Math 1497 Calculus II — Sample Test 1 Solutions

1. /tan1 xdx

Integration by parts. If

1

u = tan "x, v =y,
dx
du = m, dv = dx,
then y
/tan_lxdx:xtan_lx—/ 2dx
1+x
and if u = 1+ x2, then du = 2xdx so
1 rd
/tan_lxdx = xtan ‘x— = —u,
2 u
1
= xtan lx — Eln lul +c,
1
= xtan lx — Eln|1 + 22| +c.
In x
Integration by parts. If
1
u = Inx, v=—-,
X
du — d_x, dv — d_;cl
X X
then
/ Inx Inx dx Inx 1
—dx = ——— —_ = ——+c
x2 x x2 X X
1
3. / xe* dx
0
Integration by parts. If
u = x, v=e",
du = dx, dv=e¢"dx,

then

! 1 ! 1 1
/ xexdx:xex|0—/ etdx = xe*|y—e*|[p=(e—0)—(e—1)=1.
0 0

4. / tan> x sec* x dx



Trig. integral. If u = tan x then du = sec? x dx, then substituting gives

tous tan*0  tan®0
/u3(1+u2)du=/u3+u5du:uz-l—%—kc: ar; + aré

5 /1 dx
o V1= 22
This integral is improper

b T
lim = limsin 'x| = limsin 'bh=

/b dx
b—1Jo /1 —x2 bl 0 bl 2

5
6. / Inxdx
1

Integration by parts. If

u = Inx, v=x,

du = d_x’ dov = dx,
X

then
> 5 > 5 5
/lnxdx:xlnx|1—/ dx = xInx|] — x| =5In5 — 4.
1 1

7. /sec3xdx

Integration by parts. If

u = secx, v=tanx,
du = secxtanxdx, dv = sec®xdx,

then
/sec3xdx = secxtanx—/secxtanzxdx
= secxtanx—/secx(seczx—l)dx
= secxtanx—/sec3xdx+/secxdx
SO
2/sec3xdx:secxtanx+ln|secx+tanx|,

SO

3 1 1
/sec xdx = Esecxtanx+ §1n|secx+tanx] +c.

/3 dx
34— x2




This integral is improper because the integrand is undefined at x = —2 and x = 2. So we

consider
/34—x2_/3 4—x2 /24—x2 / 4—x2

and will show that one of the integrals (the last one) diverges.

dx

4—x2 B Hz/ 4—x2 4}335 2—|—x 2—
= A—Lblzl_ar%(ln|2+x|—ln|2—x|)\a:Zig(ln5—1n|2+a|+ln|2—a|):—oo.

Since one integral diverges, the entire integral diverges.
9. / sin® x cos® x dx
Trig. integral. If we re-write the integral as

/ sin® x cos? x cos x dx,

then if u = sin x, then du = cos x dx and we have

us sinx sin®x

/sinzxcoszxcosxdx = /uz(l—uz)du == ——+c= -

5
3 ? 3 5
10. / xe ™ dx
0

This integral is improper because the infinite limit. So

5

b 2 1 2 (b 1 2 1 1
li Fdx=—-lime ¥ | =—lime " -1=—-2(0-1) = =.
e Jo 6 e’ 0T T 265" ;0-D=3

11. / cos’ x dx
Trig. integral. If we re-write the integral as
/ cos? x cos x dx,

then if u = sin x, then du = cos x dx and we have

3 . 3
u x
/costcosxdx: /(1—u2)du :u—?—kc:sinx— S

/3
12. / tan? x sec? x dx
/4



Trig. integral. If u = tan x then du = sec? x dx. The limits becomes

X = = u=tanj=1 x=75 = u:tan%:\/g.

w3

Therefore, we have

1
=Vv3—-.
3

V3 3
/ u?du =
1

w3y
3, 3

Q|-

dx
13. /—
(x2+4)3/2

Trig. substitution. If x = 2 tan § then dx = 2sec? § df and substituting gives

2 [ sec?f 1
= =" —— 4o = 0df = —sin0 .
23/sec39 4/sec6 4/COS 4sm te

Since tan = %, then sin = ——2— and our answer is
2’ Vx2+4

i

/ dx g — 1 X te
(3(24—4)3/2 4/x2 4 '

V3
14. / _—
1 xvVx2+1

Trig. substitution. If x = tan 6 then dx = sec? § 0. The limits change and here

x=1 = tanf=1 = 0O0=mn/4
=v3 = tanb=v3 = 0=mn/3

and substituting gives

/ sec’f dgz/ cscfdf = —In|cscf+cotf|| = —InV3+In(v2+1).
/4 tan@secH /4 /4
15. / o
VxZ—4
Trig. substitution. If x = 2sec 0 then dx = 2sec tan 6 d0. Substituting gives
2 _
/zseCGtangdG:/sec9d9:1n|sec9+tan9|—|—c:ln > /
2tand
noting that we have sec# = 5 and we deduce that tan 6 = x;*4




16. —_—
6 /x2+3x+2

Partial fractions
1 A B

x+1)(x+2) x+1 +x—|—2'
Multiplying by (x 4+ 1)(x + 2) gives

1=A(x+2)+B(x+1).

SO
1) 2A+B=1
x) A+B=0
so A=1and B = —1. Thus,
/ r 1 dx=In|x+1| —In|x+2|+¢
x+1 x+2 n '

3
17 / dx
V1—x2

Trig. substitution. If x = sin 8, then dx = cos 0 d0. The limits become

x=0 = 6=0, x:% = 9:%.
Substituting gives
/6 sin> fcost do LZCR /6
sin” beesv ab _ i 9d9=/ sin? 0 sin 0 d6.
/0 ost /0 sin A
If we let u = cos 0 then du = — sin 6 df. The limits becomes
=0 = u=1, 6=% = u=21L.
So
VA 1 w3 |! 1 V3 V3\ 2 33
—/ (1—u”)du / (1—u)du=u—— =(1—-=)-[—-"|==z——
1 @ 33 3 2 8 3 8
2

2
8. | _rdx
(2 +1)
Trig. substitution. If x = tan § then dx = sec? § d0 and substituting gives

2 20 —
/w _/tan /wdez/secé—cosﬂdé.
sec3 O sec 0 sec 6




Each integrates separately to

X
In|secd +tanf| —sinf +c=In|vVx2+1+x] - ——— +¢
| | | Vs
. . . . x . ]
smcetanG-xthensm@-mandsec@- x% + 1.
2x —1
19. d
/x—l —2)2 *
Partial fractions
2x —1 A . B n C
(x—1)(x—2)2 x—-1 x—-2 (x—2)%
Multiplying by (x — 1)(x — 2)? gives
2x —1=A(x—2)*>+B(x —1)(x —2) + C(x — 1).
SO
1) 4A+2B—-C= -1
x) —4A-3B+C=2
x?) A+B=0
soA=1,B = —1and C = 3. Thus,
1 1 3 3
- dx =1 —1] -1 -2 ——+c.
/(x—l x—2+(x—2)2) *=Inlx—=1[=In|x—2] x—2 "¢
20. /sin5xcos4xdx
Trig. integral. If we re-write the integral as
/ sin* x cos* x sin x dx,
then if u = cos x, then du = — sin x dx and we have
/sin4xcos4xsinxdx = —/(1—u2)2u4du: —/u4—2u6+u8du
B _u_5+2_u7_u_9+c__c0559+2cos79_cos99
5 7 9 n 5 7 9
21. /31 dx
X3+ x
Partial fractions
1 A Bx+C

x(x2+1)  x  x2+1°
Multiplying by x(x? + 1) gives

1=A(x*+1)+ (Bx+O)x.
SO



soA=1,B=—1and C = 0. Thus,
1 1
/(——L) dlen\x|—§1n|x2+1]+c.

x  x24+1

22. / sin? x cos? x dx

Trig. integral. Since both powers are even, we use the double angles formulas

.9 1 —cos2x 5 1+ cos2x
sin“x = ————, cos"x=-—" .

Thus, the integral becomes

/1—c052x1—|—c052xdx:i/l_coszzxdx:%/1_ (1+cos4x) .

2 2 2
—_—
again
So,
1 1 in4
g/l—cosélxdx: 3 (x— SHIL x) +c.
23, / dx |
oox4 X

This integral is improper because the integrand is undefined at x = 0 and the infinite

limits. So we consider
—eo xt " Jo ot
and will show that one of the integrals (the last one) diverges.

/ dx dx= 1 " dx lim 11 lim 11 1 00
_ = m _— = _—— e — _—— — e ,
0 1—0b—c0 3 \ a3 b3

a—0b—o Jg X 1—0b—c0 3 x3 .

so the integral diverges.

4x* —x +7
24. d
/ x—1)(x2+44) *

Partial fractions
42 —x+7 A Bx+C

(x—1)(x2+4) 1 x2 44"
Multiplying by (x — 1)(x? + 4) gives
4 —x+7=A(x*+4)+ (Bx +C)(x —1).

SO



1) 4A-C=7
x) —-B+C=-1
x?) A+B=4

so A=2,B=2and C = 1. Thus,

2 2 1 1
/(x—l + ;2(1_4) dx:21n]x—1]—i—ln|x2+4]—|—§tan*1§+c.

This integral is improper because the infinite limit. So we consider

by b
li — lim 2v/ 1‘ — Eim2vVh+1—2= oo
P o el e VAT = M avE

so the integral diverges.

26. /tan3 xsec® x dx
Trig. integral. We re-write the integral as
/ tan” x sec” x sec x tan x dx

If u = sec x then du = sec x tan x dx. Therefore, we have

/(uz—l)u2du:/u4_u2du:%_%:SeCSX_sec3x+C.

5 3
27, /
1x—2

This integral is improper because the integrand is undefined at x = 2. So we consider

b b

lim = 11m1n|x—2\ =limIn|b—2| —In3 = oo,
b—>2J)-1x—2 b2 1 b2

since In 0 is undefined. Therefore, the integral diverges.

1
28. /—dx
x2y/x2 -9

Trig. substitution. If we let x = 3sec then dx = 3secf tan 6 df. Therefore, we have

3secftan6do / /cosf)d@——sm@—l—c—l x2—9+c
32sec203tan® 9. secd 9 9 9 x




Vx2=9

X

since sec = % and sin 6 =

3
X
29. /—dx
VX249

Trig. substitution. If we let x = 3tan 6 then dx = 3 sec? 0 d6. Therefore, we have

/ 33 tan3 03 sec? 6

do = 27 / tan’ 0 sec 840 = 27 / tanZ 0 sec 0 tan 0d0.
3sect

If u = sec6, the du = sec tan 6 df, and our integral becomes

3
27/(u2—1)du =27 (%—u) +c=9sec®d — 27sech +c.

Vx249

and since tan 6 = g then sec = LR and our final answer is
2 3/2
9
% —9vx2+9+c.

2 xodx
V2 V/x2 =1

Trig. substitution. If x = sec 0 then dx = sec tan 6 40. The limits become

30.

x=v2 = 0=7%7 x=2 = 0=7.

Substituting gives

T 5 T
/3 sec’ OsecHtanb d9:/3sec69d9.

7T 7T
I tan 0 z

We could use the f sec” x dx reduction formula but I wil use the substitution, u = tan®,
so du = sec? 6 df while the limits become

0=7 = u=1 06=% = u=+/3.

Thus, the integral becomes

V3 V3 3 5V3
/ (1+u2)2du:/ 142 by — g 2w :ﬂg_ﬁ.
1 1 3 5 5 15



