has the potential to solve simultaneously for
source fields and earth conductivity structure. Conventional frequency domain magnetotelluric analysis methods based
on plane wave source field assumptions can lead to erroneous results near the auroral ovals. We have developed a time
domain approach that is adapted to deal with the non-stationarity of the source field and its complexity in the
wavenumber domain by combining fictitious wave domain and cascade decimation decomposition methods. We present
a sensitivity analysis under the circumstances of plane and non-plane magnetotelluric source field for a simple layered
model. From the analysis, we found that the sensitivity matrix can be disturbed by the spatial distribution of source
fields. We present data from sustained, synchronous observations of ground electric and magnetic fields at 25
magnetotelluric sites in the interior of Alaska, as well as controls on ionospheric electric fields from incoherent
scattering radar and optical imaging systems, and we apply elements of our inversion method to probe the content of
this unique data set.
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INTRODUCTION
A full waveform time domain inverse solution has been
developed for the magnetotelluric (MT) and controlledsource electromagnetic (CSEM) methods. The ultimate
goal of this approach is to obtain a computationally
tractable direct waveform joint inversion to solve
simultaneously for source fields and earth conductivity
structure in three and four dimensions. This is desirable
on several grounds, including the improved spatial
resolving power expected from use of a multitude of
source illuminations of varying wavenumber content and
polarization, the ability to operate in areas of high levels
of source signal spatial complexity, and non-stationarity
of the inducing source fields.
This goal would be challenging if not intractable even on
the largest computing systems if one were to adopt the
pure time domain solution directly to the inverse
problem. This is particularly true for the case of MT
surveys, since an enormous number of degrees of
freedom are required to represent the observed MT
waveforms across a large frequency bandwidth. This
means that for the forward simulation, the smallest time
steps should be finer than that required to represent the
highest frequency, while the number of time steps should
also cover the lowest frequency. This leads to a
sensitivity matrix that is computationally burdensome to
solve for each model update.

We have implemented a code that addresses this
challenge through the use of cascade decimation
decomposition to reduce the size of the sensitivity matrix
substantially, and through quasi-equivalent time domain
decomposition. The cascade decimation speeds
computations of the sensitivity matrices dramatically,
keeping the solution close to that of the undecimated
case. We also use a fictitious wave domain method to
speed up computation time of the forward simulation. By
combining these refinements, we have developed a full
waveform joint source field/earth conductivity modeling
method. We also find that this approach is particularly
well suited to solution on hybrid CPU-GPU computing
systems, with excellent parallel scaling across multiple
GPUs.
THEORY
Since electromagnetic fields dominate over displacement currents for the frequencies of interest in
conventional MT problems, Maxwell’s equations can be
written in the quasi-static condition:

−∇ × H(x,t) + σ E(x,t) = −J(x,t) ,

(1)

∇ × E(x,t) + µ0 ∂t H(x,t) = −K(x,t) .

(2)

The fictitious wave domain method transforms
Maxwell’s equations from the time domain to the socalled fictitious wave domain based on the relationship
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σ = 2ω 0ε ′ with ω0

∈

R+ being an arbitrary angular

frequency:

−∇ × H′(x, t ′ ) + ε ′ ∂t ′ E′(x, t ′ ) = − J′(x, t ′ ) , (3)
∇ × E′(x, t ′ ) + µ0 ∂t ′ H′(x, t ′ ) = − K′(x, t ′ ) . (4)
Here, the primes describe that the parameters and fields
are particular for the fictitious wave domain. We refer
readers to Mittet (2010) for a detailed explanation of this
transformation. We use the 3-D finite-difference timedomain method to solve electromagnetic fields in the
fictitious wave domain (hence the “FDFWD”, or Finite
Difference Fictitious Wave Domain method). The
electromagnetic fields in the fictitious wave domain can
then be transformed to the original diffusive (time)
domain for comparison with observed waveform data,
e.g. as part of an MT or CSEM inverse modeling process.
Since the fictitious wave domain method transforms the
diffusive equations to wave-like equations, this enhances
the calculation speed because the stability condition is
drastically eased. We used multiple GPUs to speed up
this forward simulation.
Here we show briefly below the relevant equations for
minimizing an objective function in the time domain
(where the data and model outputs are electric and
magnetic field waveforms) based on the non-linear
conjugate gradient (NLCG) method:
T
∂Φ
= −2J n ( d − f (mn )) + 2 λ Cm−1mn ,
∂m mn

J=

decimation (Wight and Bostick, 1980). In cascade
decimation, the original time series of electric and
magnetic fields serve as input (Fig. 1). For each level of
cascade decomposition, a fixed number of time series
points are sampled from the waveform, but in each
subsequent decimation level the data are successively
lowpass filtered and resampled so as to represent data of
successively lower frequency content. The fixed number
of sampled data points within each cascade decimation
level is substantially less than the total length of the
original waveform, thus dramatically reducing the size
of matrix J.
OBSERVATIONS
North of Fairbanks, Alaska, at Poker Flat, there is a
multi-beam incoherent scattering radar (Poker Flat
Incoherent Scattering Radar: PFISR). PFISR radar
images functionals of the ionospheric electric field and
the ionospheric conductivity structure over a roughly
115 km x 135 km footprint, at 100 km altitude, with an
increasingly large lateral footprint at heights of 300 km
(Fig. 2). Oregon State University directed an MT array
experiment in this area from September to November
2015. 25 synchronously operating long-period MT
instruments sampling continuously at 1 sample per
second were located beneath the footprint of the
continuously operating PFISR radar and a set of

(5)

T
∂E(xr ,tl )
= − ∫ ∫ A ⋅ ∂t Eδ (x j )dv dt , (6)
0 V
∂σ (x j )

∇ × ∇ × A − µσ ∂t A = δ (x − xr )δ (t − tl ) ,

(7)

where J is the Jacobian matrix, n denotes number of
iterations, and A denotes the solution of the adjoint state
method. Since time domain analysis in MT needs a large
number of time steps, the matrix size of J becomes
enormous and the computational burden becomes
excessive. To analyze time domain (full waveform) data
while retaining a computationally practical model size,
we use a data compression method based on cascade

Figure 1. Flowchart of the cascade decimation
decomposition of time series. Incoming data S0 is applied
to the anti-aliasing (i.e. lowpass) filter and decimation to
obtain next data Si. Selected indexes are extracted from
the data Si and stored to the Ti.

Figure 2. MT sensor array (red dots) and PFISR sensor in
the survey area. The red and yellow petals show the
coverage limits for PFISR beams at 100 km in altitude and
300 km in altitude, respectively.

Figure 3. Apparent resistivity and phase at the station
PKF11.
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ionospheric multi-spectral optical imaging systems.
During this period, there was high ionospheric current
activity. The K-index was 8 near the survey area.
One set of the observed (single station) apparent
resistivity and phase curves calculated using the method
of Eisel and Egbert (2001) is shown in Fig. 3. This
shows that the apparent resistivity of the Ey/Hx
impedance component takes on extraordinary low values
at long periods. Phase also goes out of quadrant at this
period. These tendencies can be seen at the other
observation sites, where conventional MT analysis
methods produce poor quality results at periods > ~2,000
s.
To understand the spatial distribution of the ionospheric
electric field, we plotted it with the electric and magnetic
fields as measured at ground level at the 25
magnetotelluric stations. Fig. 4 shows both a

geomagnetically quiet interval and a disturbed interval.
In each interval, we directly observe that the ionospheric
electric fields are do not have plane wave structure,
which violates the typical assumptions made in MT
signal processing. The ionospheric electric field drives
Hall currents that are perpendicular to those electric
fields. Since the Hall current generates magnetic fields at
ground level, ionospheric electric fields and magnetic
fields at the MT sites were expected to be aligned, aside
from secondary variations that can be attributed to the
influence of induced magnetic fields distorted by 3-D
crust and mantle electrical conductivity structure. The
observed ground electric fields confirm that there is
reasonably good alignment with the orientation of the
ionospheric magnetic fields, as expected. For a given
source magnetic field polarization and intensity, the
measured ground electric fields at each MT station are
polarized in different directions and with different
intensities. This indicates that the underlying ground

Figure 4. Field vectors measured at Earth’s surface, and those inferred in the ionosphere, for a geomagnetically quiet
interval (top), and a geomagnetically disturbed interval (bottom). Colored vectors indicate the ionospheric electric field
(cyan), the horizontal electric (white) and magnetic (red) field measured by the MT systems, and the vertical magnetic
field downward (red) or upward (blue) circles whose radius is proportional to the intensity of the vertical component.
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electrical conductivity structure is 3-D.
SENSITIVITY ANALYSIS
We present a sensitivity analysis under the
circumstances of plane and non-plane wave source
fields. We use a simple layered model to understand the
effects of source field distribution (Fig. 5). The receiver
is set to the surface (Depth = 0 km). We put the air
boundary condition on the top surface. Absorbing
boundaries are implemented at the other boundaries. We
used a sinusoidal waveform as the source field. Fig. 5b
shows the sensitivity map of electric field for the
homogeneous model that has the same resistivity
background value as in Fig. 5a. The sensitivity map
shown here is along the depth at x= y = 0 m. From Fig.
5b, we see the amplitude of sensitivity diminishes with
greater depth. Fig. 5c shows the sensitivity map for Fig.
5a. This result shows the amplitude of sensitivity largely
decreases at the depth of conductive layer. The phase of
the sinusoidal waveform also changes at the same area.
Fig. 5d shows the sensitivity map with the non-plane
wave source fields. The source used is of sinusoidal
shape in in the spatial domain. The sensitivity map in
shallow model zones has high amplitude compared with
Fig. 5c. The sensitivity map in deeper zones has smaller
phase shift in comparison. This implies that the electric
field on the surface is affected by the both resistivity
structure and the distribution of the source fields.
CONCLUSIONS
Preliminary analysis of our Alaska interior MT data set
shows that electric and magnetic fields measured at
Earth’s surface are indicative that the underlying ground
(mid-crust to upper mantle) electrical conductivity
structure is 3-D. Furthermore, the assumption that is
typically made for MT analyses, that the inducing field
is plane-wave in form, does not hold in this region. We
could also see the magnetic field at the MT sensor is
aligned with the ionospheric electric field, which drives
a Hall current.
In order to allow for source fields of arbitrary
complexity and non-stationarity, we have implemented
and have begun to test a 3-D waveform forward and
inverse modeling code using a finite difference fictitious
wave domain method that shrinks the enormous size of
the sensitivity matrix through the use of cascade
decimation decomposition. This new scheme speeds
computations of the sensitivity matrix dramatically,
keeping the solution close to that of the non-compressed
case. We have implemented this on a multi-GPU high
performance computing system, and see excellent
parallel scaling across the GPUs. By implementing an
MT/CSEM inversion that allows for arbitrary, non-plane
wave sources, we can localize the sensitivity of electric
fields to resistivity structure compared with the plane

Figure 5. a) Layer model used in this sensitivity analysis. b)
Sensitivity map vs. depth and time steps. The contour color
shows the amplitude of electric field at the receiver. The
model used here is without the conductive layer in model a).
c) Sensitivity map for the model a) with the plane wave
source fields a). d) Sensitivity map for the model a) with the
non-plane wave source fields.
wave case. This suggests that consideration of the
waveform of the ionospheric source fields is important
in the fully coupled EM inversion. The schemes newly
developed here are also be applicable to the other
electromagnetic survey methods, such as CSAMT,
CSEM, and TEM methods.
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