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The Torsional Oscillator, Damped and Driven
“Bringing the simple harmonic oscillator to life”
So this apparatus is fully equipped to produce a beautiful
exponentially-decaying sinusoidal oscillation upon
release of the oscillator from a non-equilibrium rest position. In Fig. 2, we've selected a modest level of damping,
and steadied the rotor about 20° away from equilibrium
using the magnetic-torque drive.
Dropping that drive current suddenly to zero cleanly
0.07

If you've read our earlier newsletters (see them at
http://www.teachspin.com/newsletters/08_7torsionaloscillator.pdf and http://www.teachspin.com/newsletters/08_11torsionaloscillator.pdf), you know that this disc is part of a
rotor attached to a taut vertical steel torsion fiber, and that
the rotor is equipped with an electromagnetic torque
drive, as well as an analog angular-position transducer.

Angular-position signal, in Volts
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Fig. 1 shows the heart of the torsional device, a massive (0.12-m diameter, 0.96-kg mass) disc of copper. It
provides the bulk of the rotational inertia of our system.
It also serves as the moving conductor in an eddy-current
damping system. Two adjustable 'jaws', bearing permanent magnets whose fields interact with the disc, give
damping forces that are almost perfectly linear in the
angular velocity of the disc.
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Residuals from best fit, shown expanded 20-fold

Two of our recent newsletters have introduced the
mechanical and electro-magnetic properties of our new
Torsional Oscillator. They discussed all sorts of experiments that are appropriate at the introductory level, but
which also serve to render every parameter of this electro-mechanical system measurable. Now we want to
show you some of the more glamorous capabilities of this
instrument. It provides your students a real hands-on laboratory experience with the theorists' favorite model system – the damped and driven simple harmonic oscillator.
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Time after release, in seconds

Fig. 2: Upper trace: the angular-position signal (left scale) as a function of
time, following release from a non-equilibrium position; lower trace, the
residuals (right, expanded, scale) after fitting that data.

Fig. 1: The copper disc of the Torsional Oscillator, interacting with damping magnets at both sides

releases the rotor, and provides a very handsome example
of damped oscillatory motion. The textbook differential
equation for the angular position θ(t) in this system is
I d θ/dt + b dθ/dt + k θ (t) = 0

λ2 + ωd2 = [γω 0]2 + [ω0 √(1- γ 2 )]2 = ω02 , ie. a constant.
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where I is the rotational inertia, b the damping parameter,
and κ the torsion constant (students will have measured
I and κ earlier). And this differential equation is the one
which predicts, for t > 0
θ (t) = A exp(-λ t) cos(ωd t - const)
A function of this form has been used to fit the data
in Fig. 2 above. The near-perfection of the fit is best
seen via the display of nearly structureless residuals
(data values - best-fit), still small even when shown on a
scale expanded vertically 20 times.
The signal-to-noise ratio of the data (initial amplitude/rms noise > 500/1) gives remarkable precision for
the fitting parameters. In the example above, we extract
a decay constant λ = (0.5074 ± 0.0002) s-1, and damped
frequency ωd = (3.5901 ± 0.0002) s-1. These numbers
become even more interesting when this hold-and-release
experiment is repeated for a whole range of choices for
damping, since our oscillator can be adjusted all the way
from nearly undamped (Q > 100) to beyond-critical
damping. Below are shown the results from fits
(like those of Fig. 2) to the transients obtained with
varied levels of damping, for an oscillator adjusted to
have a higher oscillation frequency.
There is a notable structure in this plot. Theorists
explain it by introducing an 'undamped angular
frequency' ω0 = √(κ/I), and a (dimensionless) 'damping
coefficient' γ = b/2 √(κI), and they claim that the
differential equation's solution is given by

That relation predicts the quarter-circle shown lying in
the (λ, ωd) plane in Fig. 3. The zero-damping (γ= 0 ) limit
is up at the top, where ω=ω0; critical damping (γ = 1)
occurs at the bottom right. The data points displayed
correspond to damping coefficients ranging from γ = 0.07
to γ = 0.77, but data can be acquired from
γ < 0.005 to γ > 1 (damping beyond critical).
Notice that as damping increases, the 'damped frequency' ωd is easily seen to depart, very significantly,
from the value ω0. Notice too that the oscillator, for any
given choice of damping, can be fully characterized by
two numbers, the pair (γ, ω 0) that can be extracted from
fitting a transient such as Fig. 2. Above, those two
numbers have been extracted from exponentiallydecaying sinusoids; below, they'll be applied to predict
the oscillator's response to periodic excitation.
Now it's finally time to excite the oscillator with a
sinusoidal drive, using a signal generator to send a current of chosen amplitude and frequency through the
Helmholtz coils. This exerts a sinusoidal torque on the
previously-calibrated permanent magnets mounted on the
rotor. Fig. 4 below shows the 'drive' and 'response' signals
as they appear on a 2-channel oscilloscope in the steady
state. Notice that the response to a sinusoidal drive is
also sinusoidal, with the same frequency, but with a
different phase, compared to the drive waveform.
4
sine drive

2

Drive signal, in Volts

Damped
frequency,! ωdd, , of
of oscillations,
oscillations,ininss- -11
Damped frequency,

θ (t) = A exp(-γ ω0 t) cos [ω0 t √(1- γ 2 ) - const].
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Fig. 3: Results, from fits to damped oscillations, for parameter pairs
(λ, ωd) = (decay constant, damped frequency), obtained for varied
choices of the damping in the Torsional Oscillator

Fig. 4: The drive monitor signal (left scale), and the angular-position
response signal (right scale), in steady-state oscillations driven by a
sinusoidal torque

Angular-position response, in Volts
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This predicts that the empirically-found parameters λ
(for decay) and ωd (for oscillation) are related by
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This glamorous enhancement of the magnitude of the
response at resonance has distracted many a student from
the phase shift of the response. Fig. 4 shows the reality
of this phase shift, and its size varies systematically with
the choice of the drive frequency. For drive frequencies
well below resonance, the phase shift φ(f) is near 0, but it
changes to π/2 radians (or 90° ) at resonance, and
Phase shift of response relative to drive, in radians

Magnitude of response, relative to dc response

For any one drive frequency, data as in Fig. 4 will give
the amplitude of the position response, per unit amplitude
of drive. Given this capability, the most famous plot of
all comes from data acquired by varying the frequency of
the drive waveform, while holding its amplitude constant.
The 'response per unit amplitude of drive' R(f) is the
quantity that ought to display resonant behavior when the
drive frequency is chosen to lie near the 'natural frequency' of the oscillator. Fig. 5 below shows results obtained
for the same oscillator that was tested in Fig. 2. Indeed a
resonance does appear, with response R(f) enhanced (by
a factor of 'Q') for drive frequencies f near ω 0 /2π.
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Fig. 6: The phase shift φ(f) between drive and response waveforms for
the sinusoidally driven oscillator. The smooth curve is the predicted
result, evaluated with no free parameters.
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Fig. 5: Magnitude of the sinusoidal response per unit magnitude of
sinusoidal drive, R(f), as a function of the drive frequency chosen. The
smooth curve is the predicted result, evaluated with no free parameters.

Not only does the resonance appear, but its shape can
be predicted entirely on the basis of previously measured
parameters -- here, predicted from the values of the
'damping coefficient' γ = 0.1399 and the 'natural frequency'
ω0 = 3.6258 s-1 extracted from Fig. 2. In terms of γ and
f 0 ≡ω0/2π = 0.5771 Hz, the response predicted by theory is
R(f) / R(f=0) = f 02 [ (f 02 - f 2 )2 + (2 γ f f 0)2 ] -1/2,
and this is shown by the solid line in Fig. 5. The response
is enhanced, at f = f 0, by the factor 1/(2γ), which gives the
'Q' of the damped system: Q=3.57 for the data shown.
Remember that your students will have full control
over the damping parameter (over a wide range), and also
over the natural frequency (either by changing the torsion
fiber, or by changing the rotational inertia of the rotor).
So your students will be able find out for themselves what
will happen to this resonance curve when, for example,
the damping is reduced.

approaches π radians (or 180° ) well above resonance.
Fig. 6 below shows the phase shift obtained from the
same data that gave Fig. 5 (and for the oscillator whose
free oscillations appeared in Fig. 2).
Again there's a theorists' prediction for this result, and
again it depends only on parameters that can be measured
prior to the use of any sinusoidal drive at all. The curve
in Fig. 6 is a plot derived from the prediction
cos φ(f) = (f02 - f 2) [ (f02 - f 2)2 + (2 γ f f0)2 ]-1/2,
using only the parameters γ and f0 extracted from the data
of Fig. 2.
Now instructors might be content to study the
oscillator's response to a step-function drive (as in Fig. 2)
or to a sinusoidal drive (as in Fig. 4). But few students
will find it immediately plausible that results from these
special drive signals also allow the prediction of the
response to an arbitrary drive waveform. That's why we
engineered into our Torsional Oscillator a torque-drive
mechanism that can accommodate any drive waveform
you wish -- sine, general periodic, non-periodic, or
whatever current you send into the Helmholtz coil.
For example, Fig. 7 is just like Fig. 4, except that a
(near-resonant) triangle-wave drive was used.
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Fig. 7: The drive monitor signal (left scale) and the angularposition response signal (right scale), in steady-state oscillations
driven by a triangle-wave torque

Angular-position signal,
in Volts (with offsets)

The response looks nothing like a triangle wave,
but instead rather sinusoidal -- do your students know
why that occurs? And there's still that 90 ° , or
quarter-cycle of phase shift -- where does this come
from? It's hands-on encounters with real-time data
like this, available straightaway on an
oscilloscope display, that will impress
students with the practical application of
Fourier's Theorem. For another example, a
switch to a square-wave drive, and a drive
frequency of 0.28 Hz (not the near-resonant
0.84 Hz previously used) gives the
response shown in Fig. 8.

Students here will see three cycles of oscillation in
the response for each one cycle of the drive waveform. They'll understand linear superposition and
Fourier methods when they understand why this
occurs.
The data of Figs. 4-8 were all obtained in steadystate conditions, but the actual response of the oscillator will of course show transients too -- and on a
very human time scale. To make the point, below in
Fig. 9 are some data taken by setting the Oscillator's
natural frequency near 0.83 Hz, and choosing a much
lower value of damping. The top trace shows the
free decay from an initial non-equilibrium position.
All the lower traces show the excitation of an
initially-quiescent oscillator by the sudden onset
of a sinusoidal drive. In the second trace, the drive
frequency is picked to be on-resonance for the
oscillator, and the amplitude is picked to give an
eventual steady-state amplitude matching the initial
deflection in the top trace. In all the rest of the traces,
this same amplitude of excitation is used, but the
frequency of excitation is changed systematically.
decay
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Fig. 8: The drive monitor signal (left scale) and the angular-position
response signal (right scale), in steady-state oscillations driven by a
square-wave torque at about one-third the resonant frequency
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Fig. 9: Vertically-offset plots of the oscillator's response to the
sudden onset of sinusoidal drive, shown for various choices of drive
frequency. (Curves are drawn to connect the data points.)
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And we've only started on the 'intellectual phase space'
that's open to students. Can you intuit what will happen if
you use white noise to drive the oscillator? In the time
domain, the drive and the response waveforms will look,
to the un-instructed, like a case of 'garbage in, garbage out'
(see Fig. 10a), but the Fourier transformation of such data
will show the emergence, all at once, of the entire
response curve (see Fig. 10b). The oscillator has the same
parameters as in Figs. 2 and 5, and again the theoretical
curve is predicted, not a fit. Despite the very small
amplitude of the noise-driven angular motion (just 8 milliradians rms, in this data set), the plot shows detailed
agreement with the theory over a remarkable range. In
fact, the suppression of response at higher frequencies in
Fig. 10b is retrospectively visible in Fig. 10a, where the
ample high-frequency content in the drive waveform is
clearly not transferred to the response waveform.
Are you curious about other damping laws? We picked
an eddy-current interaction for producing damping torques
because this re-creates the theorists' favorite differential
equation -- one which displays the mathematical property
of linearity. But we've designed our Torsional Oscillator so
that you can alternatively obtain damping torques that
are velocity-independent, or quadratic in the velocity.
We exploit sliding friction for the one case, and air-paddle
fluid friction for the other. Students can take data on
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Fig. 10a: Seven seconds of data of the drive-monitor signal (above)
and the angular-position response signal (below), for oscillations
driven by a white-noise signal

Response per unit drive at that frequency
(relative to response at d.c.)

The 'late regime' has reached steady-state response in
each case, and the decreasing magnitude of the response
is another view of conclusions like those depicted in
Fig. 5. The 'early regime' is curious -- why is the growth
rate of the linearly-rising envelope the same in all these
cases? And the 'middle regime' is stranger still -- what
are those 'beats'? and what sets their frequency and
amplitude? and how would they look in the case of
damping chosen even smaller? This apparatus, we feel
sure, will illuminate for students those properties of a
driven oscillator which otherwise emerge mysteriously
from opaque analytic or numerical treatments of
theoretical equations.
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Fig. 10b: The magnitude of angular-position response per unit
drive amplitude, obtained by Fourier-transforming 50 seconds'
worth of data like Fig. 10a, and plotted on logarithmic scales

systems with v 0 and v 2 damping just as they have for v1
'linear damping', but they'll come to appreciate just how
special linearity is, when they see how previous theoretical
approaches fail under these new circumstances .
We have not yet run out of ideas for upper-level students
to investigate using our Torsional Oscillator. Even after
we'd frozen our design, we discovered new experiments to
try on these devices, such as parametric excitation and
coupled oscillations. The student Manual for the Torsional
Oscillator contains many projects not yet represented in our
newsletters. But we wanted to give you a taste of the treat
that's in store for you and your students, when you have
real-time access to a table-top realization of that most
central solvable model system in all of physics -- the driven
harmonic oscillator.

Angular-position signal,in Volts

Monitor of drive signal, in Volts

Notice that in the second trace, obtained with an
on-resonance drive, the response starts with a linearlygrowing envelope, which then approaches steady-state
monotonically. (And it's no accident that this approach
to steady-state occurs with a time constant that matches
the free-decay waveform above it.) By contrast to this
approach to steady-state, the other traces, obtained with
increasingly de-tuned drive frequencies, display distinctive behavior in their early, middle, and late regimes.

PRSRT STD
US POSTAGE

PAID
Buffalo, NY
Permit No. 2

Tri-Main Center, Suite 409
2495 Main Street
Buffalo, NY 14214-2153

Come See Torsional Oscillator and other Apparatus at
AAPT/APS – Chicago
February 13–15 Booth 212
APS March Meeting – Pittsburgh
March 16–18 Booths 506-510
DPG March Meeting – Dresden
March 24–26 Booth 82
Vendor Exhibits do not require conference registration so if you are nearby, stop by.
(Free Exhibition Passes are available at registration desk.)

Important News: Introductory Price Extended on Torsional Oscillator
The Introductory Price of $1995/unit for US and Canada will be valid until February 15, 2009
Orders received after February 15 at regular price of $2485.

