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Abstract

Studies on numerical ranges such as essential numerical ranges, spatial numerical ranges, algebraic
numerical ranges and maximal numerical ranges for elementary operators have been considered by
different scholars. In this paper we focus on maximal numerical range for a Jordan elementary operator.
The results in this paper show that if H is an infinite dimensional complex Hilbert space and B(H) the
algebra of all bounded linear operators on H, then the maximal numerical range M(U) of a Jordan
elementary operator is nonempty, closed and convex. Furthermore we show that the maximal numerical
radius is equivalent to the norm of Jordan elementary operator but are not necessarily equal.
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Introduction

Studies on properties of different
numerical ranges such as essential, spatial,
algebraic and maximal numerical ranges have
been considered on general elementary operators
[1-4]. Such properties as linearity, closure,
compactness, non-emptiness, convexity have
been generally considered on elementary
operators [5]. In this paper however, we consider
maximal numerical range of a Jordan elementary
operator which is an example of elementary
operator and indeed we show that it is non-
empty, closed and convex and show that the
maximal numerical radius is equivalent to the
norm of Jordan elementary operator but are not
necessarily equal [6]. In section 1, we give a
brief introduction, section 2 we give
methodology and basic concepts, section 3 has
got the results and discussions while section 4
gives the conclusion.

Research methodology

In writing this paper, basic knowledge of
functional analysis and operator theory are
essential. The methodology involved the use of
known inequalities such Cauchy-Schwatz [7]
and Minkowski’s inequality [8]. We also
involved the use of technical approaches such as
tensor product [9] and direct sum decomposition

[10]. Lastly we involved the use of known
definitions and fundamental results as stated
below.

Definition 2.1 [11, Section 2]. Let H be an
infinite dimensional complex Hilbert space and
B(H) the C*-algebra of all bounded linear
operators on H. The Jordan elementary operator
(implemented by P,Q) is defined by Upq(T) =
PTQ + QTP; VT € B(H) VT € B(H) and P;,Q;
fixed in B(H).

Definition 2.2 [12, Definition 2.1] For an
operator U € [B(H)], we define the numerical
range (also known as the field of values) of U by
WU) ={(UT,, To) : TheH, IITy I = 1}

Definition 2.3 13, Definition 1.1.13] The
maximal numerical range M(U) is defined by
MU)={AeC:3{Tp1} €eBH)stITMl =1 1=
limy_oo(UTy, Tn), limy_ o IUTHI = U}

Definition 2.4 [14, Definition 3.2.34] For a p-
tuple, U=(Uy,...,U,) of operators on a Hilbert
space H, we define the numerical radius by
W(U)={( (U1X,X),....{UpX,X)): X€H, lIxII=1}.

Definition 2.5 [15, Definition 2.1]. A norm on a
vector space V is a nonnegative real valued
function

||| : V — R satisfying the following properties:
D). |v|]|>0vveV

i). [|v]| =0iffv=0
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kvl = | kl ||V| VieCandveV
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Results and discussion

iii).
).

In this section we prove that maximal
numerical range of Jordan elementary operator is
non-empty, closed and convex. We also show
that the maximal numerical radius is equivalent
to the norm of Jordan elementary operator but
are not necessarily equal.

Remark 4.10. From definition 2.3 above, we see
that M(U) is contained in the closed disk of
radius [JU]l centred at the origin, M(Al4) = {\}
and that M (A\U) = AM(U) VA € C and U € B(H)
and moreover M(U) € M (U}[16].

Proposition 4.11. Let H be a complex Hilbert
space and U : B(H) —B(H) and let U € [B(H)],
where [B(H)] is the space of all bounded linear
operators, then the following conditions hold:

(). M(U) is nonempty

(ii). M(U) is closed

Proof. (i). By the definition of operator norm,
there exists a sequence of contractive vector
spaces {Tn}n=1 such thatlim,_,lIUT,ll = [U]l and
since {(UT,, Tn)}n>1 is a bounded sequence [17],
then limp_UT,, Tn) — ABut A € M(U) which
implies that M(U) #@

(ii). Let {A}n>1 be a sequence in M(U) that
converges to some A € C. By definition of
maximal numerical range, for each n € N, there
exists a contractlve vector space Tn such that U]l

< JIUTall += and [An —(UThn, Tn)l <— Thus lim, .,

IUT,Il = ||U|| and lim,_.(UT,, Tn> =Xhence A €
M(U). Thus M(U) is closed.

Lemma 4.12. Let U € [B(H)] and let A € C. Then
M(U) = {i} if and only if U = Aly

Proof. By Remark 4.5, we have that M(AI4) =
{\} for any A € C. Suppose M(U) = {1} for some
U € B(H). Then for all T € H with [IT,ll = IITIl =
(Mg —WUTn, Ty =A—(UT,, Tp)=A—A=0.
Hence ((Aly — U)T,, Ty) =0 for T € H and Thus
XIH -uU=0.

Theorem 4.13. Let U € [B(H)]. Then A € M(V) if

and only if there exists an orthonormal sequence
(Tn)nzj_ SUCh that Iimn_mo(UTn, Tn> = 7\,

Proof. Let there exists an orthonormal sequence
(Tn)ns1 such that limy_.(UT,, T,) =A. Then, for
every compact operator V € B(H), A =
limp_o(UTh, To) = limpoo{((U + V )Ty, Ty) €
M(U + V) and since V was picked arbitrary, it
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implies that, A € M(U). Now let L € M(U).
Therefore, A € M(U)so there exists a contractive
vector space T, such that

[(UTy, T1) — A< <—

Let L:= span{Tl}, let D; be the orthogonal
projection onto L, let u eM((Iy — DU L),
and let F,:= },llDl - D,UD; — D1U(|H - Dl) - (lH
— D;)UD;. This shows that F; is a finite rank
operator on H and thus is compact. Therefore,

A EM(U + F1) =
M(ulD1 + (IH — D1)U(IH — D1))

But

M(uD1 + (Ih = D1)U(In = D))= {{(m1D1 + (I —
D1)U(I = Da))n, n)in € H, il = 1}

= {palmalP+{(Is —D)U(I4 —D1)n2, n2)m1 € Li, 2
€ LiL | Imali*+imli®= 13

= {ualnall® + nel*((I = D)U(I — Dy) —n

n ﬂ"nz>lm € Ly, m2 €LiL , Iall® + IIn2ll? = 1} and

since W € M((l 1)U | |_1J_) and that M((lH
-D)U| 111) is convex, we obtain that
M(uD1+(lh —D1))U(ly —D1)) = M((Iv —D1)V]
11t). Hence A € M((ls — Dy)U]| 11) so there
exists a contractive vector space T, €L (i.e T2

is orthogonal to T;) such that(UT,, T2) — A <=

Now suppose Ti, .., T, are orthonormal
contractive vector spaces such that|(UT,, Tn) — )|

< i,l we can repeat the above procedure with L,

:= span{Ty, ..., Tn},Dn the orthogonal projection

obtain the vector space Tn.1 orthogonal to each
Ty for 1 < k < n such that [(UTns1, Toea) — A <
,ll—+ . Hence Dby recursion, there exists an

orthonormal sequence (T,).>1 in H such that
limp_(UTy, Tn) = A as required.

Theorem 4.14. The maximal numerical range
M(U) of U € [B(H)] is convex

Proof. Suppose A1, A, € M(U) are given, then we
need to show that (1 — b)A; + bi, € M(U)
whenever b € [0, 1]. Now if C = ol + BU, where
a, e Caresuchthat 0 =a + prsand 1 = o +
BAy, it suffices to prove that b € M(C) for all b €
[0, 1]. We fix unit vectors x, y € H such that 0 =
(CXn, Xn), 1 = (Cyp, yn) and define g : R — C by
g(b) = (Cxn, yn) exp(=ib) + (Cyn, Xn) exp(ib) b €
R. Since cos © = —1, it implies that g(b + =) =
—g(b) for every b € R. Moreover, there exists by
€ [0, «] such that Img(bo) = 0. Since Img(0) =
—Img(n) and g is a continuous function, there
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exists by € [0, ] such that Img(bg) = 0. Now fix
the wvectors x, ¥= exp(ibp)y are linearly
independent. Otherwise, x = ya for some a € C,
|a| =1 and 0 = (CXy, Xn) = |0|2(C $n, $n) = (Cyn,
Yoy = 1. To complete the proof, define
continuous functions z and f by

2(c) ==X ¢ [0, 1] and f (s) = (Cz(c),

i1 —ehx+ eyl
z(c)), ¢ € [0, 1]. Which implies that f is a real-
valued function with f (0) =0 and f (1) = 1. Thus
b e[0,1] cf[0, 1] c [0, 1] € M (C), implying
convexity.

Theorem 4.15. Let U : B(H) - B(H)and T €U
such that T &€ B(H) then maximal numerical
radius,m(T) = ITIl.

Proof. Considering remark 4.10 that the maximal
numerical range of Jordan elementary operator is
contained in the closed disk of radius (U]l
centred at the origin, and by Proposition 4.11, we
establish that the maximal numerical radius of
Jordan elementary operator is equivalent to its
norm but are not necessarily equal as the
following example illustrates.

Example 4.16. Consider T :[; _01] € V,(C)

Then M(T) is a closed disk of radius i centred at

the origin. To see this, we need to show that & €
C, is a unit vector if and only if we can write

& = (cos(A)e™ , sin()e™™) for some 6 € [0, 2n)
and 9 € [0, Z]. However, (T(cos(d)e™ |,
sin(0)e’®), (cos(9)e™ , sin(9)e™)) = cos(6)
sin(9)e'® . By ranging all possible 6j €[0, 2x)
and 0€ [0, 2] and using the fact that the range of

cos(6) sin(6) = i sin 2(0) over € [0, 7] s [O, i :
We see that M(T) is precisely the closed disk of
radius i centred at the origin. This shows that

m(T) = 5 #1 = |IT |l, thus demonstrating that

maximal numerical radius and Jordan elementary
operator norm are not equal.

Conclusions

Studies on properties of elementary operators
have been of great concern to many
mathematicians. Properties such as Numerical
ranges, Spectrum, Compactness and Positivity
have been studied with excellent results
obtained. The norm property has remained an
interesting area. Although the upper estimates of
these norms are trivially obtainable in terms of
their coefficients, estimating them from below
has proved to be a challenge with different
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results being obtained. Entanglement is a basic
physical resource to realize various quantum
information and quantum communication tasks
such as quantum cryptography, teleportation,
dense coding and key distribution. In this paper,
we have successfully proved that the maximal
numerical range of a Jordan elementary operator
is closed non-empty and convex which is in total
agreement with the previous results worked on
the elementary operators in general. We have
further demonstrated that the maximal numerical
radius and Jordan elementary operator norm are
not equal. Moreover, it is shown that zero is in
the numerical range.
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