Systems of ODEs

A linear system of equations

dx dy
E—aerby, E_Cerdy’ (1)

can be can be written as a matrix ODE
dx
= Ax 2
T X ()

_ X - a b ) )

where ¥ = ( y ) and A = ( - d ) If we consider solutions of the form
% = ceM,

then after substitution into (2) we obtain

AceM = AceM

from which we deduce
(A—AI)c=0. 3)

In order to have nontrivial solutions ¢, we require that
|A—AIl =0. 4)

This is the eigenvalue-eigenvector problem. If
a b
A=)

A —(a+d)A+ad—bc=0,

then (4) becomes

from which we have three cases:

(i) two distinct eigenvalues
(ii) two repeated eigenvalues,

(iii) two complex eigenvalues.



Real Distinct Eigenvalues
Suppose we have eigenvalues A = Ay, A» and associated eigenvectors ## = i, i, . Then
the general solution is

At

% = cqiige™t + cpiipe?. (5)

Real Repeated Eigenvalues

In this case we only have one eigenvalue and one eigenvector and thus one solution
X1 = ﬁleAt. (6)

For the second solution we use the reduction of order technique and assume the second

solution is

%y =ateM +oeM. (7)
Substitution into
dx
T Ax
gives
aeM + atheM + oreM = A <ate“ + z7e“> : 9)

Expanding and comparing coefficients gives
Ail = Ail, il + A0 = Avu (10)
or
(A—A)u=0, (A—A)d=1 (11)
The first is the eigenvalue/vector problem which we used to get the first solution. We use
this in the second to find 9. The general solution is
%= cqaeM+ o, (ate“ + z7e“> (12)

Complex Eigenvalues
Suppose we have eigenvalues A = a £ Bi and associated eigenvectors it = R £ il where

R and I are real vectors. Then the general solution is

% = k(R + Ii)e* (cos Bx + isin Bx) + ko (R — Ii)e™ (cos Bx — isin Bx)

13
= (k1 + ko)e™ [R cos Bt — Isin,Bt} +i(ky — kp)e™ [R sin Bt + I cos Bt 13)



and setting ¢c; = k1 + kp and ¢, = i(k; — k) gives the solution as
x=cre [R cos Bt — I'sin ﬁt] + e [R sin Bt + I cos Bt |. (14)

Here we consider an example of each.

dx (1 1).
a \l20)7*

Example 1.

then the characteristic equation is

1-A 1 | - _ oy
‘ 5 _A’—A —A=2=(A+1)(A-2) =0,
from which we obtain the eigenvalues A = —1and A = 2.

Casel: A = —1

From (3) we have

(21)(2)-()

from which we obtain after expanding 2c; + ¢, = 0 and we deduce the eigenvector

c—:(_é).
(2 =) (2)=(0)

from which we obtain after expanding c, — ¢; = 0 and we deduce the eigenvector

(1)

The general solution to () is then given by

f:c1<_;)et+cz(1>e2t.

Case2: A =2

From (3) we have

Example 2.

Consider



then the characteristic equation is

3-A -2
2 -1-A

‘:A2—2A+1:(A—1)2:O,

from which we obtain the eigenvalues A = 1,1 — repeated.

Casel: A =1
2 =2 c1 (0
2 =2 Co o 0 !

In this case we have
from which we obtain upon expanding c; — ¢, = 0 and we deduce the eigenvector

- (1),
ae(1)e.

For the second independent solution we seek a second solution of the form

so one solution is

%, = iite’ + ve’. (15)

We already have ii = ( 1 ) and from (11)

(332)(2)=(1) (16)

or 2v1 — 2vy = 1. Here, we’ll choose
Therefore, the second solution is

and the general solution

a1 ()= (34

Imposing the initial condition gives

a(3)+e("5)=(1)



This gives c; +1/2cp; = 2 and ¢; = 1 so ¢ = 1 and the general solution then becomes

(1) (5)4)

Example 3.

) x. (17)

The characteristic equation is

5-A 1
-2 3-A

‘:A2—8A+17:0.

Using the quadratic formula, we obtain A =4 +i (so « = 4 and B = 1). For the eigenvec-

tors, we wish to solve

TS a ) (0)=(0)
(2 ) (0)=(5)

(1—-iu+v=0.

()= () (0)r

or

which means solving

One solution is

|

So here

With o = 4 and B = 1 gives

X = K _i )cost— ( (1) )sint} e, X = K _1 )sint+ ( ?)cost} e

The general solution is just a linear combination of these two

X =cq [( _} )cost— ( (1) )sint} e4t+cz {( _} >sint+ < (1) ) cost} et



Extra Example

Example 4.
ax 6 -1 _
ar ( 5 4 ) x. (18)

A—6 1
-5 A—-4

The characteristic equation is
‘ = A*—10A +29 =0.

Using the quadratic formula, we obtain A = 5+ 2i (so « = 5 and = 2). For the eigen-

vectors, we wish to solve

(720 1) ()= (2),
(37 L) (3)-(8)
—50; + (14 2i)v, = 0.
-(5)- (1) (3):

x 1 = 2
With « = 5and B = 2 gives

X1 = {( 3_) )cos2t— ( 3 ) sinZt} e, X = [( é )sinZt—{— ( 3 ) cosZt} e,

The general solution is just a linear combination of these two

X =c {( é )cos2t— ( g ) sinZt} €5t—i—02 {( é ) sin 2t + ( g )cosZt] et

or

which means solving

One solution is

So here



