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Abstract

Properties of elementary operators have been studied over a long period of time. Such properties
include norms, spectrum, positivity, numerical ranges among others. Characterization of elementary
operators has been given considerations in different classes. In the present work authors give norm
properties of elementary operators in norm-attainable classes. Moreover, we give applications to signal

processing.
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Introduction

Studies on properties of elementary operators [1-
4] has been of interest to many researchers. Such
properties include norms [5], spectrum [6],
positivity [7], numerical [8] ranges among
others. Characterization of elementary operators
has been glven considerations in different classes
[9]. Let BUE) be the norm-attainable class of all

bounded linear operators on a Hilbert
space E. For n-
tuples A=(Ay..., Ayn)and

= (By, ... By)of operators onE,

IetRA,B denote the operator on B(E) defined
by Rap(X)=>"_A XB;.

For A B e B{E}- authors
putUa.B = Ra.B).(B.A) We seek in the

present work, authors prove

that

oo Zu_.ﬁi_.:{u]. vty € FLAN AF .. L8 e FIB)YY C WolRy g0
=1

where V(:) is the joint spatial numerical

range, W o(-) is the algg_braic numerical range
and J is a norm ideal of B(E).

Also, authors show
that W(Ua ) = 20 V2 —1 yw(Ayw(B), ¢
or A, B € B(E)and Jis a norm ideal of B(E),
where w(+) is the numerical radius. Now, if E is a
Hilbert space, we show that the lower bound
estimate

IUa.BT 1 = 2(v2 = DIANNBl hogs, ~ if:

Jis a standard operator algebra

of B(E) and A,Be J and also if Jis a norm ideal
ofE{E]l and A, B e B(E).

Research methodology

In this section, we give the methods and
techniques used to generate our results. All
operators considered here are linear bounded
operators on a Hilbert space E. We adopt the
following notations in this work. If M C ©, we
denote by M, coM and M, respectively the
closure of M, the convex hull of M, and the

setih A€M} o (x,fie Ex E*, we denote
by x® f the operator on E given by
(x® f)(y)=f(y)x. IfEis a Hilbert space and
ifxye E, we denote byX® ythe operator

on E given by (X @ y)(2) = {z, v)x.
|fK.. L C rlell.we

put

KoL = Z;T:ICE-"JH-" —3: (o, ..., ay) € K,
Definition 2.1

Let Q be a complex unital Banach algebra with
identity | and let A€ Q.

We define: The spectrum
of A by:
a(Ad) = [d e C: A — il is not invertible in £2}

The spectral radius

of A by:
HA) = sup||A]: k € o(A)]
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The set of states on Q
py: P ={fe@fin=|r|=1}

The algebraic numerical range
of A by:Wold) = { f (A):f e P(@)}

The numerical radius
of A by:"(4) = sup{|i]: & € Wy(4))

A is called convexiod if W o(A)=co & (A).

It is known in [10] that W ((A) is convex and
compact (this result follows at once from the
corresponding properties of the set of states) and
contains & (A). If$2 = B(E) and E is a Hilbert
space, then w(A)=\| A| iff r(A)=| A|.
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two-sided ideal of B(E) associated with a
symmetric norm ideal (which satisfies axioms
like those in Hilbert space case. We denote by
lI-l ;the norm onJ. IfJis a norm ideal,
thenTag(J)cJ, so we can define the
operatorTJABoanyTJ A8(X) =Ty p(X).
If Jis a standard operator algebra and A,B€ J,
define U jap ;37— J by
Ujap(X)y=Ujsp(X).

For any A, B € B(E), we have proved that:

and
{TJ'{ W{A} W{B}}_ - WU{RJ_A_B}-
Wolds a.p) = Wo(A) — Wy(B).

Results and discussion

In this section, we give the results of our study.
We assume that J is a norm ideal.

Proposition 3.1

= {(x, f) € E x E* |x|l = || f|l = f(x) = 1Gonsider E as a Hilbert space and let A and B be

Definition 2.2

For A € B(E), define the spatial numerical
range of A by:
P'fAi { f(Ax) (e.f ) € Myhere

Definition 2.3

For n-

tuples A = (Aj, ..., Ayn)and

B={(B..... By)of operators onE, we

define: the joint spatial numerical range of A (see
[4]

)
VA = {(f(Aix),. .. S(Ax)) (x,f) € n}’ the

by:

joint numerical range
of A by:

W(d) = {({A1x.x), ..., (dux, X)) x € E, ||x]| = |}1
Definition 2.4

ForA, B € B(E)  define the particular
elementary operators: the left multiplication
operator by:YX € B(E) Li(X) = AX the right
multiplication

generalized derivation (induced by AB) by
dag=La—Rpg, the elementa% multlpllcatlon
operator (induced by A,B) by ¥ A.B =

the operator U AB
byUa.e =Map+ Mp 4.

Remark 2.5

Without loss of generality, T A Will stand for
any one of the above linear operators. Let J be a
standard operator algebra or a norm ideal
of B(E). Note that a standard operator algebra
of B(E) is a subalgebra of B(E) associated with
the usual operator norm and containing all finite
rank operators, and a norm ideal of B(E)is a

twon-tuples of operators on E.
Then c{W(A) o W(B))™ C Wo(Ry 4 p)

Proof

For J = B(E) (resp. / = Cp(E): the
Schatten p-ideal), then the result is obtained in
[11]. For any norm ideal J, the proof is
analogous to that of [5].

Proposition 3.2

Let A and B be two n-tuples of operators on E.
Then€e(V{(A) o V(B))™ C Wy(Ry 4. g).

Proof

Let (x,f),(y,0)€ H_' Define the linear
functional h on 5(/) by:
hF)=f(Fix@g)y), FelB(J)

We have h(1)=f(x)g(y)=1, and

sincel¥ ® glls = Ix @ gl = Ixllligl = L,¢
[ |HF)| = |F(x® g)y|
= |Flxe g
] = |Flxg 9|,
= IFlfx@gf,
hen: = |FJl. So h(l)=| h| =

thus h is a state on B(J). It is obvious

that MR, A.B) = D1y F(AX)G(Biy). e
refore V(A) o VI(B) C wﬂ{RJ.A.H} Since
Wo(Rj 4.B) is closed and convex, the result
follows easily.
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Lemma 3.3

Let A € B(E). Then
WolL g 4) = Wp(Ry 4) = Wp(A).

Proof

The inclusion €@ V (A}~ C WolL ;s 4) follows

immediately from Proposition 3.2.
Then WolA) =coVIAY < Wo(Lja).

Now, let f be a state on B(J). Define the linear
functional g on B(E) by g(X)=f(L ;x ). By a
simple computation, we find that g is bounded a

stateon B(E). sothat

g(A) = f(Lya) € WolA). Thus
Wo(Ly.4) © WolA), therefore

Wo(L .4} = Wo(A). By the same argument,
we find also WolRy,.4) = Wo(A).

Theorem 3.4

Let A, B € B(E).Then
Wolds a.8) = WplA) — Wy(B).

Proof

By Theorem 2, we
have CO(V(A) — VI(B))™ C Woldsa.B).-Th
Wuld) — WylB) = coViA)y —co V(B
= co{ V{4) — V{B))~
en C Wolds 4 g)
Wioldr 4 gy = WiullL; 4 — R 5)
C WalLy 1) — WolR;, 8)
= Wyld) — Wyl B)
Corollary 3.5
Let A, B € B(E).Then
Wo(AYWo(B) € Wo(My a.8). and
thus WM 4 g) = w(A)w(B).

Proof

By Proposition 3.2, we
obtain OV (AYVI(B))™ C W(M; 4 p).
Then we have:
Wal AYWyB) = co ViA)Y co VI(B)
= {eo Vid)eo VIB))™
C eo( VA V(B)
C WolM; 4 8)
The inequality follows immediately from this
inclusion.
Proposition 3.6
Let A, B € B(E). Then
w(ll; 4 5) = 2(2 — Duw(A)w(B).
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Proof

We may assume, without loss of the generality,
that w(A)=w(B)=L1.

For any (x,f),(y,9) in I, we

have .

f(Ax)g(By)+ f(Bx)g(Ay) € V(4, B)o V(B, A)sin
ce VIA, B)o V(B, A) C WolUjy A.8). then

w(Uy, 4, 8) = |f(Ax)g(By)+ f(Bx)g(Ay)|

Applying inequality (1) for (y,g)=(x,f), we
obtain:
w(Uys,a,8) = 2| f(4x)|| f(Bx)|

Let (xn,fn)and (yn,gn) betwo sequences in
ITsuch

that:

lim | f,(Ax,)| = w(d) =1 = w(B) = lim|g,(By,)|p
or (x,f)=(xn ,fn) and (y,9)=(y n .9 n ), inequality
1)

yields:

WUy, 4,8) = | falAx,)8(By,) + (B, )g,(Ay,)|

Thus,
WUy, 4, 8) = | fal Axp)ga(Brn)| — | ol Bxa)gul{ Avy)|

Applying inequality (2) twice for (x,f)=(xn ,fn)
and for (y,9)=(y n,g n) we
obtain:

w(Us, 4, 8) = 2| ful x| | £o(Bxa)|.

w(Us 4 8) = 2|gulAvy)||gal Brw)|

Since the two complex sequences (f , (Bx »)) and
(9 n (Ay p)) are bounded, we can extract a
convergent subsequence from each one. We can
put@ = lim | f, (B, )| and
f=1lm|g,(Ay,)|.

Letting n—+o0 in (4), (5) and (6), we
obtain,¥(Us, 4 &) = max{1 —[ap]. 21l 2|B[}rher
efore,

{ w(Us, 4,8) +4w(Us, 4 8) = 4| +4(1 — |ef|)
= 4.

Thus we have W(Ur.a.8) = 22 — 1).

In this point, we assume that E is a Hilbert space.
Let A, B € B(E), we assume that if J is a
standard operator algebra, then A,B€ J.

Remark 3.7

We define the numerical range of A*B relative
to B by:

Wa(A*B) = [, € C: & = m(4 Bx,, x,,}, ml|Bx,| = |B], |x,] =1}
This concept of this numerical range is
introduced by the most interesting properties
of W g (A*B) are given as below.
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W ’BC (A*B) is not empty and compact subset
of ‘.

the relation 1M ;= 1B — AAll = Bl ho)gs
iff Oe W B(A*B).

Theorem 3.8

We have

that:
1U1.4.80 > supll(Ax, y)(Bu, v} + B, y)(Aw o) = 3 [l = o) = Jul = ol = 1}

and 1Us.a gl = 2w(A™B).

Proof
Since lIx @ vlly = llx @ vl = |lx[| vl = 1.
and since I X7 = 1 X1 for any X € J,

|Us. 18] = |A(x @ v)B+ Blx @ v)4],

= ||Ax @ B'v+ Bx @ A%y

= ||{Bu, v) Ax + {Au, v)Bx||

= |(Ax, p)(Bu,v) + (Bx, ¥} {Au, v}|
Let x be a unit vector in E such that Ax# 0.
Using (i), we

obtain,
IUg.a.81 2 [(1/ Ax]) (A*Bx, x) [ Ax]| + {A*Bx, x) || Ax|

then we can deduce immediately
that U a8l = 2|{A*Bx, -T}|~for any unit
vector x in E. So lUs.a. 5l = 2w(A™B).

Corollary 3.9

We have the following
property:| Uz.a. 8] = 2042 = DIA][ B].

Proof

We may assume, without loss of the generality,
that | Aj=| B| =1.

Let A € W(A*B)and it € Wa(B*A). Then,
there exist two sequences (x ) and (y ,, ) of unit

vectors in E such ,
that lim || Bx, || = lim ”-"JI,VH I = l*and

lim (A*Bxy, x,) = A, Iim({B*Ay,, v,) = .

By Lemma 3.3.(i), we
have:
l

Urasl = | 7= A°
|Us a8 = “A_-,-_,I.“||j:’|'.".'_-.-||II

Letting n— +oo, we _
get Vs a gl = 1T+ A%l = [1 4 2p] .

On the other hand, by Lemma 1.(ii), we
have U a.pll = max {2|A], 2]} + therefor

€
IUs a8l = max {[1 +Apel. 214], 2|pul},

By, Vul(B* A, %) + | Avlf
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and by the same argument as in the proof of
Theorem 3, we obtain the inequality.

We note that the above Corollary 3.9 is proved
[10] in the particular case where Jis standard
operator algebra, but here, we have obtained it,
in a more general situation by a direct proof.

Theorem 3.10

If A and B are not zero, we
have:

HUs 48] = sllP”HAHHBH +

Ayt

—— | ke Wal(A™H), = Wy (B*A l
Ay - € Ve AB). e WAl A)

Proof

Let A € Wg(A*B)and it € Wa(B"A). gy
the same argument as in the proof of the
Theorem 3.3, we

obtain
WU s a8 = [IANIBI + (R /INANTBID],

Applications to signal processing

We consider the shifts T and T* as operator
generators of filters for signal and image
processing on meshes with semigroup structures.
We know that some standard operations in
digital signal processing have suitable analogs
among those filters. That 1is, we have
representations of operations as operators written
by means of the shifts. In practice, we have used
these filters for denoising signals and in
combination with matricization and tensorization
operations of the Fourier transformation and a
wavelet expansion for further signal and image
processing.

Conclusions

In the present work, authors have studied
properties of elementary operators which have
also been considered over a long period of time.
Such properties include norms, spectrum,
positivity, numerical ranges among others.
Characterization of elementary operators has
been given considerations in different classes. In
this paper we have given norm properties of
. %rﬁtry operators in norm-attainable classes.
Moreover, authors have given applications to
signal processing.
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