Math 4315 - PDEs

Sample Test 1 - Solutions

1. Solve the following first order PDEs by introducing an alternate coordi-
nate system (i.e. (x,y) — (7,5))
(i) xux—yu, = 2u,
(ii) yux—u, = 1,
Solutions
(i) If us = uy xs + uy ys then choosing

Xs =X, Ys=—Y, gives us=2u.

Solving gives

x=a(r)e’, y=>bre® u= c(r)ezs,

where a(r), b(r) and c(r) are arbitrary functions of r. Eliminating s from
the first two and first and third gives

u
xy =a(r)b(r) = A(r), — = c(r)/a(r)2 = B(r).

x2

Noting again that A(r) and B(r) are arbitrary. Further, elimination of r

gives
= fly) o u=2 flxy).

(i) If us = uy x5 + uy ys then choosing
Xs=1Y, Ys=—1, gives us=1
Solving the second and third gives
y=—s+0b(r), u=s+c(r),

giving the first as
Xs =Yy = —s+Db(r).



Integrating gives

r) —s)2
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where a(r), b(r) and c(r) are arbitrary functions of r. Eliminating s from x

and y gives

2

x4+ y? =a(r), or 2x+y* = A(r).

Eliminating s from y and u gives
u+y=c(r)+b(r) = B(r).

Noting again that A(r) and B(r) are arbitrary. Further, elimination of r
gives
uty=f2x+y?) or u=-y+fQx+y’).

2. Solve the following using the method of characteristics
(i) xuy+(x+2y)uy = u, u(x,0)=x
(ii) xuy+2uuy, = u, u(x,0)=x

Solutions
(i) The characteristic equations are

dx dy du

X x+2y T
Solving the first pair, i.e.

@_d_y ives =5+ —
x  x+2y & e '

Solving the first and third, i.e.

dx du . u
— =— gives (= —.
X u X

The solution is therefore given by

u_ (v 1 _ y_ 1
x_f(x2+x) o u_xf(x2+x)'



Imposing the initial condition u(x,0) = x? gives

u(x,O):fo):xz — f(x):%.

This gives the solution as

(ii) The characteristic equations are

dr _dy _du

x  2u u’
Solving the first and third, i.e.
d d
% = 7” gives In|x| =In|u| —In|ca| or

Solving the second and third, i.e.

dy _ du

> gives %:u—cl or ¢ =
u u

The solution is therefore given by
u y y
———f(u——z) or u——xf(u——z).

Imposing the initial condition u(x,0) = x? gives

RI=

= (2.

<

M—E.

P=xf(x*-0) = f(xH)=x = f(x)=Vx

This gives the solution as

3. Solve the following nonlinear PDE

(i) xubi+u, = 1, u(x1)=

(ii) wuxuy —2xuy —2yu, = 0, u(x,0)=

3



Solution
(i) If F = xp® + g — 1 then the characteristic equations are

xs = Fp=2xp (1.4a)
ys = F=1 (1.4b)
us = pFy+qF; =2xp* +¢ (1.4c)
ps = —(Fe+pF)=—p° (1.4d)
gs = —(Fy+4qF)=0. (1.4€)

To these we associate the following initial condition. When s = 0, then
y=1 x=r, u=r+1, p=1, g=1-r, (1.5)

where p is obtained from differentiating the initial condition and g from
the original equation.
From (1.4d) and (1.4e) we find that

% =s+A(r), g=B(r).
From the boundary conditions (1.5) we find that A =1and B =1 —4so
%:s—kl, g=1-r.
From (1.4a) and (1.4a) we integrate giving
x=C(r)(s+1)% y=s+D(r).
The boundary conditions (1.5) gives A = r and D = 1. Thus,
x=r(s+1)? y=s+1. (1.6)
From (1.4c) we have

uS:pr2+q:r+1 =
u=(r+1)s+E(r)=F+1)s+r+1. (1.7)

Eliminate r and s from (1.6) and (1.7) gives the solution

X



(ii) If F = pgq — 2xp — 2yq then the characteristic equations are

xs = Fp=q—2x (1.8a)
ys = F=p-2y (1.8b)
us = pFy+qF; =2pg—2xp —2yq = pq (1.8¢c)
ps = —(Fx+pF)=2p (1.8d)
s = —(F,+qF)=2q. (1.8e)
To these we associate the following initial condition. When s = 0, then
y=0 x=r, u= 2, p=2r, q=2r, (1.9)

where p is obtained from differentiating the initial condition and g from
the original equation. As we need p and g to find x, y and u, we focus on
these first. Solving (1.8d) and (1.8e) for p and g gives
p=alr)e*, q="b(r)e*,

and imposing the initial condition gives a(r) = 2r and b(r) = 2r. Thus,

p =2re®, q=2re*. (1.10)
From (1.8¢c) we see that

us = 4r%e®,
which integrates giving
u=r%*+c(r),
and the initial condition here gives c(r) = 0. Substituting (1.10) into (1.8a)
and (1.8b) gives
Xs 4+ 2x — 2re® =0, Ys + 2y — 2re? = 0.

Solving yields
X = g X 4dr)e®, y= % e® 4 e(r) e %,
Applying the remaining initial conditions gives
r

rzgeo—i—d(r) e, 0= 5 e® +e(r) e,

showing that d(r) = % and e(r) = —%. Thus, we have the following
parametric solutions

X = % <e2s+e_25> , Y= % <e2s —6_25> L ou = re®.

Eliminating r and s gives
u=(x+y)>



