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Abstract

The present work considered a class of boundary value problems associated with even order impulsive
neutral partial functional differential equations with continuous distributed deviating arguments and
damping term. Necessary and Sufficient conditions are obtained for the oscillation of solutions using
impulsive differential inequalities and integral averaging scheme with Robin boundary condition.
Examples are specified to illustrate the important results.

Keywords: Neutral partial differential equations; Oscillation; Impulse; Distributed deviating arguments.

Introduction

The oscillation theory of ordinary
differential equations marks its establishment in
an explore article of Sturm [1] in 1836 and for
partial differential equations through Hartman
and Wintner [2] in 1955. In 1989, the initial
work on impulsive delay differential equations
[3] was in print and their substances were
included in monograph [4]. In addition the most
important effort concluded in [5] on impulsive
partial differential equations in 1991. Numerous
substantial phenomena are expressed in terms of
second order equations. The theoretical
background of the second and higher order
equations is common and for this reason, we
study the higher order equations. The spacious
interest on qualitative studies of ordinary and
partial functional differential equations is came
back to their varieties of applications in various
fields of science and machinery [6-10].

The oscillation of impulsive and non-
impulsive parabolic and hyperbolic equations
has been widely studied in the literature, we refer
the readers to the papers [11-18] and the
references they are cited. Curiously the minority
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significant consequences on higher order partial
differential equations with continuous distributed
deviating arguments have been studied in [19-
23]. But these are not considered with impulse
effect. Consequently, it is necessary to study
with impulse effect on the oscillation of higher
order partial differential equations. To the best of
authors’ acquaintance, there are no scientific
articles on the oscillation of higher order
impulsive neutral partial differential equations
with continuous distributed deviating arguments
and damping term. In this fashion, we initiate
oscillatory results for even order impulsive
neutral partial differential equations with
continuous distributed deviating arguments and
damping. Focal results of this manuscript expand
and improve numerous findings in the earlier
publications of non-impulsive type equations.
We think likely that this primary work achieve
the absorption of numerous researchers working
on the even order impulsive partial functional
differential equations. In the current study will
the follow even order impulsive neutral partial
functional differential equation with continuous
distributed deviating arguments and damping.
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where Q is a bounded domain in BY with a
piecewise smooth boundary 9€ and A is the
Laplacian in the Euclidean space R".

Equation (1) is enhancement with the following
Robin boundary condition 2.

a(0) 22 + p()ulx,6) = 0
(x,t) € QX (0,+=) (2)
where ¥ is the outer surface normal vector to 82
and &, f € C(3Q, RY), a®(x) + B%(x) # 0.

In the sequel, we assume that the following
hypotheses (H) hold:

(H)) r(t) € C'([0,+x),(0,+x)), r'(t)=0,
p(t) € C([0,+),R), [~ = ds = +os,

where R(t) = exp (_I"r %Tds)

(H,) c(t) € C™([0,+x), [0, +20)),

a(t) € PC([0,+x),[0, +5x)), where PC

represents the class of functions which are
piecewise continuous in t with discontinuities of
first kind only at t =1t,, k= 1,2,---, and left
continuous at t=t, k=12,
T(t) € C([0,+=), R), :l—i}TmT(tj = tw,

q(t, &) € C([0,+=) X [a, b],[0, +)).

(Hy)  b(t§) € C([0,+) X [a, b], [0, +)),
a(t,8), p(t,€) € C([0,+%) X [a,b], R),

glt,f i<t p(t.&) =t for & €[a.b], o(t. )
and p(t, &) are nondecreasing with respect to t

and ¢ respectively and
r—}-ll-lorn]}flé}i b] U(t E}-j B ralloﬂlé}:fﬂ p(t E}-j T
(H,) There exist a function

B(t) € C([0,+x), [0,+2x)) satisfying
8(t) < o(t,a), 8 (£)=> 0 and lim 6(t) =
n(&):[a,b] = R is nondecreasing and the
mtegral |s a Stleltjes integral in (1).

(Hs) —

dlscontmumes of first kind only at t=t,,

k=12, and left continuous at t =t
E":PJH':-TI;{} al[‘luuxr 3

 are piecewise continuous in t with

geli FRGEEE k = 1’2-"".’

i=012,,m—1,
(He) |

(o) f s _
17 (o1, 222 ) € PC(Q % [0,4) X R,R),
k:]_z... '=|:|12... —1

, and there exist positive constants ak}, bk with
b,'{m V< al® such that for

i=012,--m—-—1, k=12,
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The present paper is organized as follows:

In section 2, we present the definitions and
notations will be needed. In section 3, we deal

with the oscillation of the problem (1) and (2).
Section 4, presents examples to illustrate the
main results.
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Preliminaries

In the preliminaries section, we begin with
definitions and known results which are required
throughout this paper.

Definition 2.1. A solution u of the problem (1) is
a function
u € C™( X [t_y,+00),R) N C( X

[f_y, +00), R)

that satisfies (1), where

t_y:= mln{ﬂ, irggr(t]} and

t_y:=

win {0, i (- ), i (st )
Definition 2.2. The solution u of the problem
(1).(2) is said to be oscillatory in the domain G
if for any positive number £ there exist a point
(xg.ty) €2 X [£,400) such that u(x,t,) =0
holds.

Definition 2.3. A function V(t) is said to be
eventually positive (negative) if there exists a
t, = t, such that V(t) = 0 (< 0) holds for all
t =t

Lemma 2.1. [24] Suppose that the smallest

eigenvalue 4, = 0 of the eigenvalue problem
Aw(x)+ Aw(x) =0 in 3)
w(x) =0 on
and @(x)=0 is the corresponding
eigenfunction of A;. Then 4; =0, ®(x) =1 as
fF=0(xe)and 4; >0, ¢(x) >0 (xE Q)
as f(x) =0 (x €a0),

Lemma 2.2. [25] Let ¥(t) be a positive and n
times differentiable function on [0,+c2). If
v ™ (£) is constant sign and not identically zero
on any ray [t,,+co) for t; = 0, then there exists
at,=t; andinteger I (0 =!=mn), withn+1
even for v(t)y"™(t)=0 or n+1 odd for
y(t)y™(t) < 0; and for t =t,,
y()y¥ () =0, 0<k<I;

(—1)* )y () =0, =k <=n.
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Lemma 2.3. [26] Suppose that the conditions of
Lemma 2.2 is satisfied, and

yrU(y™(@ <0, t=t,.
Then there exist constant i € (0,1) and M = 0
such that for sufficiently large t

Iy (ut)] = M2 |y (1)),

Lemma 2.4. [27] If X and Y are nonnegative,
then
X —pX¥* 14 (u—1)¥* =0, p=1
X —pXy*l—(1—p)¥y* <0, 0<p<1,
where the equality holds if and only if ¥ = ¥,
For each positive solution u(x,t) of the problem
(1), (2) we combine the functions given below

= — o)
v(e) =[x De@dx,  F() =23
p(thpit)
i)
L ="EG and 6() =
, (
go [, a(t.$)dn($)

where gg = 1 — c(o(t, &)).
Results and discussion

Establish  necessary and  sufficient
conditions for the oscillation of all solutions of
the problem (1), (2).

Theorem 3.1. The boundary value problem
(1).(2) is oscillatory in G iff all solutions of the
impulsive differential equation
L)) S W) + eV ((0))] +2(8) S (V(0) + eV (2()
+ 17 a(t.V(a(t,9)dn(E) + Aa(V ()
+o [T B(EOV(p(5E)dNE) =0, =t

avieh

, =012, m—1

are oscillatory, when #(x) = 0 for x € dQ and
Ay is the smallest eigenvalue of (3).

Proof. (i) Sufficient part: Assume that there exist
a nonoscillatory solution u(x,t) of the boundary
value problem (1).(2) and u(x,t) = 0. By the
hypothesis (H;), that there exist a t; =ty =0
such that t(t) = t,, o(t.&) = t, p(t.&) = ¢,
for (t, &) € [ty, +=) X [a, b], we get that
u(x,7(t)) =0 for (xt)eQx
[ty.+0),
u(x,o(t,&))=0 for
[ty +a) X [a, b]

and  u(xp(t,§))=0  for
Multiplying both sides of equation (1) by
®(x) = 0 and integrating with respect to x over
the domain €2, we attain

(x,t,&) € Q X

(x,t) EQX[t, +) X[a, b].

Oscillation of Even order Impulsive Neutral Partial Differential Equations

o L, unHe@dx + c(Du(x, 7(£))@(x)dx)|

+p(t) ::‘T (o v )@ (®)dx + [, c(DulxT(£))P(x)dx)

+ Iy J7 a(t.Ou(x,o(6,§))@(x)dn(§)dx

= a(t) [, Mu(x, )0(X)dx + [ [T b(t, §)Au(x,p(t, §))D(x)dn()dx.

From Green’s formula and boundary condition
(2), we see that
JAu(x,t)ib(x)d_x :f [ib[x)au(x’t)
2 a8

ay
_ Bulx,t) AF(x)
=0 [ib(x] 58— u(x, £) 25 }ds—

Ag _Irg ulx, ) P(x)dx, t=t,.
Where d5 is surface component on 3€2. When
a(x) =0, x €dQ, then by (1) we get
B(x)=0, u(xt)=0, (xt)EdIQXR’ we
have
Aulx, 0% x _
[0 (2@ é}f} —u(,)=2)ds =0, t=
ty, t#t,.
If a(x) = 0,a’(x)+ B*(x) =0, where
a,f € C(8Q,R™) and 3Q is piecewise smooth,
without loss of generality, we can assume that
a(x) =0, x € Q. Then by (1) and (3), we get
that
Bulx,t) AE(x)

Jra (2@ =22 - w(x t) 5 )ds

=/ (—=1J(x]i::‘:§u(x,t]+
i:f—jqa(xju(x,tj}ds =0, t=t,.
Then by Lemma 2.1, we have
_I':Q Au(x,t)P(x)dx =
—4, _I':Q u(x,t)P(x)dx, t=t,
=—4,V(2)
and
_]':Q Au(x,p(t, £))P(x)dx =
Ao fg u(xp(t.E)0(x)dx, t=t,
= —A,V(p(t. &) ... (7
It is easy to see that
Jo I} a(t. )ulx, o(t, §)@(x)dn(¢)dx
= I a(6:8) fy u(x,o(t, )@ (@) dxdn(?)
= I a6V (o(6.0))dn(E).....8)
Combinin‘g (5) - (8), we get that
2[r®) = v ® + OV ()]
+p(8) T (VD) + c(V ((D)) ...(9)
+[7 a (6. 6V (o(t,£))dn(§) + Aoalt)V(£)
+a [ OV(p(t, ) =0, t=t, t=t,.
Multiplying both sides of the equation (1) by
®(x) = 0, integrating with respect to x over the
domain £, and from (H,), we obtain

30
o %] ds + L u(x, AD(x) dx
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a0 yx, r""u
l i) 3¢l i z}
Dy = a'ﬁn.v Aupety) — b
rl h
According to V(t) = Kg [, u(x, t)@(x)dx, we
have .
30V (et
l z::l aplid i z::l
ail.i:-?.jx_r;;. < b
oA
Therefore V' (t) is an eventually positive solution
of (4), which contradicts the fact that all
solutions of equation (4) are oscillatory.
(if) Necessary part: Suppose that equation (4)
has a nonoscillatory solution V(t) = 0. Without
loss of generality we assume V(t) =0 for
t=t, =0, where t, is some large number.
From (4), we have
L0 S (P + (97 (2(2D))]
+2(8) 2= (V) + e(OP (2(£))
+ 17 a(6 P (o(8,E))dn(§) + Aoa(O) (2)
+ao [T (8, )P (p(68))dn($) =0, t=zt, t+t, xEQ
.....(10)
Multiplying both sides of (10) by ®(x) = 0 we
obtain
2 [0 2= (P2 + c(OT (2(e)2 ()]
+2(8) Sor (P9 () + (P ((9) 2 (2))
+[2a(t OV (a(t, )2 (X)dn(§) + A,a(OF (HD(x)
+ig [T AV (p(£,8)D(X)dn($) =0, t=t, xEQ
Let fi(x,t) =V()®(x), (x t) € Qx [0, +x).
By Lemma 2.1, we have Aw(x)= —A,w(x),
x € €. Then (11) gives
40 ;tT (@(x.t) + (a6 ()]
+2(8) gr @ 1) + (O, (1))
+ 7 a6 8)i(x,0(6.)@@)dn(E)

-(12)

= a(DAd(x,t) + [0 b(t, )AL(xp(LE))dn(E), t=t, xEQ

.....(12)
Multiplying both sides of equation (10) by
P (x) = 0, we have
*avmww<

(D)) <

@y aelh RG]

i) 8
b v () 00)

..(13)

Since
i(x, t] ff[t]:I-[x] (x t) € Qx [0, +x),
(i) @
a"k ar |I:‘|u(x’tk] |I:‘|u(x’t;{|-j {

A alt
bk ar |I:‘|u’[:x tk]
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[ 'h
aa.nu( tk:]_ IIE}( tk’ .nu(x tk:])
Which shows that
fi(x,t) = F(®(x), (x,t) € QX [t,, +),
satisfies (1). From Lemma 2.1, we get that
a(x) 22+ BIw(x)= 0, x€0Q

which |mpI|es that

a(x) T + B(x)i(xt) = 0,
R*.

(x,t) € 8Q X

Hence  i(xt)=V()®(x)>=0 is a
nonoscillatory solution of the problem (1),(2)
which is a contradiction.

Remark 3.1. Theorem 3.1 shows that the
oscillation of problem (1), (2) is equivalent to
the oscillation of the impulsive differential
equation (4).

Theorem 3.2. If f(x) =0 for x € 2 and the
impulsive differential inequality

(r®z™ D (©) +p(OZ™ () + g0 [ a(6:EZ(O(®)dn(E) < 0

, =012, m—1

has no eventually positive solutions, then every
solution of the problem (1),(2) is oscillatory in
G.
Proof. Suppose to the contrary that there exists a
nonoscillatory  solution u(x,t) %0 in
01 X [t,, +0oo) of the problem (1),(2) for some
= 0. Without loss of generality, we assume
that w(x,t) = 0, (x,t) € QX [t, +), t, =0,
By assumption that there exists a t; = t; such
that t(t) = t;, o(t.&) =ty p(t.&) =t for
(t.£) € [ty, +o0) X [a, b], then
u(x,7(t)) =0 for (xt&)eNx
[ty, +00),
u(x,o(t,f))>=0 for
[t,,+00) X [a, b]
and  u(x,p(t,&)) =0 for
0 X [t,, +00) X [a,b].
Proceeding as in the proof of Theorem 3.1, by
Lemma 2.1 and from (9), to get that

2l :"I."_ V() + eV (=(1)))]

+(8) S (V1) + eV (2(D))

+[7 a(t. &)V (a(t,§))dn(?)

= —ha()V(8) — Ao [ b(t,EIV(o(t:E))dn($)

(x,t,&) € Q X

(x,t,&) €
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Set Z(t) = V(t) +c(t)V(z(t)). Equation (16),
can be written as
(r(OZ™ V() +p(HZ™ 0 (1) +

[ a(t,OV(e(t,9))dn(€) <0, t+t,.

..(17)
We have Z(t)=0, for t=t; and
[r(z™ ()] <0 for t>t. Hence

r(£)Z™ Y (£) is a decreasing in the interval
[ts. +00). We can claim that #(£)Z™ Y (t) > 0
fort = t,. Infact, 7(£)Z™ V() = 0fort = t,,
then there exists a T =t; such that
r(T)Z'™ 1 (T) < 0. Which implies that

(r'(£) +p (D) 2D () + r(£) (m —
1)z™=2)(¢) < 0.

From (H,), we have
R (tj = exp (J.-r rrns}+*pn3]) fr ri(s)+pls) ds

r(s) tp  ris)

=R(t) (?"“ r}:f?ﬂ 'ir})

rit)
and R(t) = 0, R'(t) = 0 for t = t;. Multiply by
19 on both sides of the equation (18), we have

r(t)

f::—:;'[r (&) +P(ENZT D (1) + T 2 (8)(m—
nz™ i) <o

(R(Z™ V(1) <o.......... (19)

From (19), we have

R()Zm V() < R(T)z™m(T)<0, t=T.
Thus

[fztm Y (s)ds < [ i 5
T
[z"“‘“}] < R(T)Zz™ (1) [T R.s;.'is t=

T
zl'm—zjl(tj Zrm—:} (Tj <

er}

zm(Tyds, t=

R(T)Z™ 1 (T) jr S t=T
zm=2A () =

Z2m=D () + R(T)Z™Y(T) jr S t =
T.

Since (H,), we see that the right side tends to
negative infinity. Thus rEIsz':m_E}[tj = —o,
which implies Z(t) is eventually negative. This
contradicts the face that Z(t) = 0. At the same
time, we can prove Z™U(t) =0, t=t,.
Furthermore, from Lemma 2.2, there exits a
t, =t;andaodd numberl, 0 =l <m—1, and
for t = t,, we have

zW(E) =0, 0=i<l,

(-1 Yz = o, l=i=m-—1

Oscillation of Even order Impulsive Neutral Partial Differential Equations

By choosing i =1, we have Z'(t) = 0, since
Z(t)=zx(t)=0, Z'(t)=0, we have
Z(e(t, &) = Z(o(t, &) — o(t, &) = x(a(t, &) —

T(t.€))

, and thus

(r(z™ () + p(OZ™ V(1) +

a9zt ) (1- c(o(t,9))dn (D) <
0.
From equation (17), we get

(r(®z" 1 ®) +p(H2" V() +
9o JF a(t. D Z(o(t,))dn(&) < 0.

From (H;) and (H,), we obtain
Z(a(t,§)) = Z(o(t,a)) =0, ¢€
[a.b] and B(t)=o(td)=t.
Thus Z(8(t)) = Z(o(t,a)) fort = t,.
Then (20) can be written as
(r®z™ () + p()2 (1) +

g0 J, a(t. H)Z(8(8))dn(¢) = 0.

..(21)
Fort =ty t = t,, k =1,2,- and from (4) we
have
3 0zixthy
I:z']l 3¢l (£}
Ig’k = a0z r‘.—b
atld

Therefore Z(t) is an eventually positive solution
of (15). This contradicts the hypothesis and
completes the proof.

Theorem 3.3. If B(x) =0 for x € 3N, there
exists a function @(t) € C'(R¥,(0,+00)) for
ty = 0 which is nondecreasing with respect to t,
such that

rm—-

[l ) R (J—) [e()6(s) -

g

F (el 3}] ds = Lo,

2Li=)

then every solution of the boundary value
problem (1), (2) is oscillatory in G,
Proof. To prove the solutions of (1).(2) are
oscillatory in &, from Theorem 3.2, it is enough
to prove that the impulsive differential inequality
(15) has no eventually positive solution. Suppose
that Z(t) = 0 is a solution of the inequality (15).
Define

- [m—a] .
Wt = 0O t2t (23)
then W(t) = 0 for t = tg, and
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Ww'(t) =
@ ()
Wt
oo (T h
e (8)[-2(£)2™ D (t)-g, [ a(tHZ(8(£))dn(¥))]
Z(8(2))

o(0)(r (2™ 1(0))zn(B(0))8r(2)
- Z(8(:))?
From Z™(t) = 0, according to Lemma 2.3, we
obtain
Z6(t)) = M(B(e)™ 2z U (), ....(24)
Thus
W'(t) = F(OW(t) —G(t)e(t) —

S

|‘ﬂ.—_"|
W(t) < S W(ty),

=
Define

pimot] -
U(tj = ntngr;{czr (_ZT) W(tj
K

In fact, W(t) is continuous on each interval
(tertise], and in consideration of

|‘ﬂ.—_‘|
W) < w(s).

k

It follows that for

t = t,,
: pim—2) - -
U(t;) = ntngrj-gr;{ ( NG ) Wi(t;) =

i

pim—t -
Hrnsr_l.-::r;{ G W(t,) = U(ty)
K

and for all t = t;,

. -1
_ pim—1 _
U(t;) = Hrngrj-gr;{_._ (JT) W(t,) =
2y
B M1 -1
anifj‘:rk (_iT) W[tk] = U[tkj
which implies that U(t) is continuous on
[to. +00).

(m—1)y "1

(m—1) !
U'(t) + 1_[ ( ) t(j:)-(l‘j+ 1_[ (;;;:(o) ) G(Be(t) — F(HU(L)

tnStpst EaSty <t

. -1

pim—4

+ Hrnsr;{cr (_ZT) G (t)qj[:tj -
m-13% "

1
b,
ntnsr;{q (_ZT) F(e)W(t)
11 b\ [w L@

= “ (6) + W3(t) W(F(t) + G(t)(p(tj] <o.

tnSt St k (tj

That is

Oscillation of Even order Impulsive Neutral Partial Differential Equations

b::m l
U'(t) € — Tl cepee (Jf)ﬁ U(e) +

@(t)

m-n

F&ﬂmﬂ—n%ﬂﬁreﬁg) G(De(2).

Taking
| [m—1a)
_ R ) _
X = ||Hrngrke:r( h;[l:-j ) ‘ U(tjr Y=
A ¥ ‘

| =1
Fie) | s e
2 Nlnfnifk{f al™ Lie)

from Lemma 2.4, we have

Bl Lt
F()U(t) — Hrngr;{ir (_EE:{T) ot u? (t) =
-1
F2 |t::||p|'|t:|l—[ bl;m__:l
aL(t) EpSty <t E;{nj .
Thus
M1 -1
U!(tj < - Hrngr;{::r (_ZT) [G (t]g:(t:] -
FE(t)e( r}]
aniey I
....... (26)

Integrating both sides from t; to t, we have
U(t) =

rm—1) -1
Ulty) — .r:D nrns ty<s (EZT) [G (s)e(s) —
Fis)er(s)
AL(=) ]
Taking t—++co,  from (22), we have
lim U(t) = —oe, which leads to a contradiction

t=+ 400

with U(t) = 0.

Theorem 3.4. Assume that § =0 for x € 912,
suppose that there exist functions ¢(t) and
p(s) € C'([0,+20],(0,+c0)) in which @(t) is

nondecreasing. If there exist two functions
H(t,s),h(t,s) EC'(D,R), in which
D ={(t.s)|t = s =ty > 0}, such that
(H,)
H(t,t) =0, t=ty; H(ts)>0, t>s=
tD
(Ho) H(t,s) 20, H(ts) <0,
(Hs)
——[H(t,5)p(s)] — H(t,5)p(s)F(s) = h(t;5).

If

, fmo2) 1 |k(t,5)IPe(s)
PO t[,)f [ ] ( ) [G@‘p(sw(t RS ErTas e

B thsEtps

T,
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then every solution of the boundary value
problem (1), (2) is oscillatory in G.

Proof. Assume that the boundary value problem
(1), (2) has a nonoscillatory solution wu(x,t).
Without loss of generality, assume that
u(x,t) >0, (x,t)EQXR*. The case for
u(x,t) <0 can be considered in the same
method. Proceeding as the proof of Theorem 3.3,
we have
u(x,7(t)) =0, u(x,o(t,&)) =0,

u(x,p(t,&)) =0

for

(x,t) € QX [ty, +o0), (x,t,E) EN X

[ty,+0) X [a, b]

,and

b;i’"‘l’) L(t)

' 2 b Y N
utr)sftlsl( o Jo” (GH@U@*{D{E( ‘o ) G(©)e(®)

multiplying the above inequality by H(t,s)e(s)
for t = s =T, and integrating from T to t, we
have

J; U'()H(t.5)p(s)ds <

E_}[.‘l‘l.— 1)

Liz) .2
- ..r_-: HEDEE;{CS (_HET) IPI:S':IU [S:]H(t!‘gjp(sjds

k

+[7 F(s)U(s)H(t,5)p(s)ds

[m—-1)

- ..r: nrnﬂr;{cs (EiT) G(s)e(s)H(t s)p(s)ds.

4

Thus, we have
[m—1)

.r: Hrngrkcs (Ei‘.jT) G(s)e(s)H(t,s)p(s)ds =

R

U(T)H(5T)p(T)

+ [ In(t,s)U(s)lds

[m—1) .
T, e (J—) LD 2 () (5 5)p(s)ds.
........ (29)
Put
|| BTN s
X = |Hr:,5r;,,::s ( ZED) )m}s} H(t,s)p(s)U(s),
N o )
1-’ =

! sy —1
1 ! by o(s)
2 |h[:t’ S] |1'|| Hrnit;{is ( E';:{D:' ) L) H{t.z)p(s)

from Lemma 2.4, we attain for t = T = ¢, that

Oscillation of Even order Impulsive Neutral Partial Differential Equations

[h(t, s]U(s].l -
Mepsiee (5‘—) “9 (e )p(s) U ()

@(5)

pm=1) -1
II -1 -
tp sty =S E.I'Dj
4

In addition, from (28) and (30), we have

1 |rits)p(s)
T 4 Lis)H(ts)pls)

[m—1)

.r; Hrngr;{{s (Ei::n_j) G(s)@(s)H(t, s)p(s)ds —

K
i -1
1t |Rits)2@is) pim—
o L.'s}:'r g LR ( () ds
(H(Es)als) - teSti<s | ol
< U(T)H(£T)p(T) <
H(t, t)p(TYU(T), t>T =t

Thus

vt A | (5‘—\) [6()e(s)H(E 5)p(s) -

L3
1 1h(e) o) ]
$L(H(z)p(3)

S

BN 1 |h(t, 5)e(s)
& 1_[ (;:T) [G(SMKSJH(&S)P(SJ*QW ds
=

oSty s

H

[m-—1}

ﬁ” [ A (&T) G(s)@(s)H(t, 5)p(s)ds +
p(TYU(T)

= .r:; ntnﬂtkis (EZT) G(s)e(s)p(s)ds +

p(T)U(T).
Letting t — +co, we have

-1
) b}
limsup H(rl,:,,) f;n nrnsr;{{s (_ZT) [G (s)e(s)H(t, s)p(s) —

t—+oo i
1 |ries)®@(s) ]
4 L{s)H(t.s)p(s)

moayy ~1

< U Moo (E"—w) G(s)e(s)p(s)ds +
p(TIU(T)

< +09,

which leads to a contradiction with (27).

Remark 3.2. In Theorem 3.4, by choosing
p(s)=e@(s) =1, we have the following
corollary.

Corollary 3.1. Assume that the conditions of
Theorem 3.4 hold, and
limsul:lﬁ,tn}f:D ngngrk{g (Ei:,;) [G (s)H(t,s)—

t=+ oo T
1 |r(es)l?
& L(s)H(t.s)

|ds = +eo,

then every solution of the boundary value
problem (1),(2) is oscillatory in G.

Remark 3.3. From Theorem 3.4 and Corollary
3.1, we can attain variety of oscillatory criteria
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by different choices of the weighted function Here @ = (0,m), m=6,n =3,
H[t,.'i':]. 'k'}:' — b"}:' kK ;;f:' — b'ﬁ:‘ =1
For example, choosing e 4 B
H(ts)=(t—s)" t=s=t,, in which =12345, r(t) = ct) = p(t) =7
n =2 is an integer, then g(t.&) = 3 (t) =t -1,
h(t,s) = (n— 1)(t — 5)"3/2 t=s=t, FEY = ot E) =t + - _u
' r - r - + 2 ' t -
From Corollary 3.1, we have o (&) 1‘0?( ) ¢, a(t) 3
Corollary 3.2. If there exists an integer n = 2 b(t §)=—7[ab] =[-n/2,—n/4],n() =4,
such that . =1, H(tj =t,8'(t) = 1.Since t; =1,
imsup b [ M () [o0- a—,m-wu——uj~—mm
syt _3.;:_1;3.;3}]‘13 — oo, hypotheses (H,) — (I;I?] hold, moreover
......... (32) lim Jf l-[ e Il __r-hxl_[:: {SLdS
then every solution of the boundary value ede oSt b'ﬁt TSR et
problem (1), (2) is oscillatory in G. = [[* Tlh<epes mds +[7 Thceyes Zds+
Examples f:f Hi{fﬁf k+1ds +
2 2,1 .2 .3
We present couple of examples to point up our =1 +E X 2 "‘_ XIX 2P+ XXX 2%+
results established in Section 3. = E ==t
. . . n=u .41
Example 4.1. Consider the following equation of Now, the condltlon (32) reads,
the form ) f 0 Ge S T( ¥
1msup—2 . —|t—5)"—
2 EBE(u(x t)+ u(xt——]) totoe LET1) 1564 =5 g41 l15
ar &4 5 ] ds =|+co.
10 8% 1 x 4 — 6s*(t-9)*
+ ?a_s (u(x, t) +ou(xt — 2—]) + gf__ u(x, t + 2{PHdrefore all the conditions of the Corollary 3.2
_1u E /4 e isfied. Therefore, every solution of
3 Au(x,£) + f p Aulet+28)dS, t 5, equI:f?tt)n (33) - (34) is oscillatory in G. In fact
u(x,t) )= mu(:{ ::k] u(x,t) = sinx int is such a squFion. _
a8 - Example 4.2. Consider the following equation of
o Smulx tH) = mu(x t,), 1=12345 k= 1iheform
........ (33)
for (x,t) € (0,m) X [0, +0c0), with the boundary
condition
u(0,t) =u(mt)=0, t+t,.
....... (34)
a A
E(t arﬁ( u(x,t) + u(x t—?’!.'j])

—4t3 5( u(x,t) + u[x t—ﬂ])+t‘f u(x,t + &)dé

= (-2 + 12t - D) au(xt) + 32 —2) [° Au(xt + OdS, t#t, k=12, --(35)

u(x,t; j— u(x t. )

all:‘l al'l:‘l
a—,ﬁu(x ti) = - —mulxt), =123 k=12,

for (x,t) € (0,7) X [0, +0), with the boundary r(®) =t%c() = % p(t) = —4t% q(t,8) =17,

condition T(t)=t—?r,ﬂ(t,€]—,ﬂ(l‘ §)=t+{,

u, (0,t) + u(0,t) = u_(mt) + u(mt) = a(t)=t*—tP+12t - = ® b(t, &) =3t? -2,
o PE e (36) 0,5 = [, 0 n() =, M = 1,6() =,
Here 1 = (0,m), m = 4,n =3, ¢'(t) = 1. Since t, = 1::,{—2,5;[,—1—;
||}:| — bll}} k |:i:| — blzi:' =1, = 1’2’3, G[E:] = T'E[:t‘ — t:], L[S:] = 1. Then the condition
" vt G k (32) reads,
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. 1 4 k 2 _ _
llﬂilipﬁfl Mcyee 7 [7(s" = 9)(2

2 & _
$)? = =]ds = +oo.

Therefore all the conditions of the Corollary 3.2
are satisfied. Therefore, every solution of
equation (35) - (36) is oscillatory in G. In fact
u(x,t) = e *sint is such a solution.

Conclusions

Since several equations of higher order
represent almost accurately physical phenomena,
it is desirable to study these equations
systematically. The obtained oscillation results
for equations (1), (2), extends and generalizes
some known results in obtained in the area of
higher order partial differential equations
without impulsive effect and distributed delay. In
particular the results are the extensions of the
results reported in literature.
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