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Abstract 

Properties of elementary operators have been studied over a long period of time. Such properties 

include norms, spectrum, positivity, numerical ranges among others. Characterization of elementary 

operators has been given considerations in different classes. In the present work authors give norm 

properties of elementary operators in norm-attainable classes. Moreover, we give applications to signal 

processing. 
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Introduction 

Studies on properties of elementary operators [1-

4] has been of interest to many researchers. Such 

properties include norms [5], spectrum [6], 

positivity [7], numerical [8] ranges among 

others. Characterization of elementary operators 

has been given considerations in different classes 

[9]. Let  be the norm-attainable class of all 

bounded linear operators on a Hilbert 

space E. For n-

tuples  and 

 of operators on E, 

let R A,B denote the operator on  defined 

by   

For  authors 

put  We seek in the 

present work, authors prove 

that

where V(·) is the joint spatial numerical 

range, W 0(·) is the algebraic numerical range 

and J is a norm ideal of    

 Also, authors show 

that  f

or  and J is a norm ideal of , 

where w(·) is the numerical radius. Now, if E is a 

Hilbert space, we show that the lower bound 

estimate 

  holds, if: 

J is a standard operator algebra 

of  and A,B∈ J and also if J is a norm ideal 

of  and  

Research methodology  

In this section, we give the methods and 

techniques used to generate our results. All 

operators considered here are linear bounded 

operators on a Hilbert space E. We adopt the 

following notations in this work. If  we 

denote by M 
−
, co M and  respectively the 

closure of M, the convex hull of M, and the 

set  For (x,f)∈ E× E*, we denote 

by x⊗ f the operator on E given by 

(x⊗ f)(y)=f(y)x. If E is a Hilbert space and 

if x,y∈ E, we denote by x⊗ y the operator 

on E given by  

If  we 

put 

 

Definition 2.1  

Let Ω be a complex unital Banach algebra with 

identity I and let A∈ Ω. 

We define: The spectrum 

of A by:

 

The spectral radius of A by: 
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The set of states on Ω 

by:  

The algebraic numerical range 

of A by:  

The numerical radius 

of A by:  

A is called convexiod if W 0(A)=co σ (A). 

It is known in [10] that W 0(A) is convex and 

compact (this result follows at once from the 

corresponding properties of the set of states) and 

contains σ (A). If  and E is a Hilbert 

space, then w(A)=\| A| iff r(A)=| A|. 

Definition 2.2 

 For  define the spatial numerical 

range of A by: 

where 

 

Definition 2.3 

For n-

tuples  and 

 of operators on E, we 

define: the joint spatial numerical range of A (see 

[ 4] ) 

by: , the 

joint numerical range 

of A by:

,  

Definition 2.4 

For , define the particular 

elementary operators: the left multiplication 

operator  by: , the right 

multiplication 

operator  by: , the 

generalized derivation (induced by A,B) by 

δ A,B =L A −R B, the elementary multiplication 

operator (induced by A,B) by , 

the operator U A,B , 

by  

Remark 2.5 

Without loss of generality, T A,B will stand for 

any one of the above linear operators. Let J be a 

standard operator algebra or a norm ideal 

of  Note that a standard operator algebra 

of  is a subalgebra of  associated with 

the usual operator norm and containing all finite 

rank operators, and a norm ideal of  is a 

two-sided ideal of  associated with a 

symmetric norm ideal (which satisfies axioms 

like those in Hilbert space case. We denote by 

∥·∥ J the norm on J. If J is a norm ideal, 

then T A,B (J )⊂ J, so we can define the 

operator T J,A,B on J by  

If J is a standard operator algebra and A,B∈ J, 

define U J,A,B :J→ J by 

  

For any  we have proved that:  

and 

 

Results and discussion 

In this section, we give the results of our study. 

We assume that J is a norm ideal. 

Proposition 3.1  

Consider E as a Hilbert space and let A and B be 

twon-tuples of operators on E. 

Then  

Proof 

For  (resp.  the 

Schatten p-ideal), then the result is obtained in 

[11]. For any norm ideal J, the proof is 

analogous to that of [5]. 

Proposition 3.2  

Let A and B be two n-tuples of operators on E. 

Then  

Proof 

Let (x,f),(y,g)∈ Π . Define the linear 

functional h on  by:

 

We have h(I)=f(x)g(y)=1, and 

since  t

hen: So h(I)=| h| =1; 

thus h is a state on  It is obvious 

that  the

refore  Since 

 is closed and convex, the result 

follows easily. 

 

https://www.tandfonline.com/doi/full/10.1080/0308108031000122515
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Lemma 3.3 

Let  Then 

 

Proof 

The inclusion  follows 

immediately from Proposition 3.2. 

Then  

Now, let f be a state on  Define the linear 

functional g on  by g(X)= f(L J,X ). By a 

simple computation, we find that g is bounded a 

stateon  sothat 

 Thus 

 therefore 

 By the same argument, 

we find also  

Theorem 3.4  

Let  Then 

 

Proof 

By Theorem 2, we 

have  Th

en                

 

Corollary 3.5 

Let  Then 

 and 

thus  

Proof 

By Proposition 3.2, we 

obtain   

Then we have: 

 

The inequality follows immediately from this 

inclusion. 

Proposition 3.6  

Let  Then 

 

Proof 

We may assume, without loss of the generality, 

that w(A)=w(B)=1. 

For any (x,f),(y,g) in Π, we 

have

Sin

ce  then

 

Applying inequality (1) for (y,g)=(x,f), we 

obtain:

 

Let (x n ,f n ) and (y n ,g n ) be two sequences in 

Πsuch 

that:

F

or (x,f)=(x n ,f n ) and (y,g)=(y n ,g n ), inequality 

(1) 

yields:

 

Thus,

 

Applying inequality (2) twice for (x,f)=(x n ,f n ) 

and for (y,g)=(y n ,g n ) we 

obtain:

 

Since the two complex sequences (f n (Bx n )) and 

(g n (Ay n )) are bounded, we can extract a 

convergent subsequence from each one. We can 

put  and 

 

Letting n→+∞ in (4), (5) and (6), we 

obtain, Ther

efore,

 

Thus we have  

In this point, we assume that E is a Hilbert space. 

Let . We assume that if J is a 

standard operator algebra, then A,B∈ J. 

Remark 3.7  

We define the numerical range of A*B relative 

to B by:

This concept of this numerical range is 

introduced by the most interesting properties 

of W B (A*B) are given as below. 

https://www.tandfonline.com/doi/full/10.1080/0308108031000122515#neq1
https://www.tandfonline.com/doi/full/10.1080/0308108031000122515#neq1
https://www.tandfonline.com/doi/full/10.1080/0308108031000122515#neq2
https://www.tandfonline.com/doi/full/10.1080/0308108031000122515#neq4
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W B (A*B) is not empty and compact subset 

of  

the relation  holds 

iff 0∈ W B(A*B). 

Theorem 3.8 

We have 

that:

 

and   

Proof 

Since  

and since  for any   

 

Let x be a unit vector in E such that Ax≠ 0. 

Using (i), we 

obtain, 

then we can deduce immediately 

that  for any unit 

vector x in E. So  

Corollary 3.9 

We have the following 

property:  

Proof 

We may assume, without loss of the generality, 

that | A|=| B| =1. 

Let  and  Then, 

there exist two sequences (x n ) and (y n ) of unit 

vectors in E such 

that  and 

 By Lemma 3.3.(i), we 

have:

Letting n→ +∞, we 

get  

On the other hand, by Lemma 1.(ii), we 

have  therefor

e 

 

and by the same argument as in the proof of 

Theorem 3, we obtain the inequality. 

We note that the above Corollary 3.9 is proved 

[10] in the particular case where J is standard 

operator algebra, but here, we have obtained it, 

in a more general situation by a direct proof. 

Theorem 3.10 

 If A and B are not zero, we 

have:

 

Proof 

Let  and  By 

the same argument as in the proof of the 

Theorem 3.3, we 

obtain 

. 

Applications to signal processing 

We consider the shifts T and T* as operator 

generators of filters for signal and image 

processing on meshes with semigroup structures. 

We know that some standard operations in 

digital signal processing have suitable analogs 

among those filters. That is, we have 

representations of operations as operators written 

by means of the shifts. In practice, we have used 

these filters for denoising signals and in 

combination with matricization and tensorization 

operations of the Fourier transformation and a 

wavelet expansion for further signal and image 

processing. 

Conclusions 

In the present work, authors have studied 

properties of elementary operators which have 

also been considered over a long period of time. 

Such properties include norms, spectrum, 

positivity, numerical ranges among others. 

Characterization of elementary operators has 

been given considerations in different classes. In 

this paper we have given norm properties of 

elementary operators in norm-attainable classes. 

Moreover, authors have given applications to 

signal processing. 
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