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ABSTRACT 

 

Using Jiang function, we prove Jiang prime k-tuple theorem, and prove that the Hardy-Littlewood prime k-tuple 

conjecture is false. Jiang prime k-tuple theorem can replace the Hardy-Littlewood prime k-tuple conjecture. 
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(A) Jiang prime k-tuple theorem (Jiang 2002, Chun-Xuan, 2016). 

 

We define the prime k-tuple equation 

                         
, ip p n

,                                         （1） 

where 
2 , 1, 1in i k 

. 

we have Jiang function (Jiang 2002, Chun-Xuan, 2016) 

                     
2 ( ) ( 1 ( ))

P
J P P    

,                              （2） 

where P
P  

, 
( )P

 is the number of solutions of congruence 

   

1

1
( ) 0 (mod )

k

i
i

q n P



  

, 
1, , 1q p 

.                              （3） 

If 
( ) 1P P  

 then 2( ) 0J  
. There exist infinitely many primes P  such that each of iP n

 is prime. If 

( ) 1P P  
 then 2( ) 0J  

. There exist finitely many primes P  such that each of iP n
 is prime. 2( )J 

 

is a subset of Euler function 
( ) 

( Chun-Xuan, 2016). 

 If 2( ) 0J  
, then we have the best asymptotic formula of the number of prime P ( Jiang ,2002, Chun-Xuan, 

2016) 

 
1

2 ( )
( ,2) : ~ ( )

( ) log log

k

k i k k k

J N N
N P N P n prime C k

N N

 


 



    

     （4） 

( ) ( 1)
P

P    
， 

1 ( ) 1
( ) 1 1

k

P

P
C k

P P




  
     

                                               （5） 
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Example 1. Let 
2, , 2k P P 

, twin primes theorem. 

From (3) we have 

                
(2) 0, ( ) 1P  

 if 2P  ,                              （6） 

Substituting (6) into (2) we have 

                 
2

3
( ) ( 2) 0

P
J P


   

                               （7） 

There exist infinitely many primes P  such that 2P   is prime. Substituting (7) into (4) we have the best 

asymptotic formula  

  2 23

1
( ,2) : 2 ~ 2 (1 ) .

( 1) log
k

P

N
N P N P prime

P N



     


               （8） 

Example 2. Let 
3, , 2, 4k P P P  

. 

From (3) we have 

                    
(2) 0, (3) 2  

                              （9） 

From (2) we have 

                              2( ) 0J  
.                                          （10） 

It has only a solution 3P  , 2 5P  , 4 7P  . One of 
, 2, 4P P P 

 is always divisible by 3. 

Example 3. Let 
4, ,k P P n 

, where 
2,6,8n 

. 

From (3) we have 

(2) 0, (3) 1, ( ) 3P    
 if 3P  .                       （11） 

Substituting (11) into (2) we have 

                   
2

5
( ) ( 4) 0

P
J P


   

,                                （12） 

There exist infinitely many primes P  such that each of P n  is prime. 

Substituting (12) into (4) we have the best asymptotic formula 

      

 
3

4 4 45

27 ( 4)
( ,2) : ~

3 ( 1) logP

P P N
N P N P n prime

P N





    


  （13） 

Example 4. Let 5k  , P , P n , where 
2,6,8,12n 

. 

From (3) we have 

              
(2) 0, (3) 1, (5) 3, ( ) 4P      

 if 5P                     （14） 

Substituting (14) into (2) we have  

                 
2

7
( ) ( 5) 0

P
J P


   

                                  （15） 

There exist infinitely many primes P  such that each of P n  is prime. Substituting (15) into (4) we have the best 

asymptotic formula 

 
4 4

5 11 5 57

15 ( 5)
( ,2) : ~

2 ( 1) logP

P P N
N P N P n prime

P N





    


            （16） 
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Example 5. Let 6k  ， P , P n , where 
2,6,8,12,14n 

. 

From (3) and (2) we have 

                    2(2) 0, (3) 1, (5) 4, (5) 0J     
                   （17） 

It has the only a  solution 5P  , 2 7P  , 6 11P  , 8 13P  , 12 17P  , 14 19P  . One of 

P n  is always divisible by 5. 

 

（B）The Hardy-Littlewood prime k-tuple conjecture (Hardy & Littlewood, 1923; Green & Tao, 2008; 

Goldston, 2009a; Goldston, 2009b; Goldston, 2009; Ribenboim, 1995; Halberstam & Richert, 1994; Schinzel & 

Sierpiński, 1958; Bateman, P. T., & Horn, 1968; Narkiewicz, 2013; Tao, 2009). 

 

We define the prime k-tuple equation 

                   
, iP P n

                                             （18） 

where 
2 , 1, , 1in i k 

. 

In 1923 Hardy and Littlewood conjectured the asymptotic formula 

        

 ( ,2) : ~ ( )
log

k i k

N
N P N P n prime H k

N
    

,                   （19） 

where  

           

( ) 1
( ) 1 1

k

P

P
H k

P P




  
     

                                     （20） 

( )P
 is the number of solutions of congruence 

               

1

1
( ) 0 (mod )

k

i
i

q n P



  

，  
1, ,q P

.                     （21） 

From (21) we have 
( )P P 

 and 
( ) 0H k 

. For any prime k -tuple equation there exists infinitely many primes 

P  such that each of iP n
 is prime, which is false. 

Conjecture 1. Let 
2, , 2k P P 

, twin primes theorem  

From (21) we have 

          
( ) 1P 

                             （22） 

Substituting (22) into (20) we have 

                 

(2)
1P

P
H

P
 

                         （23） 

Substituting (23) into (19) we have the asymptotic formula 

             

 2 2
( ,2) : 2 ~

1 logP

P N
N P N P prime

P N
     


             （24） 

which is false see example 1. 
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Conjecture 2. Let 
3, , 2, 4k P P P  

. 

From (21) we have 

                  
(2) 1, ( ) 2P  

 if 2P                       （25） 

Substituting (25) into (20) we have 

                      

2

33

( 2)
(3) 4

( 1)P

P P
H

P


 

                                     （26） 

Substituting (26) into (19) we have asymptotic formula 

 
2

3 3 33

( 2)
( ,2) : 2 , 4 ~ 4

( 1) logP

P P N
N P N P prime P prim

P N





      

        （27） 

which is false see example 2. 

Conjecture 3. Let 4k  , 
,P P n

, where 
2,6,8n 

. 

From (21) we have 

               
(2) 1, (3) 2, ( ) 3P    

 if 3P                      （28） 

Substituting (28) into (20) we have 

                      

3

43

27 ( 3)
(4)

2 ( 1)P

P P
H

P


 


                                            （29） 

Substituting (29) into (19) we have asymptotic formula  

 
3

4 4 43

27 ( 3)
( ,2) : ~

2 ( 1) logP

P P N
N P N P n prime

P N





    


       （30） 

Which is false see example 3. 

Conjecture 4. Let 
5, ,k P P n 

, where 
2,6,8,12n 

 

From (21) we have 

        
(2) 1, (3) 2, (5) 3, ( ) 4P      

 if 5P                   （31） 

Substituting (31) into (20) we have 

                        

4 4

5 55

15 ( 4)
(5)

4 ( 1)P

P P
H

P


 


                                （32） 

Substituting (32) into (19) we have asymptotic formula  

 
4 4

5 5 5 55

15 ( 4)
( ,2) : ~

4 ( 1) logP

P P N
N P N P n prime

P N





    


     （33） 

Which is false see example 4. 

Conjecture 5. Let 6k  , P , P n , where 
2,6,8,12,14n 

. 

From (21) we have 

              
(2) 1, (3) 2, (5) 4, ( ) 5P      

 if 5P               （34） 

Substituting (34) into (20) we have 
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5 5

13 65

15 ( 5)
(6)

2 ( 1)P

P P
H

P


 

                           （35） 

Substituting (35) into (19) we have asymptotic formula 

 
5 5

6 13 6 65

15 ( 5)
( ,2) : ~

2 ( 1) logP

P P N
N P N P n prime

P N





    

     （36） 

which is false see example 5. 

 

Conclusion: 

         The Hardy-Littlewood prime k-tuple conjecture is false. The tool of additive prime number theory is basically 

the Hardy-Littlewood prime k-tuple conjecture. Jiang prime k-tuple theorem can replace Hardy-Littlewood prime 

 k-tuple Conjecture. There cannot be a really modern prime theory without Jiang function. 
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