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Abstract

Hypersoft sets, derived by transforming the approximate function in the structure of Molodtsov's soft set
into a multi-attribute approximate function, and rough sets are effective mathematical tools for dealing
with the uncertainties. This paper is devoted to making some contributions to the theory of rough
hypersoft set and introducing the theory of hypersoft rough set, based on the hypersoft rough
approximations with respect to the hypersoft approximation space. Furthermore, it is discussed the

structural properties of hypersoft rough sets in detail.
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Introduction

Rough set theory proposed by Pawlak in 1982
[1], as a useful tool for treating with imprecision
information and uncertainty. Pawlak and
Skowron [2] pointed out that these sets were
successfully applied in the fields of medical
diagnosis,  pattern  recognition, artificial
intelligence, data mining and so on. In recent
years, the rough set theory has aroused a great
interest among more and more researchers. In
1999, Molodtsov [3] initiated the theory of soft
sets, as a revolutionary mathematical method to
deal with ambiguity and uncertainty.

The knowledge parameters in the
structure of this set play a vital role in the
inspection and interpretation of judged objects,
and thus they are free from many difficulties. In
the following years, the soft set theory was
advanced in the theoretical aspects [4-8] and
practical aspects such as decision making, game
theory [9-14]. Moreover, many authors studied
the extension models of soft sets such as
intuitionistic fuzzy soft set, neutrosophic soft set,
N-soft set [15-20]. Aktas and Cagman [21] put
forward that rough sets and soft sets are closely
related notions. Feng et al. [22] proposed some
hybrid models by combining the soft sets and
rough sets. Ali [23] discussed the rough soft sets
with different perspectives.  Recently, the
theories of rough soft set and soft rough set were
improved in several directions [24-26].

In 2018, Smarandache [27] extended the
concept of soft set to the hypersoft set by
replacing the approximate function with the
multi-argument approximate function, where its
domain is described on the cartesian product of n
disjoint sets of parameters. Abbas et al. [28] and
Saeed et al. [29] derived some operations on the
hypersoft sets, and they put forward that these
operations are more flexible than the soft set
operations in several directions. The research
works on the hypersoft sets have been
progressing actively and rapidly in these years
[30-34]. In 2021, Rahman et al. [35] proposed a
combined model of the hypersoft set and the
rough set, called rough hypersoft set.

This paper aims to contribute to the
rough hypersoft set theory and to develop a new
hybrid model of the hypersoft set and the rough
set, called hypersoft rough set. Moreover, it is
intended to address  the axiomatic
characterizations of hypersoft rough sets. This
paper has layout as follows: Section 2 gives
well-known definitions of the rough sets, the
hypersoft sets and the rough hypersoft sets.
Section 3 is dedicated to proposing some seminal
notions and properties for the rough hypersoft
sets. Section 4 introduces the concept of
hypersoft rough set and related properties.
Section 5 consists of the conclusions.
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Preliminaries

In this section, some fundamental concepts
related to rough sets, hypersoft sets and rough
hypersoft sets are recalled.
From now on, X is a non-empty set (universal
set), and the power set of X is denoted by P(.X).
Rough Sets
Suppose that X and ¥ are any two non-empty
sets. The subset of cartesian product of X and ¥
is called a relation from X to ¥. Especially, the
subset of cartesian product of X X ¥ is a relation
on X. The relation R on X is said to be

1. reflexive when (x;,x;) € R forall x; € X.

2. symmetric when
(x;x,) € R = (x,,x;) € R forall
XX € X.
3. transitive when (x;,x,) € R and
(xy.%,) € R = (x;,%;) € R forall
x}-,
If R is reflexive, symmetric and transitive then it
is said to be an equivalence relation on X.
According to the equivalence relation R on X',
definition of an equivalence class of an element
x; € X is as follows:
[x;]r = {x, € X| (x;,x,) € R}
The theory of rough set initiated by Pawlak [1]
provides a systematic method in handling vague
notions induced by indiscernibility in situation
with the incomplete information or a lack of
knowledge.
Definition 2.1. ([1]) Let X be any non-empty
finite set and R an equivalence relation on R.
Then, (X,R) is wsaid to be (Pawlak)
approximation space. If V' is a subset of X, then
the sets

X% EX.

R(V)={vl[v]gcV} 1)
and
R(V)={vl[v]gnV = 0} 2

are called the lower and upper approximations of
vV with respect to (X,R), respectively. The
positive region, negative region and boundary
region of V are defined as posg(V) = R(V),
negy (V) =X —R(V) = (R(V)) and
bnd, (V) = R(V) — R(V), respectively.
Definition 2.2. ([1,2]) Let (X.R) be a Pawlak
approximation space. A subset V' € X is said to
be a definable if R(V) = R(V), otherwise, i.e., if
bndg (V) # ©, it is called a rough (or inexact).
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Sometimes a pair R(V) = (R(V),R(V)) is also
termed to be a rough set. If the set VS X is
defined by a predicate P and x € X, then there
are the following.
1. x € R(V) means that x certainly has the
property P.
2. x € R(V) means that x possibly has the
property P.
3. x € negy (V) means that x definitely
does not have the property P.
Theorem 2.3. ([1,2]) Let (X, R) be a Pawlak
approximation space and V,V;,V, € X. Then, we
have the axiomatic characterizations.
1)R(V) SV S R(V).
2) R(0) = 0 = R(D).
3) R(X) =X =R(X).
) R(R(V)=R(V).
5) R(R(V)) = R(V).
6) R(R(V) =R(V).
7)R(R(V)) =R(V).
8)R(V) = (R,
9) R(V) = (R(V))".
10) R(V, NV;) = R(V,) nR(V3).
11) R(V, n¥,) € R(V,) nR(1,).
12) R(V, UV;) 2 R(V,) UR(VS).
13) R(V, UV,) = R(V}) UR(W).
14) V, €V, = R(V}) SR() and
R(¥) € R(W).
Hypersoft Sets
Let X be a universal set (or set of objects)
and £, &,, ..., €, be the pairwise disjointsets
of parameters with respect to X. Generally, the
parameters are attributes, properties,
characteristic of the objects in X. The concept of
hypersoft set is described as follows.
Definition 2.4. ([27]) Let A; be the non-empty
subset of &; for each i €1 = {1,2,...,n}. Then,
the pair (T.I1.c; 4,) is called a hypersoft set over
and X, where T is mapping given by
r:niefﬂf — P(X) )
Also, £" is an element of A4; and (£");; is an
elementof [1..; 4, = 4; X 4, X .. X A_.
Notation 1. The set of all hypersoft sets over the
universal set X for [l..;& is denoted by
SH{Xr HEEI &; ).
Example 2.5. Let X = {x,,x,,...,x,,} be the set
of objects having different sizes, colors and
surfaces texture features. The pairwise disjoint
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sets of parameters are £;, £, and &; such that
g, = {7 = very small, &5 = small,e5 =
average, £; = large, £ = very large}
represents the size ranges,
E, = {Ef = blackish, E:: = dark brown,
e3 = yellowish, 5 = reddish} represents the
color space and
£, = {ed = course, £2 = fine, el =
extra fine}
represents the surface texture granularity
Assuming that A, = {g5,85, 8} € 11
Ay ={ef,e5}C&, and Ay ={g, 55} C
Then, one creates the following hypersoft set.
([[s%,si,sf JRESTE 7Y )
((£3.21, 3), ),
((e3.25. 23). {x2 ).
((e3.23. 23). {xe}).
((Ei‘,&'f,&'i ) Axe x5},
(22,57, £3). @),
(CHEEIREN)S
((e3.85.23) {xgxg, x5)),
((£2.21, 1), 0),
((e5.2, 3). {xs]).
((£3.2%, 1), 0),
\((e3.25.3).{x3}) J
Definition 2.6. ([281) Let
[rrniEf‘qij = SH{X’ H:’EI EE}-
a) If (&) e) = @ forall (£9); € [lie; 4; then
it is called a relative null hypersoft set, denoted
by M., a0 If lier 4; = Ilic; & then it is said
to be a null hypersoft set, simply denoted by
Nix)-
b) If T((£"):c;) = X for all (&)<, € I1;; 4; then
it is called a relative whole hypersoft set,
denoted by Wiy _ o If [Lic; 4; = [Lie; €; then
it is said to be an absolute hypersoft set, simply
denoted by W .
Definition 2.7. ([28]) Let
(r:’niEI Bz) = SH{X’ l_-[zE.{ z}
a) (I'*,I1;; A4;) is said to be a hypersoft subset of
(T2 I1ier By, denoted by
(T ITier A2 = (T* e B:), A; € B; for
eachi €1 and T'((e")er) S T*((e")ey) forall
(5)ier € [Lics A
b) Two hypersoft sets (I'*II..;4;) and
(T*Il,.; B;) are called equal, denoted by
[:rlll_[iEI Az’) = [r:!anI z] |f [rl l_[zEIJq ) =
(T2 I B:) and (T4 1L, 42) 2 (T2 11, BY).
Definition 2.8. ([281) Let
EFJHEEIAE) = SH{X, H:E; z} Then the

(4)

T

(FJH?=1AE) =

(Fl’HEEI Aijr
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complement of ([.ILiA;), denoted by
(T.ILie; A5, is defined as
(L 4)° = [FE!HEEIA:') (5)

where T¢((£'),s;) is the complement of
T((£"):er) for each ("), € [Lic; A;.
Definition 2.9. ([28]) Let (I*I1. 4;),
(FZJHEEI Bz) € SH{Xf]-_[zEI z}
a) The restricted intersection of (I'*,T1;<; 4,) and
(I Il,c; B;,) is denoted and defined by
(FEJHEEI zj (rlrniEI ‘q:j m [:1_‘:’ l_-[iE..!' Bz:]
where €; = 4, N B, for each i € I and
FE((E’L-E.;] =T (i) N T2 (D) (6)

for each (£');; € [1;c; C:. If C; is an empty set
for some i, then (T4, [1;c; 4;) @ (T2, IL., B;) isa
(relative) null hypersoft set.
b) The extended intersection of (I'*,I1,; 4;) and
(P2 1Ly B;) is denoted and defined by
(FEJHEEI z) (FIFHEEI Hz) n (FE’HEEI Bz)
where C; = 4, U B, foreach { € I and
1—'3[(5&);‘51) = )
{Fi((gt_)ief) if (SE_JEEI € Il 4;

r:((SE_)iefjr if (Ezjz‘;f € Il B_i

Fi((SE)iEL') N F:((Si)iefj’if (e)ier €L A: N1, B;

(7)
(M T 42,

for each (%) ey € [, C:.
Definition 2.10. ([28]) Let
(FZJHEEI Bz) € SH{Xf]-_[zEI z}
a) The restricted union of (I'‘Il..;4;) and
(r*Il;.; B,) is denoted and defined by
(FH!HEEI zj (rlrl_[iEI ‘q:j U [:1_‘:’ l_-[z'E..!' Bz:]
where €; = 4, N B, for each i € I and
FE((E')EEI) T'((£)e) VT((e))  (8)

for each (%) e € [1ic; C:.
b) The extended union of (I'*Il.;4;) and
(r*I1;.; B,) is denoted and defined by
(FEJHEEI Cz) = (FIFHEEI Az) L (FE’HEEI Bz)
where C; = 4, U B, foreach i € I and
ra((gi)_iefj = _

rl((sijiefj if (£');e; € [Lics 4,
{F:((EEJEEIL if(Ei:]iEI € [l B

Fl((sijiezj u F:((Ei)ief):if (EE)EEI € [l 4; N1, B,

for eaCh (E JEEI € HEEI i

Definition 2.11. Let
(FI’HEEI Az’)f (FE’HEEI Bz) £ SH{X’ ]-_-[EEI z}

a) The restricted difference of (I'*,I1;c; 4;) and
(r*Il.e;B;) is denoted and defined by
[FEJHEEI C:] = (FlFHiEI Ai]i?‘(F:’HEEI BE]
where C; = 4, N B, for each i € I and

FE((EE)EEI) =F1((Eijief)\rz((5ijief) (10)
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for each (£*),e; € I1;; C.. If C; is an empty set
for some i, then (T'*,IT,c; A\ (T% I, By) i
described to be (I'*, IT;; 4;). ([28])
b) The extended difference of (I'*,I1..; 4;) and
(I Il,c; B;) is denoted and defined by
EFHJHEEI C::] = (rlrniEfﬂijis (FEJHEEI sz
where C; = 4, U B, foreach i € I and
FE((EE)::EJJ = .

rl((szjee;) if (&') e € [lies 4

0, if (£);¢; € [l B;

FH(E) e\ (i) 1 (£)icr € Ticr A 0 iy B,

(11)

for each (%), € ;= C..
Rough Hypersoft Sets
In 2021, Rahman et al. ([35]) introduced the
concepts of lower rough approximation and
upper rough approximation of a hypersoft set
with respect to the Pawlak approximation space
as follows.
Definition 2.12. ([35]) Let (X.R) be a Pawlak
approximation space and
[rrniEIAi) = SH{X’HEEI E:’}-
The lower and upper rough approximations of
(I IL;c;4;) with respect to the Pawlak
approximation space (X,R) are respectively
denoted by R((T.IT, 4,)) = (LI, 4;) and
R((r Il 4)) = (DI 4:),  which  are
hypersoft sets over X with the set-valued
mapping given by

E([Ei]ief] =E[F([EEJEEI]) (12)
and _ .
T((e)er) = R[F[[EEJEEI]) (13)

where (£');¢; € [Lic; 4;.

Definition 2.13. ([35]) Let (X.R) be a Pawlak
approximation space and
(T 1L A € Sylx Il ., €. Also,
R((T.I1e; 4)) and R((T.IT; 4)) be lower
and upper approximations of (I.IL;.;4:). If
E(_(F’HEEI Ai]): E(_(F’HEEI He]), then the
hypersoft set (I.I1;;4,) is called a definable;
otherwise it is called a rough hypersoft set.
Theorem 2.14. ([35]) Let (X.R) be a Pawlak

approximation space and
[F,HEE;HEJ = SH{X: l_-[iE..!' 5:-}.Then, we have the
following.

1)

R((N.ITier A4)) € (N1 4) ER((N 1T 4))
2) E[mx,n[ﬂaiﬁ) =N, a0 = E(mx,n[ﬂﬁ.[h)

On hybrid structures of hypersoft sets and rough sets

3)
E[th,H[E;A[J) = Wixl a0 = E[WU-:,I'IL-E;A[J)
) R(R((NI,5,4))) = R((T 11, 4))
5) R(R((N\ 1L, 4))) € R((N[Te; 4))
6) R(R((N\ 1Lz, 4,))) € R((N[Te; 4))
) R(R((N 1L, 4))) € R((N e 4))

Some Aspects on Rough Hypersoft Sets

In this section, we present some novel concepts
and theoretical results improving the rough
hypersoft sets.

Definition 3.1. Let R((IIl;4;)) and
R((rIL;A)) be lower and  upper
approximations of (I.Il;.;4;) with respect to
the Pawlak approximation space (X,R). Then,
the positive region, negative region and
boundary region of (I',II..;4;) are described as
PGSR[[FrHeEJ"le]) = E[[rrHiEI Ae]),

negg [[FrniEI‘qi]} = (E([FJHEEIAij)jc‘i and
bndg [(rrniEI f'lfj) =
R((r L A NR((T. T, 49))

respectively.

Example 3.2. Consider the hypersoft set
(r,TT3., 4,) over X given in Example 2.5. Also,
let R be an equivalence relation on X where the
equivalence clases are as follows:

[x1]r = {x1x10}, [x2]r = {x2}, [x3]r = {x3},
[x4]r = {x4. x5}, [xe]r = {xe: %7} and
[xe]r = {xg: X5, %1y, %45}

Then, the lower and upper rough approximations
of (I, IT2.,A4;) with respect to the Pawlak
approximation space (X, R) are
R((rIE-,4)) =
r((E%rEi’Ei)rﬁrirxlD})’ )
((£3, €1, £3), ©),
((e3,2%, £3), {x2]),

((e5. 25, £3),0),
((e3.61, 7). {xe x5 ]),
((£2.21,29), 0),

((es 22, 1), ©),
((ez.e5,83) {xpxc ),
((=3. 5. £1). 0),

((£5: €1, £3), ©),

((es. 22, 1), @),

\((e5. 65 £3).{x3 ) /

(14)
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Xy, %5}),

(Ei, Ei : 533 ) {2y, x5, %5, %, 44, %45 ),

XgrXgeXy1s Xy })r

f {3{'3 }J /
(15)

Since E((F,
can say that (I, TI?-, 4;) is rough hypersoft set.
Furthermore, the positive region of (I, IT3-; 4;)
is

POSg ((eriLlAij) = E((F, ?=1‘qij) (16)
the negative region of (I, IT7=; 4;) is

NEgr ((Frn?zl‘qf)) =

r((Eélr Ef,sf] X = {xpx0}), )
((e3,81,£3), X),
(3,25, £3), X — {x,}),
((EarE;rEEEJ X — {og x5,211,%15}),
((54,£I,£f] X —{xgx7}),

(et 0, |
((£3,63,£0), X — {x %)),
((Eirfirfaj X —{xy 25,205,525, x5 }),
(3,81, £1), X),
((Eérguga) X = {xg,x5,%,5,%15}),
((Eé,Eprl], X),

\((e2,65,23), X — {x3}) J

17)

and the boundary region of (I, [T7=; 4;) is

14)) = R((TITX,4)), we

E((F,H?qﬂij) and
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bndpg ((Frl—[?:1‘qij) =
(((e5.1.21), 0), )
((e3.£1,£3).0),
((£3.£3.£3).0),

((e3. €2, £3), {xg. %5, %11, X45}),
((e1, 2. £5),0),
(c}5,22).0), |
((e1.6%, €8) {xp x5},

((e1, €2, €3), {xg x5, %11, X45)),
(23,21, £5), 0),

((e2, 61, €3), {xg x5, 11, X415)),
((e5.2%. 1)
)

N(E

@),
D) J
(18)

Now, we present a few new properties for the
lower and upper rough approximations of
hypersoft set.

Proposition 3.3. Let (X,R) be a Pawlak
approximation space and
[FJHEE_{AE'] = SH{X.I' HEEI z} Then, we have the
following equalities.

1) R((r ey 4)) = (R T 4)9))
2) E[(F’HEEI A:)) = (E[(F: nfefﬂija)}c.

Proof. Let (X,R) be a Pawlak approximation
space and (T, I1;; 4;) € (X, I1;e, &)

1) From the definitions of upper rough
approximation and complement of hypersoft set,

T((£)e;) = {x € XI[x]g NT((e)e;) = O}

(19)
and then
(Te((e)ier))° = X — {x € X|[x]g N T¢((e7);e;) # O}
= X —{x € X|[x]g € T((;es)}
= {x € XI[x]g € "((c")ics))
= E{{:EE)EEIJ (20)
for each (¢%)..; € I1..; A;. We deduce that

R((CLe 4)) = (R e a)) )

2) It can be proved similar to the proof of (1).

Example 3.4. Consider the hypersoft set
(r,IT>-,4,) in Example 25 and
R((rI.,4)) in
Example 3.2. The complement of (T, TT3, 4,) is
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[1“,]'[?:1;15]5 =
l’[(s%,&f,&f),){ —{xpxped), )
((e5.21.£3), X),

((e3, €5, 83), X — {x,}),

((e3, €5, 83). X — {xe]).
((23.87,80), X — {xgx,]),
((e3.21,23). X)),

((e5, €5, 69), X — {x,]),

((23, 85, 83), X — {xgxg, x95)),
((e5.2f. £0). X)),

((e5, €1, 63).X — {x5}),
((e3,2,£1), X),

\((£5,£5,23), X — {x3}) /

(22)
The upper rough approximation of (T, [T3-, 4,)°¢
is found as equation (23).
Thus, we obtain that

(R((TTT, 409)) = R((TIE, 4))  from
Egs. (14) and (23). Similarly, it can be shown
that (E[(r:n?:lﬂz)e))c = E((Ff ?:1‘42'))'

In ([35]), the authors proposed several properties
for the lower rough approximations and the
upper rough approximations of the intersection
and union of the hypersoft sets (I'*,I1,; 4;) and

(r%,I1.; A.). By replicating these properties
from different perspectives, we discuss the
following properties for the lower rough
approximations and the upper rough
approximations of the restricted/extended
intersection and restricted/extended union of the
hypersoft sets (T'*,T1;c; 4;) and (T*, I, B,).
E((Frn?=1‘qijgj =
l’[(s%,&f,&f),){ —{xpx0))
((£3.2,£3).0),

((e3, 8%, 83). X — {x. D).
((£3.28,3),0),
((ez.87,88), X — {xg, 2,1),
((=2. €1, 23),0),
((£1.28.£1).0),
([si,sg,sgj,.’{ —{xexc})
((£5.21,£7).0),
((=5. €1, 3),0),
((e2. 28, £1).0),

\((e5.68,63). X — {x3])

(23)

On hybrid structures of hypersoft sets and rough sets

Theorem 3.5. Let (X,R) be a Pawlak
approximation ~ space and  (T'%I1.; 4,),
(T*I1ic; B,) € 54X, I1..; ). Then, we have
the following operational properties.
1
E)'['[T1: Mic;A) @ (T2, e, BY)) =
R((M4 ;e 4)) @ R((M2,[ie; By))
2
E)('[TIJ [Ticr4:) N (T2 ILigy Bg}} =
R((r,ILie;4:)) N BT Tier B))
3) R((T% M4 @ (P2, ILes B)) €
R((r%,TLie;A:)) @ R((M2 e B)).
4) R((rYTlies4) N (r2 e B)) €
R((r4Tes4)) N R((T2 [T B)).
5) R((T4, [Tier4:) W2 [T, 4)) 3
E({le HEEIAE}} w E'['[T:; [Tic: Be]}-
6) R((T%TTier4)) U (M2 [Lier B)) 3
R((T4,TTier4)) u R((T2,[Tier BY)).
7) R((T4,TTier 4 0 (T2, Tie; BY) =
R((M4 e 4)) w R((P2 11 BY).
8) R((r%TLiesA) u (P2 L By)) =
R((TYTTier40)) U R((T2,Tie; B)).
9
3:1"1; [Tier 4 € (T2 [1ies B) =
R((r'.[Lie;4:)) € R((M2 I B))
10)
(T4, Tlies 4;) € (T3, [Ty B) =
R((r ;e 4)) € R((T2.1Tier B))
Proof. Let (X, R) be a Pawlak approximation
space and (T %11, 4,),
(r:’HiEI Bz) € SH{X’ ]-_-[E'EI EE}
1
L)et (T Il A A (T2, TLig, B = (T3, 1L, €.
Then, C,=A,nB, for each i€l and
F*(()ier) =TH((e)ier) N T((9) ;) for each
(£"):er € I;; C;. By Eq. (12), we can write
P_E[[Ei]ie.r] =R(T® [[EEJEEI}
=R(TY{((=) i) NT((£Dier))
for each ()., € I1., C;. From Theorem 2.3,
we have

E(FI((EE)EEI) n r:[(EEJEEI))
= E(rl[(EijiEI)j ﬂﬁ(l—':((é‘i]iﬂ))

for each (£%),.; € I, C;. So, we deduce that

r_a[[gi)ief) = r_l[[:gi:]z'Ef) nre (_(EE)EEI)
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for each (&), €Il..,C;. Consequently, we
have
R((r*, ey A) M (1211, BY)
= E[(l"l,l—[ia Ae)) fm E[(F:,HEEI Bz’))'
2)
Let (T ILie; 4;) N (T2 I B) = (T3 11, C).
By using similar techniques, it is obtained that
F_E[[EELEI) =

F_l{‘::Ei}iEf} if (€")ies € [ier4;

F_:'[(:Ei]eef}: if (£%);er € [1ier B

F_l{{:Ei}iEI} N F_:{{:EEJEEI}J if (£7);e; € [Ticr 4; N [1ic; Bs

for each (&'),.; €[, C; = A, UB,.
So, we have
E(_(rlrl—[ief‘qij M [r:rnief Be])

=R((r'. I, 4)) N R((T% I, B)).
3) By considering Eq. (13), it can be
demonstrated similar to the proof of (1).
4) By considering Eqg. (13), it can be
demonstrated similar to the proof of (2).
5
L)et (T4 1L A W (T3 [, B,) = (T3, 11, €.
Then, C,=A,nB; for each i€l and
L*((eDser) =T ((e)ie) UT?((£")52) for each
(£'):er € I1;2, ;. By Eq. (12), we have
L2((Der) = R(T*((=sier)
= E(l—'l((Eijiefj U F:((Ei)iez))
for each (&'),.; € 1, C;. By Theorem 2.3, we
can write
R [rl[(si]iﬂ) nre (_[EEJEEI))
= E[Flttsijief)j ﬂﬁ(l": ((Ei]ief)j
for each (&'),.; € I1;, C; and so
re ((Eijzef) = rl[(EiszI) v r_:[[:gi:]z'Ef)

for each (&%), €Il..,C,. Consequently, we
obtain
R((r*, e A) © (1211, BY)
S R((T%I1i A)) W R((r* 11, BY).
6
Let (T4 I1ic; 4 U (T2, [, B)) = (T3, [0, ).
By using similar techniques, it is obtained that
r_a[[gi)ief) =

T((9ier) i ()i € Mies A

F_:{{:EE}EEI}J if (£%);es € [Ties By

N—r

TL({(e)er ) U T2(()ie ) if (6D)ier € TMier A; N iy By

On hybrid structures of hypersoft sets and rough sets

for each (£).e; €Il C; = A, U B..By
considering Theorem 2.3, it is deduced that

E[(rlfnief‘qij U (T3 [ Bej)

S R((r*Lie; A)) U R((T? 1T, BY).
7) By considering Eq. (13), it can be
demonstrated similar to the proof of (5).
8) By considering Eq. (13), it can be
demonstrated similar to the proof of (6).
9) Assume that (‘I 4;) € (r11,,B,).
Then, by Definition 2.7, A; © B, for each i €1
e, [Tic; A; € I BY) and
rl((EEJEEIJ c F:((EEJEEI] for all
(Ei]ief €L A
Hence, we obtain that _
T ((e)er) = {x € XI[x], € T*(() ., )}
S {x € XI[x]z € T*((£):e)}
=2(()er)
forall (9., € I1..,; 4;. Thus, we conclude that
R((r4ILie;4:)) € R((C2ITie; B).
10) This property is proved similar to the proof
of (9).
Example 3.6. We consider the hypersoft set
(r, I3, 4,) = (4TI, A4,) in Example 2.5, and
the  equivalence relation R on X,
R((TIT- A)) = R((TTIL, 4))) and
R((r.IT-, 4)) = R((TYII%, 4,)) in Example
3.2. Assuming that another hypersoft set over X
for B, = {&i,e}}, B, = {ei, e} and B, = {£}} is
[[:E‘.'_J‘-! Eir Eijr{xl}!xll}})r
[:[E%,Ei_,&'i], {xq.!xgrxl:})r
[:[:Eirgi.rgijr {xﬁ,!x?rxll})r

((Ei, Egr Ei), {xg,05,x5})

(1—‘ l_[z 1 z:]_

(24)
Then, we obtain that

R((M I, 4) U (P21, B)) 3

E((Flr ?:151;-])UE[[F:,H?:lﬂi)}and
R((TLI1L, 4) U (I1%, B)) =

E((Fl,l'[ A )]uR{(F RIE J)
Hypersoft Rough Sets

In this section, we introduce the hypersoft lower
approximation and hypersoft upper
approximation of a subset of universal set with
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respect to the hypersoft approximation space.
Also, we investigate their characteristic features.
Definition 4.1. Let (T 1L, 4;) € S5(X, I, E:).
Also, let (X,R) be a Pawlak approximation
space. If R is taken as (T,I1..;4.) then Pawlak
approximation space is said to be a hypersoft
approximation  space and denoted by
T = (X (01 4:)).

Definition 4.2. Let (T[], 4;) € Su{X, [ &),
VEXand P = (X (IIL4:)) be ahypersoft
approximation space. Then,

Mﬁn(v) = {x € XI3(") s € [1ics Ay

[x €T((£):er) € V) (25)
and

appry (V) = {x e ¥l3("), e [T 4,
[xEF[(EEjiEf)’r[(EEJEEf)nVim]} (26)
are called hypersoft P-lower approximation and
hypersoft “B-upper approximation of V' with
respect to the hypersoft approximation space T,
respectively.

Definition 4.3. Let ﬂ%(vj and appry (V) be
hypersoft -lower and T-upper approximations
of V<X with respect to the hypersoft
approximation space ¢, respectively. Then,
posg(V) = apprg(V),

negy (V) = X — appry (V) = (@ppry (V)
bndg (V) = @pprg (V) — apprg(V)

are called the hypersoft %-positive region,

hypersoft P-negative region and hypersoft P-
boundary region of V', respectively.

Definition 4.4. Let (T.II..;A4;) € S5{Xx. 1., &)
and P = (X (I I1..;4,)) be a hypersoft
approximation space. Also, Then, appry (V) and

appry (V) be hypersoft $-lower and $-upper

approximations of V" S X with respect to the
hypersoft approximation space %, respectively.
If appry(V) # appry,(V) then V is said to be a
hypersoft P-rough set, otherwise it is called a
hypersoft -definable.

From the above definitions, it can be said that
VEX is a hypersoft P-definable if

bndy (V) = @. Furthermore, it is clear that

On hybrid structures of hypersoft sets and rough sets

apprg(V) €V and appry(V) S appry,(V) for
all vV €X. However, V Sappr,(V) does not

true in general, as illustrated by the following
example.

Example 4.5. We consider the hypersoft set
(I I13-, A4.) over X in Example 2.5. Also, let
T =(x(TII,4)) be a  hypersoft
approximation space. Assume that
v, = £x1!x31x5:xe.rx?:xj_cuxn}g X. Then, the
hypersoft P-lower and P-upper approximations
of '} with respect to the hypersoft approximation
space T are respectively

Mﬂs[vﬂ = {x1,%3, X, X7, X1} (27)
and

W@[Vﬂ = {2, %5, %4, X5, X, X7, X1, %5} (28)
Since  appryg(Vy) # apprg(V1), Vis a

hypersoft ¥-rough set. Moreover, it is easy to
see that apprg(Vy) € Vi,
M‘E(Vﬂ € appry (1), 1 € apprg(V,) and
Vy 2 @pprg (V).

Besides, hypersoft $-positive region, hypersoft

P-negative region and hypersoft PB-boundary
region of Viare posg(V;) = {x,. %5, x5, %7, %5},

negy(Vy) = {5, %5 %5,y } and
bndg(V,) = {xg, %, %, + 0.

Proposition 4.6. Let
(I 4;) € SyiX, I, € and

T = (X (011 4:)) be a
approximation space.
1)Forall vV € X,

apprg(V) =

= UI:E[:I[EIEI-_[[EIA[{]'—‘((EE)EEI)| r((sijiEf) = V}
2)ForallvV e X,

appry (V) =

= U.:sf)[E;EI'I[E;AL-{F((Ei)feﬂ| F((&)e) NV # 0}
Proof. They are obvious from Definition 4.2.
Definition 4.7. Let (I I1;c; 4;) € 55X, 11, €D,
VeXand P=(x (I, 4;)) be ahypersoft

approximation space. Then,
a) V is called roughly hypersoft P-definable if

appry(V) # 0 and appry,(V) + X.

hypersoft
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b) V is called internally hypersoft -definable if
M“G(V] = @ and appry (V) # X.
c) V is called externally hypersoft ®3-definable if
M%(V] # 0 and appry (V) =X,
d) V is called totally hypersoft P3-definable if
M‘G(V} = @ and appry (V) = X.

Theorem 4.8. Let (ILIL..;4,) € S,{X. 1., E;)
and P =(x(rTl4,)) be a hypersoft
approximation space and V,V,,V, < X. Then, we
have the following:

1) apprg(0) = appry(0) = 0.

2) ﬂm{f} = Q—W%{:X}:UI:E[}[EIEH[EIA[ T((=")ier).
3) VL €V, = apprg(V)) < appry(Vs).

4V, €V, = apprg(Vy) S appry(Va).

5) appry(Vy NV;) € apprg(Vy) N appry (V).
6) appry(Vy NV,) S appry (V) Napprg (V).
7) apprg(Vy UV,) 2 apprg(Vy) U appry (V).
8) apprg(Vy UV,) = apprg (V) U apprg(V,).
Proof. Let (I.IL:;4;) € Su{X. 11, &) and
T = (X (1L, 4)) be a  hypersoft
approximation space and V,V,, 1, € X.

1) This is straightforward, so omitted.
2) It is easily seen from Proposition 4.6 by
replacing V" with X.

3) Assume that V; € V. If x € appry(V;) then
there exists some (&%), € Il;;4; such that
x € T((£9);e;) EV,. Since V; EV;, we have
x€T((£);e;) EV,, and so x€ appry (V,).
Therefore, we conclude that
appry(Vy) € apprg(V,) if V) € 15,

4) This is similar to the proof of (3).

5) Since V, n¥, £V, and ¥V, n 1, & V,, we can
say  from the assertion (€)) that
apprg(Vy N1;) € apprg(V;) and
apprg(V, NV,) € apprg(V;). Hence, we have

M%(Vi nv,) < M‘B(Vﬂ n Mﬂstvzj

6) By considering the assertion (4), it can be
demonstrated similar to the proof of (5).

7)Since ; UV, 2V and V, U1, 2 1, we can
write  from  the assertion (3) that
apprg(V, UV,) 2 apprg(V)) and
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apprg(V; UV,) 2 apprg(1;). So, we obtain

that apprg(Vy UV;) 2 apprg(V,) U apprg(Va).

8) By proceeding with similar computations in
the proof of (7), we can show that
ﬂm'qg{:vi UV, 2 ﬂm'@{yi} u ﬂmn‘qg'[:vz}.

Now we must prove that
apprg(V, U V1) € apprg(Vi) U apprg(Vs). Let
x € appry,(Vy UV,). By Definition 4.2, there
exists some (&), €Il;;;4;, such that
x € T((e)ier) and T((e)ier) N (LU TL) # 0.
Therefore, we have that either
F((eDie) NV #0 or T(()ie) NV, 0. It

follows that x € appry(V,) or x € appry(V,).

This implies that
ﬂmn'%{ﬁlﬁ UV, € ﬂmn‘%{ﬁiﬁ} U ﬂm’%{:vz}-
Consequently, we have

appry(Vy UV5) = apprg(V, ) U apprg(Vs;).
Example 4.9. We consider the hypersoft set
(r,TI3-, A;) over X in Example 2.5 and the
hypersoft L-lower and P-upper approximations
(appry(Vy) and appry (V1)) of V, with respect to
B = (X, (I, 11, 4,)) in Example 4.5.

Assume  that
Then, the hypersoft TP-lower and PL-upper
approximations of V¥, with respect to the

Vo = {x3, x4, X6, X7, x5} € X.

hypersoft  approximation space ¥ are
respectively

Mﬂs(vz) = {x3, X4: %, X7} (29)
and

appry(Vy) = {x5, %4, %5, X, X7, X5} (30)

Hence, by considering Egs. (27)-(30), we have
apprg(V,) U apprg(Vy)=
{x1sxg, X3, %4 X, X7, X 10}

and _

GPPTy {Vl} U aApPTy {VE}

= {21, X5, X3, X g0 X5, X X7, X105 X ).

On the other hand, for
ViUV, =X —{xg,xq,%x,}, the hypersoft T-
lower and P-upper approximations of V, UV,
with respect to the hypersoft approximation
space P are

apprg(V, UV,) = appry(Vy U VL)

= {24, %5, %3, X4, X5, X, X7, Xy, X0 ).
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Thus, we conclude that
apprg(Vy UV,) 2 apprg(Vy) U apprg(V,) and
apprg(V, U V,) = apprg(V,) U apprg(V,).
Remark 1. It can be usually said that
apprg(V) # (apprg(V))* and
apprg(V) # {wﬁ{b’r}]b. For instance, we
consider Example 4.9. For
VY = {x,,%5,%, Xg,%q,%,5,%,,}, the hypersoft
PL-lower and PT-upper approximations of ¥ with
respect to the hypersoft approximation space P
are respectively

Mﬂ}(vzﬁ] = {x .23, X5, %5, %} (31)
and

appry(Vy) = {x1,%3,%4, X5, Xgs Xgu X 10, X35} (32)
By Egs. (29)-(32), we obtain that
appryg(Vy) # (appry(V5)) and
appry(V2) = (appr (V)"

Proposition 4.10. Let (MY TLes A,
(T311.c; A) € Sulx T1. ., € such that
(T40Le 40 € (F3ILg 4).  Also, et
By = (% (511 4D and
P, = (X, (511, 4,))  be two  hypersoft
approximation spaces and V S X. Then,
appry, (V) € @ppry, (V).

Proof.  Suppose  that  (T4I1.;4,) €
(P11, A;). Let x € appry (V). Then, by
Definition 4.2, there exists some
(£):e; € [1;; 4; such that x € T'*((s%),,) and
I((e)i) NV # 0. Since
FH((eYer) € T2((5Die1) for all
(£):e; € I1;2; A;, We obtain that x € T'2((s%),.;)
and T?((e");) NV = 0. So, x € appry, (V).
Thus, we deduce that appry, (V) S appry, (V).

Note that generally, appr_ e appr,_ ()
- ¥l 2

and appr_ {:L’r}:-—gﬂpp]”qs (V). Especially, if
1 - ¥

I?((');e;) €V whenever I'*((e9),.,) €V for
(£').c; €Tl A4, then appr_ (v c appr_ V).
1 3

This special condition can easily be
demonstrated from the definitions. To illustrate
them, the following example is given.
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Example 4.11. We consider the hypersoft set
(T,IT, 4,) over X in Example 2.5 and the
hypersoft B, -lower and Py -upper
approximations (M%__(Vij and appry, (1))
of ¥, with respect to B, = (X, (TLITZ, 4,)) in
Example 4.5. Assume that
(T2I1E, 4) =
r’[[s%,gf,Ef),{xl,xg,xm}], A
[(E;,Ef,sgj,{xa,xg}),
((e3,23,83). {0, x4)),

(e, 2, 83), {xa}),
[(Ei,&f,&f),{xﬁ,x?}j,
((e5.£1,23),0),
((es, €3, 1), {xa]),
[[Ei,&ﬁ,sgj,{xa,x,;,xg_,:xl:}],
((sé,af,sf),{xn}),
((e5, €1, 63).{xs)),
((e3,£3. 1), 0),

\((e5, 23, £3), {x3}) /

By Definition 2.7, it is
(M1, 4) €

(r=,TI:, A.). Moreover, the hypersoft T,-lower
and P,-upper approximations of ¥; with respect
to B, = (X, (T2 TIL, 4,)) are respectively

(33)
obvious that

Mﬂsz(vﬂ = {x3. X X7, %14} (34)
and

Wﬁz (V) = X — {x.x¢} (35)
So, by Egs. (27), (28), (34) and (35), we deduce
that appryq, vye Wﬁ:{:vl},
apprg (V) € apprg_ (V) and

apprg (V) 2 apprg_ (V).

Especially, we take the hypersoft set

(re I, 40 =

(=3, 87, 87), {2y, %6, %4p)),
(C A IREN)
(CH A IRE)
((e3.23,83), {xa. %},
((Sirsir Si ),{xﬁ,x’?}),
(2,51, 23), @),
((53;53; Si ):£x4});
((ez.65 83 ) {3, x40 205, 2101,
((Eé'; Ei; EE),{I“_}),
((e5.21, e3). {x5]),
((e5.£5,€1). 0),

\((e5.25,€3).{x3})

(36)
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It obvious that (I'*, T2, 4;) € (T3,IT, 4,) and
FE[[EE]EEI) SV, whenever Fl[tgi]eef) Vv, for
(&)ier € Il A, Then, we obtain
M%EEVJ_] = {xpx3.%e%7, %0, %}, and sO

appryg (V;) € apprg (V).

Definition 4.12. Let
(T ILics A;) € SulX I1ic €D and
T = (X (T.IIi;4)) be a  hypersoft
approximation space and V;, 1, € X,
a) The lower hypersoft rough equal relation is
described as

V; 2y Vo & apprg(V)) = apprg(Vy)  (37)
b) The upper hypersoft rough equal relation is
described as

Vlzﬂﬁu_” = ﬂ_m”-"qg(ﬂ] = appry (Vj) (38)
c) The hypersoft rough equal relation is
described as
Vy Mg V; = appryg(V)) = apprg(V;) and

It is easy to see that these binary relations are all
equivalence relations over P(.X).

Theorem 4.13. Let (T.I1;.;4;) € 5x{x. 11, &)
and P = (X (I IL4.)) be a hypersoft
approximation space and V,V,, V5V, S X,
Then, we have the following:

DVi~gl, @ Vivg (L UV )~ghh.

2) Vi ~gVo, Vgl = (V) U Va)~g(Vz U V).

Y Vi~ghy = VU (X —15)~ gk

4V C Vo, g0 = V7 0.

S)V, S WL, V| ~Vgk = W,V gpX.

Proof. Let (T,ILc;4,) € Syl 1L &) and
P=(X(TIli,;4)) be a  hypersoft
approximation space and Vy, V5,15, V, € X,

1) Assume that v, ~4 V. By Definition 4.12 (b),
we have appry(V,) =appry,(z).  From
Theorem 4.8, it IS known that
appry(Vy UV, ) = appry (V) U appry (V).
Thereby, we obtain
apprg(Vy UV, ) = apprg (V) = appry (V).
Consequently, V, ~5 1V, =
Vi~vg (M UV, )~gls.
V,~g (V, UV, )~gl, then it is obvious that
V, ~g V. from the transitivity of ~4.

Conversely, if

On hybrid structures of hypersoft sets and rough sets

2) Suppose that V,~xV, and V;~zV,. By
Definition 4.12 (b), we can write

appr (V) = apprg (V) and
appr (V) = appry (V). By considering
Theorem 4.8, we have

appr4(V, UV;) = appry, (V) U appry (V3)  and
appr 5, (V, U V) = appry,(Va) U appry (V).

Thereby, we conclude that
apprg(Vy UV;) = appry (K, UV,),  and  so

(VU )~g(V; U V).
3) Let V,~gV,. Since appry(V,) = appry (15),

we can write
apprg(Vy U (X — W) =apprg (V) U

appr (X — V)

and appry(X) = appry (Vo) U appry, (X — Va).
Thus, we deduce that

appry(Vy U (X — V) = appry (V1) U

apprg(X —V,) = appry (X)

and so V; U (X — 1, )~y X.

4) Let us assume that V; SV, and V., ~@. From
Definition 4.12 (b) and Theorem 4.8, we have
@pro(V;) € pprg (V2) = appriy (0) = 0. It is
obvious that appry, (@) < appry,(V;). Hence, we
obtain v, ~4 @.

5) Let us assume that V; € ¥, and V, ~gX. From
Definition 4.12 (b) and Theorem 4.8, we have
appry(Vz) 2 appry(Vy) = appry (X).  Since
Vv, EX, it is obvious that
appr,(V,) S appry,(X).  Hence, we obtain
Vg

Definition 4.14. Let
(T ILierA:) € SplX ILie &)

If  (20)iers (28)ier € [Lies A, there  exists
[E;r]z'ef € [Lies 4 such that
((e))ier) = T((e2)ier) NT((gh)ier) whenever
r((Eé)iEfj n r((E,E’jiEI) #+ 0 then (T.IL;c; 4;) is

termed to be an intersection complete hypersoft
set.

Proposition 4.15. Let (I,Il..;4,) be an
intersection complete hypersoft set over X and
T = (X (.1 A ) be a hypersoft
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approximation space and V,V, & X. Then we
have, forall V,,V, € X
appr_(Vy 2) appr_( 1) appr_( 2)
(40)
Proof. From Theorem 4.8, _
Vint,) Viin s
appr_(V, 2) appr_{ 1) appr_( 2)
holds for every (I.I1..;4;) (does not need to be
intersection complete). To complete the proof, it
is sufficient to demonstrate reverse inclusion. Let
x € apprg(V,) N appry(V5). Then, there exists
(E;]fefr (E,E?:JEEI € [1;c; 4 such that
x € T((25)er) _
€V, and x € T'((£5);e;) € V2. Since (T 11 A
IS an intersection complete hypersoft set over X,
we conclude that there exists (=}),; € [T, 4
such that
x € I'((&)):er)™
T((ga)ier) N F((Ef?)fefj =V nk
Hence, we obtain that x € apprg(V, Nn15).

Consequently, we have _ _
ﬂPPr%{.Vi nv;) 2 GPPV%{.VJ n ﬂPPr%{.VE}

Thus, the proof is completed.

Now, the following results on lower hypersoft
equal relations can be verified.

Theorem 4.16. Let (T.I1;;4;) € 54X I, &)
and P = (X (I Il.4;)) be a hypersoft
approximation space and V1,15, V, € X,
Then, we have the following:

DVxgy @V 2 (VNW) 2 1.

2)

Vy 2g Vo, Vg gV = (V N1;) 2 (K NTG).
PV =g Wy = Vn(X—1,) =g 0.
HVE W 2 0=V, 2y 0.

SYV, EWV,, V), g X =V, g X,

Proof. By considering Definitions 4.12 (a), 4.14

and Theorem 4.8, it can be proved similar to the
proof of Theorem 4.13.

Conclusions

The rough set theory emerges as a strong theory
and has various applications in many fields. On
the other hand, the hypersoft sets are a powerful
mathematical tool for modelling various types of
uncertainty. In this paper, several new ideas for
the rough hypersoft sets were proposed.

On hybrid structures of hypersoft sets and rough sets

Moreover, a new combined model of hypersoft
sets and rough sets was investigated and
accordingly the hypersoft rough sets were
introduced. Some characteristic properties of
hypersoft rough sets were discussed. Developing
the rough hypersoft sets and hypersoft rough sets
in theoretical aspects such as deriving their
structural ~ properties in more  general
frameworks, as well as researching their
practical applications may be future research
topics.
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