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The Hardy-Littlewood Prime k-tuple Conjecture is False
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ABSTRACT

Using Jiang function, we prove Jiang prime k-tuple theorem, and prove that the Hardy-Littlewood prime k-tuple
conjecture is false. Jiang prime k-tuple theorem can replace the Hardy-Littlewood prime k-tuple conjecture.
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(A) Jiang prime k-tuple theorem (Jiang 2002, Chun-Xuan, 2016).

We define the prime k-tuple equation
p’ p + ni , (1D

2|n,i=1--k-1

where
we have Jiang function (Jiang 2002, Chun-Xuan, 2016)

3,(0) =TI(P -1 2(P)) .

w=I11P
where P x(P) is the number of solutions of congruence
k-1
I[1(g+n)= mod P
i:1(q |) O ( Od )’q:]_’...1p_]_' (3)

If 2(P)<P-1 then ‘]Z(w) #0 . There exist infinitely many primes P such that each of P+n, is prime. If

#(P)=P-1 then ‘]Z(w) =0 . There exist finitely many primes P such that each of P+n is prime. JZ(a))

is a subset of Euler function #(@) ( Chun-Xuan, 2016).

If J2(a)) #0 , then we have the best asymptotic formula of the number of prime P (Jiang ,2002, Chun-Xuan,
2016)
k-1
7 (N,2)=[{P<N:P+n, = prime}| ~ Jz(f’)‘" '\k' —C(k) '\k'
¢ (o) log“ N log® N )

#(@)=1(P-1)

C(k) = 1;[(1_ %j@_ ij—k

P (5)
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Example 1. Let k=2,P,P+2
From (3) we have

2(2)=0, Z(P):lifp>2, (6)
Substituting (6) into (2) we have
J,(@)=I1(P-2)#0

, twin primes theorem.

P

There exist infinitely many primes P suchthat P+2 is prime. Substituting (7) into (4) we have the best
asymptotic formula

. 1 N
7, (N,2)={P<N:P+2=prime}|~2T1(1—- :
(N2 Primel] ~2 10~ 5 7P g ®

Example 2. Let k=3, P,P+2,P+4
From (3) we have

x(2)=0, xQ)=2 (9)
From (2) we have

Jo(@) =0 (10)
It has only a solution P =3, P+2=5 P+4=7 oneof P,P+2,P+4 is always divisible by 3.
Example 3. Let k=4,P,P+n ,where N =268

From (3) we have
2(2)=0, ) =1, x(P)=3 s P>3 (11)
Substituting (11) into (2) we have
J(@)=[(P-4 =0 )
There exist infinitely many primes P such that each of P+ 1N is prime.
Substituting (12) into (4) we have the best asymptotic formula
27 _ P*(P-4) N

7z4(N,2):‘{PsN:P+n:prime}‘~?g5 P og'N g

Example 4. Let k=5 P P+n \here n=26,812

From (3) we have
72 =0, 2(39)=1 #(5)=3 #(P)=4 ;s P>5 "
Substituting (14) into (2) we have

J,(w)=T1(P-5)=#0
(@)= T1(P-5) o

There exist infinitely many primes P such that each of P+ 1 s prime. Substituting (15) into (4) we have the best
asymptotic formula

15* I (P—5)P4 N

2"t P27 (P-1)° log° N (16)

75(N,2) =[{P <N :P+n= prime}|~
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Example 5. Let K=6, P P+N \here n=2681214
From (3) and (2) we have
22)=0, 7@ =1 1E) =4 3,(5)=0 .
It has the only @ solution P=5 P+2=7 P+6=11 P+8=13 P+12=17 P+14=19 opeof

P+n s always divisible by 5.

(B) The Hardy-Littlewood prime k-tuple conjecture (Hardy & Littlewood, 1923; Green & Tao, 2008;
Goldston, 2009a; Goldston, 2009b; Goldston, 2009; Ribenboim, 1995; Halberstam & Richert, 1994; Schinzel &
Sierpinski, 1958; Bateman, P. T., & Horn, 1968; Narkiewicz, 2013; Tao, 2009).

We define the prime k-tuple equation

P, P+n, (18)
2In,i=1- k-1
where .
In 1923 Hardy and Littlewood conjectured the asymptotic formula
7 (N,2)=[{P<N:P+n, = prime}| ~ H(k)Lk
log" N (19)
where
—k
H(K) =n(1__V(P)j[ —lj
P P P (20)
v(P) is the number of solutions of congruence
k-1
IT n)= mod P
N@+n)=0 ModP) ¢_; . p -

v(P)<P H(k)=0

From (21) we have and . For any prime k -tuple equation there exists infinitely many primes

P such that each of P+n, is prime, which is false.

Conjecture 1. Let k=2P,P+2

From (21) we have

, twin primes theorem

v(P)=1 (22)
Substituting (22) into (20) we have
H(2)=TI——
PP-1 (23)
Substituting (23) into (19) we have the asymptotic formula
7,(N,2) =[{P<N:P+2= prime}| - N2
P P-1log~N (24)

which is false see example 1.
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Conjecture 2. Let k=3P, P+2,P+4
From (21) we have

v(2)=1 v(P)=2 if P>2 (25)
Substituting (25) into (20) we have

2
HE@ =41 - P=2)
P (P-1)° (26)

Substituting (26) into (19) we have asymptotic formula

2
ﬂg(N,Z):‘{PSN:P+2: prime, P+4 = prim}‘ an Y (P-2) N
P2 (P-1)° log®N

which is false see example 2.

=4 P,P+n n:2,6,8_

Conjecture 3. Let k , Where

From (21) we have
v(2)=1 v(3) =2, v(P)=3 s P>3
Substituting (28) into (20) we have

P*(P-3
=2 P9
2 P> 3 (P- 1)
Substituting (29) into (19) we have asymptotic formula

P}(P-3) N
273 (P-1* log* N

7,(N,2)=[{P<N:P+n= prlme}‘

Which is false see example 3.

k=5 P,P+n n=2,6,812

Conjecture 4. Let , Where

From (21) we have
v(2)=1 v(®) =2 v(5)=3 v(P)=4  P>5
Substituting (31) into (20) we have
HE) = P

4> P55 (P — 1)

Substituting (32) into (19) we have asymptotic formula
P‘(P-4) N

45 P>5 (P-1)° log® N

75(N,2) =[{P <N :P+n= prime}|~

Which is false see example 4.

Conjecture 5. Let K=6 P P+n \pere 1= 2,6,812,14

From (21) we have
v(2)=1 v(3)=2, v(5)=4, v(P)=5;; P>5
Substituting (34) into (20) we have

8
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(28

(29

(300

3D

(32)

(33

(34
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P =
HE) =2 PO
2 - (P-1)° (35)

Substituting (35) into (19) we have asymptotic formula
15° I (P-5) P> N
2875 (P-1)° log® N

75(N,2) =[{P <N :P+n= prime}|~
(36>
which is false see example 5.

Conclusion:
The Hardy-Littlewood prime k-tuple conjecture is false. The tool of additive prime number theory is basically
the Hardy-Littlewood prime k-tuple conjecture. Jiang prime k-tuple theorem can replace Hardy-Littlewood prime

k-tuple Conjecture. There cannot be a really modern prime theory without Jiang function.

Corresponding Author:

Jiang Chun-Xuan,

P. O. Box 3924, Beijing 100854, P. R. China

Email: jcxuan002@sina.com, & jiangchunxuan234e@126.com

References
1. Bateman, P. T., & Horn, R. A. (1962). A heuristic asymptotic formula concerning the distribution of prime

numbers. Mathematics of Computation, 16(79), 363-367.

2. Chun-Xuan, J. (2016). Jiang’s Function J n+1 (W) in Prime Distribution. The Journal of Middle East and North
Africa Sciences, 2(6), 13-20

3. Goldston, D. A., Graham, S. W., Pintz, J., & Yildirim, C. Y. (2009a). Small gaps between products of two primes.
Proceedings of the London Mathematical Society, 98(3), 741-774.

4. Goldston, D. A., Graham, S. W., Pintz, J., & Yildirim, C. Y. (2009b). Small gaps between primes or almost
primes. Transactions of the American Mathematical Society, 5285-5330.

5. Goldston, D. A., Pintz, J., & Yildirim, C. Y. (2009). Primes in tuples I. Annals of Mathematics, 819-862.

6. Green, B., & Tao, T. (2008). The primes contain arbitrarily long arithmetic progressions. Annals of Mathematics,
481-547.

7. Halberstam, H., & Richert, H. E. (1974). Sieve Methods (London Mathematical Society Monographs No. 4).

8. Hardy, G. H., & Littlewood, J. E. (1923). Some problems of ‘Partitio numerous’; III: On the expression of a
number as a sum of primes. Acta Mathematica, 44(1), 1-70.

9. Jiang, C. X., (2002). Foundations of Santilli's Isonumber Theory: With Applications to New Cryptograms,
Fermat's Theorem and Goldbach's Conjecture. International academic press.

10. Narkiewicz, W. (2013). The development of prime number theory: from Euclid to Hardy and Littlewood.
Springer Science & Business Media.

11. Ribenboim, P. (1995). The new book of prime numbers.

9


http://www.jomenas.org/
mailto:jcxuan@sina.com
mailto:jiangchunxuan234e@126.com

]
Y

I

I\ 91 T
VAN
d The Journal of Middle East and North Africa Sciences 2016; 2(7) http://www.jomenas.org R
12. Schinzel, A., & Sierpinski, W. (1958). Sur certaines hypotheses concernant les nombres premiers. Acta
Arithmetica, 4(3), 185-208.

13. Tao, T. Recent progress in additive prime number theory, preprint. 2009. Szemerédi’s theorem does not directly
to the primes, because it can not count the number of primes.

Received May 15, 2016; revised June 10, 2016; accepted June 10, 2016; published online July 01, 2016.


http://www.jomenas.org/

