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Abstract 

In the present paper we established orthogonality of normal derivations in Cp-Classes. We employ some 

results for normal derivations due to Mecheri, Hacene, Bounkhel and Anderson. Let T be a compact 

operator and φ be the subspace where T attains its norm, let φϵ be the set of vectors from Cp-class which 

forms an angle less or equal to ϵ with φ. We show that two operators are orthogonal if their inner 

product is zero.  
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Introduction 

Studies on normal derivations have been 

done by a number of mathematicians and 

researchers especially their properties and 

interesting results have been obtained. In [1, 2] 

for instance, they give results on orthogonality of 

derivations in  and  spaces. In this paper, 

we give results on orthogonality of normal 

derivations in Cp-classes. We have used polar 

decomposition [3], Direct sum decomposition 

[4] and inner product [5] to arrive at the main 

results. Given normal derivations, and T, a linear 

operator on a finite dimensional complex Hilbert 

space H, then for all commutator of the form AX 

-XA has trace 0 and therefore 0 is in the 

numerical range W(AX-XA). But, if H is infinite 

dimensional, then there exist bounded operators 

A and B on T such that W(AB-BA) is a vertical 

line segment in the open right half-plane as 

illustrated by  [6]. 

The present paper initialized a study of a 

class D of operators A on H with the property 

that 0 belongs to W(AX-XA)
~ 

for all bounded 

operator X on H. Such operators are finite, since 

D contains all normal operators, all compact 

operators, all operators having a direct sum and 

of finite rank, and the entire C*-algebra 

generated by each of its members. In [7], they 

work on minimization of the C∞−norm of 

suitable affine mappings from B(H) to C∞ using 

Gˆateaux derivative. They consider mappings 

that generalize elementary operators and in 

particular the generalised derivations. The results 

obtained characterized global minima in terms of 

Birkhoff orthogonality.  

In [8], they study orthogonality in C1-

classes and characterized all those operators S ∈ 

C1 ∩ Kerϕ which are orthogonal to Ran(ϕ|C1) 

(the range of ϕ|C1) when ϕ is one of the 

following elementary operators: EA,B : B(H) → 

B(H);EA,B(X) = Σn i=1AiXBi − X, the nuclear 

operator ΔA,B(X) = AXB−X, the inner 

derivation δA,A = AX−XA and ˜EA,B : B(H) → 

B(H); ˜EA,B(X) = Σni=1AiXBi, where (A1, 

...,An) and B1, ...,Bn are n-tuples of bounded 

operators on H. Maher [9] showed that if A is 

normal and AT = TA, 1 ≤ p < ∞ and s ∈ 

kerδA,B∩Cp, then the map Fp defined by Fp(X) = 

S−(AX−XA) p has a global minimizer at V if, 

and for 1 < p < ∞ only if, AV − V A = 0 i.e we 

have S − (AX − XA) p ≥ T p, if , and for 1 < 

p < ∞ only if AV −V A = 0. In [10] they also 

worked on minimizing T− (AXB−X) p and 

obtained a similar inequality as for [11], where 

the operator AX − XA is replaced by the operator 

ΔA,B(X) = AXB − X.  

In [12], they proved that if kerΔA,B ⊆ 

kerΔA*,B* and T ∈ kerΔA,B ∩ Cp, then the 

map Fp defined by Fp(X) = T − (AXB − X)
p
p 

has a global minimize at V if, and for 1 < p < ∞ 

only if AV B − V = 0. Hence Fp(X) = − (AXB 

− X)
p

p ≥ T  
p
p, if , and for 1 < p < ∞ only if, 

AV B − V = 0. In addition, [13] proved that 

kerΔA,B ⊆kerΔA*,B* and T ∈ kerΔA,B ∩ CP 
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for 1 < P < ∞, then the map Fp has a critical 

point at W if and only if AWB−W = 0 i.e if 

DWFp is the Frechet derivative at W of Fp, the 

set {W ∈ B(H) :DWFp = 0} coincides with 

kerΔA,B(the Kernel of ΔA,B).  

Research methodology 

In this section, we start by defining some 

key terms that are useful in the methodology. 

Definition 2.1 ([14], Definition 1.2) A Banach 

space is a complete normed space. 

Definition 2.2 ([15], Definition 33.1) A Hilbert 

space H is an inner product space which is 

complete under the norm induced by its inner 

product. 

Definition 2.3 ([16], Definition 3.1) Let   f   be a 

function on an open subset U of a Banach space 

X  into Banach space  Y. f  is Gateaux 

differentiable at x  U if there is bounded and 

linear operator T: X Y such that Tx(h)= 

  for every h X. The operator 

T is called the Gateaux derivative of f at x. 

Definition 2.4 ([6], Definition 0.1) Let X be a 

complex Banach space. Then y X is orthogonal 

to x X if for all complex  there 

holds . 

Definition 2.5 ([11], Section 2) Let T  B(H) be 

compact. Then s1 (T)  s2 (T) … 0 are the 

singular values of T i.e the eigenvalues of T = 

 counted according to multiplicity and 

arranged in descending order. For 1 p  ∞, Cp= 

Cp (H) is the set of those compact T  B(H) with 

finite p-norm, p=  = 

 . 

Results and discussion  

In this section we give the main results. 

We establish orthogonality results of normal 

derivations in -class. 

Lemma 3.1 Let  and  be a normed 

ideal  such that   Let 

 where  and 

 is the polar decomposition of , then 

 if and only if  is self 

adjoint and invertible. 

Proof. If  then we have 

 ……… (1) 

We prove that   …(2) for all 

 If  then, 

  and 

  

Hence the projection  onto  and 

 Taking the adjoints of (2) and 

given  we obtain that 

  

and

. 

  commutes with the positive operator  and 

hence it must commute with its square root i.e 

. Suppose the map  has a local 

minimum on  at , then  for 

all  i.e  

for all . This implies, 

 for all .  

Let  be a rank one operator given by 

 where  and  are arbitrary vectors 

in the Hilbert space . Take , 

then

.  

Therefore  is equivalent to 

 for all  or 

equivalently (  for 

all . Choose  such that , 

then 

(  …  (3).  

Let  be the map defined by  by 

  for . 

  is the uniform limit of a sequence of 

polynomials  without constant term as 

, then inequality (3) implies 

  Hence, 

 . 

Theorem 3.2 Let Cp be self adjoint and 

invertible such that , then 

 if and only if 

 for all . 

 Proof.  Suppose   , then by (8, Theorem 

3.4) we obtain 

 for all .  

Conversely, if   for 

all , then we have .  

Given  , then 

.  

Taking adjoints we obtain, 

.  

From Lemma 3.1, it follows that  

and hence  .  
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Remark 3.3 The above theorem still holds if we 

consider  instead of   . 

Lemma 3.4 Let  be a compact operator and  

be the subspace where  attains its norm, let  

be the set of vectors from -class which forms 

an angle less or equal to  with . Further let  

be self adjoint compact operator, such that 

 where λ is a real number such 

that . Then there holds, 

. 

Proof:  Consider a unit vector  represented by 

 , where  and  then  

if and only if  . Also,  

.  

Given that the operator  is compact and 

selfadjoint, there exists a unit vector  such that 

.  

Since , then 

 
 

However, since , 

, 

 , we have 

  

  

i.e  i.e  

, taking care of 

, respectively 

  from which we 

conclude that  . 

Theorem 3.5 Let . Then we have,                                

 

,  

where , and  is the characteristic 

subspace of the operator  with respect to its 

eigenvalue  . 

Proof. We have  

 

  

  

The denominator 

  

tends to . We consider the limit of the 

numerator. The operator  and 

 satisfy the assumption 

of Lemma 3.3, for an arbitrary  and for 

corresponding small enough , we obtain 

n the other hand, 

such that for all  one obtains 

We note that 

given  and  are in the sphere that is metric. 

Hence, we arrive at the result by taking the 

infimum over all , since for all  there 

holds  . 

Conclusions 

These results are on orthogonality of normal 

derivations in -classes. It would be interesting 

to establish orthogonality of normal derivations 

in B(H)-the algebra of all  bounded linear 

operators  on a complex separable and infinite 

dimensional Hilbert space H. Much research has 

been on numerical range and numerical radius, 

whereby a lot of interest has been on 

characterization of both real and complex 

operators. Researchers have proven that if a 

normal operator has a closed numerical range 

then the extreme points of its numerical range 

are its singular values. Research has also been 

done on the numerical range of normal operators 

on a Hilbert space and therefore it would be 

interesting to study on the numerical range of 

posinormal, hyponormal, M-hyponormal and 

subnormal operators. It has also been showed 

that the numerical range of every bounded linear 

operator is convex. It would be interesting to 

consider this property for normal derivations. 
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