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My main research interests are in game theory and artificial intelligence. Many conceptual and com-
putational challenges arise when developing strong agents for strategic multiagent environments. The first
challenge is to determine the desired solution concept. The standard solution concept in game theory is
Nash equilibrium. In two-player zero-sum games this is a compelling solution, but for non-zero-sum and
multiplayer games there are theoretical limitations; games can have multiple Nash equilibria with different
values for the players, and following one of them has no expected payoff guarantee.! Even for two-player
zero-sum games there can be many Nash equilibria and some may be more desirable than others. The second
challenge is to compute the desired solution concept in games of interest. In two-player zero-sum games
this can be done in polynomial time, but in non-zero-sum and multiplayer games it is PPAD-hard and widely
conjectured that no efficient algorithms exist. Even in the two-player zero-sum case specific games of in-
terest may be so large that standard algorithms are not sufficiently scalable. In addition to having multiple
players, games can exhibit many other elements of complexity: very large state and/or action spaces (which
may be infinite), imperfect information (where some elements of the game state are not known to all play-
ers), and repeated interactions of potentially unknown duration (which can theoretically be infinite). I am
interested in developing practical approaches for creating strong agents in games exhibiting some or all of
these complexities. Much of standard game-theoretic analysis assumes that all agents are perfectly rational
and that no further information is available about the opposing agents. New challenges arise when additional
information is available—either in the form of observations from current gameplay or historical data on the
specific opponents or a larger population. When such data is available, we would like to devise opponent
modeling algorithms that integrate the game-theoretic strategies with machine learning approaches that in-
corporate the data. A final challenge is that standard game-theoretic algorithms may compute strategies that
are unintelligible to humans and not feasible to implement under real-world time constraints.

I have devised efficient algorithms for computing Nash equilibrium strategies in several challenging
game classes. I have developed the most efficient exact algorithm for computing Nash equilibrium strate-
gies in games with three or more players [8]. This algorithm is based on a novel mixed-integer programming
formulation. This algorithm computes an exact Nash equilibrium quickly for small games, but does not scale
to large games. For larger games we must consider iterative algorithms such as fictitious play and counter-
factual regret minimization, both of which have no performance guarantee. I have shown that fictitious
play leads to better approximation error than counterfactual regret minimization for approximating Nash
equilibrium in multiplayer games [9]. I have also developed improved initialization approaches for ficti-
tious play that lead to significantly better performance [13] and showed how this has enabled us to solve a
canonical counterexample in which fictitious play does not converge to Nash equilibrium [15]. I have also
devised efficient algorithms for computing very close approximations of Nash equilibrium strategies in mul-
tiplayer perfect and imperfect-information stochastic games. A stochastic game involves repeated play of
stage games until a terminal state is reached, which has unknown (and potentially infinite) duration. These

"Despite these theoretical limitations, I have shown that exact Nash equilibrium strategies outperformed a variety of agents
created for a class project on three-player Kuhn poker, a simplified version of poker that has been used as a testbed in the Annual
Computer Poker Competition [21]. So there is still strong reason to expect Nash equilibrium strategies to perform well in practice.



algorithms were applied to a three-player poker tournament [22, 23], and a four-player naval planning sce-
nario [20, 11]. I have also developed improved algorithms using parallelism for more efficiently computing
best responses [12], which is useful for determining the approximation error. I have also devised algorithms
for computing Nash equilibrium strategies in continuous games (where the pure strategy spaces are infi-
nite). I have applied these to endgames of limit Texas hold ’em [24], and to the continuous Blotto game, a
well-studied model of resource allocation with applications to national security, voting, and auctions [10].

Many important games are so large that we cannot hope to directly compute a Nash equilibrium in the
full game. For example, no-limit Texas hold *em has approximately 1065 states in its game tree [35]. The
standard paradigm for solving such large games had previously been to first apply an abstraction algorithm
that computed a smaller strategically similar game, then solve the abstract game, and finally to map the solu-
tion of the abstract game back to an approximate solution of the full game. I have developed new improved
algorithms for game abstraction that determine which information sets should be grouped together [27, 2]. 1
have also developed new approaches for reverse-mapping the abstract equilibrium to the full game; I devised
a new approach for interpreting opposing actions that have been omitted from the action abstraction [26],
and approaches for rounding strategy probabilities from the abstract equilibrium to obtain stronger perfor-
mance in the full game [30, 2]. Finally, I have devised a new paradigm called endgame solving that has been
widely recognized to be the key breakthrough enabling superhuman performance in no-limit Texas hold
“em [28, 6]. Endgame solving involves solving the portion of the game that we have actually reached during
game play online in real time to a finer degree of granularity than in the offline computation. While I showed
that theoretically this approach may result in a non-equilibrium full-game strategy (even if the trunk strategy
were an exact Nash equilibrium), this approach has consistently led to significantly improved performance.
This approach was used by the agent Claudico that competed in the inaugural Brains vs. Al competition
against the strongest human two-player no-limit Texas hold "em specialists [7], and subsequently defeated
human professional players with the aid of extensive computational resources [36, 3]. This approach was
also critical to recent superhuman play in 6-player no-limit Texas hold em [4].

In addition to developing algorithms for computing and approximating Nash equilibrium strategies, I
have also devised several new game-theoretic solution concepts that may be more appropriate in certain
situations. While Nash equilibrium assumes that all players are behaving rationally, if the opponents are
irrational (or follow strategies from a different Nash equilibrium) we may obtain an extremely low payoff.
I proposed a new solution concept called safe equilibrium that models opponents as behaving rationally
with a specified probability and behaving potentially arbitrarily with the remaining probability [18]. Safe
equilibrium explicitly balances between rationality and safety, enabling us to construct strategies that are
robust to arbitrary degrees of opponents’ irrationality. I showed that safe equilibrium has similar existence
and computational properties to Nash equilibrium, and developed practical algorithms for its computation. I
have also devised a new equilibrium refinement concept for sequential imperfect-information games called
observable perfect equilibrium (OPE) [17]. The main equilibrium refinement solution concepts allow the
players to make small “trembles” or mistakes arbitrarily on all actions (ensuring that we are playing an
equilibrium that is robust to such mistakes), while OPE allows only mistakes from the opponents that are
consistent with our observations of the path of play. We show that OPE results in a solution to two-player
no-limit poker that differs from the prior refinement concepts. OPE correctly captures the assumption that
the opponent is playing as rationally as possible given mistakes that have been observed.

When we are playing against opponents who may be irrational and we have access to historical data
and/or observations of their play, we would like to capitalize on this information to obtain higher payoff
than following a static equilibrium-based strategy. This is particularly challenging when we are playing
against a set of unknown opponents, some of whom may be very strong and potentially deceptive. I devel-
oped an algorithm that is successfully able to exploit weaknesses of opponents in extremely large imperfect-
information games after only a small number of interactions [25]. It uses an approximate Nash equilibrium
strategy as the prior, which is updated based on observations of opponents’ play. The algorithm, called



deviation-based best response, creates an opponent model that assumes that the opponent follows the “clos-
est” strategy to the Nash equilibrium approximation subject to being consistent with our observations of
their play. This is the first opponent modeling algorithm to incorporate behavioral strategy constraints. This
approach led to a large performance improvement against a variety of opponents in two-player limit Texas
hold ’em. I have also developed new approaches with theoretical guarantees even against strong deceptive
opponents [29]. I have shown that in certain games it is actually possible to deviate from repeatedly playing
a one-shot equilibrium strategy in order to exploit perceived weaknesses of an opponent, while still guar-
anteeing at least the value of the game in expectation against any opponent. Those approaches applied to
two-player zero-sum games. Recently I have developed an efficient algorithm for opponent modeling in
multiplayer imperfect-information games that significantly outperformed a wide variety of real opponents
and several exact Nash equilibrium strategies in a three-player poker variant [31].

In many settings we would like to enable humans to make important decisions under time constraints,
not produce massive binary strategy files that are only intelligible to computers. I have designed an algo-
rithm that exploits qualitative information about equilibrium structure to improve the speed of equilibrium
finding and produces strategies that are more human understandable [24]. I showed that for the final round
of limit Texas hold ’em, equilibrium strategies for any input hand distribution will conform to one of three
relatively simple qualitative action structures. I have extended this direction to develop a framework for
computing human-understandable strategies from which we have been able to deduce several new funda-
mental rules of poker strategy that were not previously known for when to make to make extremely large
bets or when to not bet at all (unconventional bet sizes were critical for recent poker Al successes) [32].
I have also uncovered a simple poker rule for determining when to call a bet of arbitrary size that signifi-
cantly outperforms the popular “minimum defense frequency” rule [19]. Recently I have proposed a new
framework that enables human decision makers to make fast decisions in parametrized games (games that
contain parameters affecting payoffs, action spaces, and/or information states) without the aid of real-time
solvers [14]. In this framework we learn a new structure called a parametric decision list, which contains
a small set of rules (i.e., a “cheat sheet”) that dictate which strategy should be played for every possible
parameter value in a way that can be easily understood and implemented by a human.

I have also done some research that falls outside my primary research interest of computational game
theory; I am generally interested in Al, optimization, and Bayesian statistics, and their application to national
security, medicine, education, socialization, and weather. I have been working on a new algorithm for
educational grading that optimizes over the two main existing approaches (absolute scale and grading curve),
creating a new robust, fair, transparent approach that addresses limitations of the existing approaches. I have
also studied the effect of modifying question weights to improve the quality of exams [33]. I have studied
the problem of determining the optimal number of choices in rating contexts, which can have applications
including paper reviewing, exam grading, and online dating [34]. I have supervised several projects on
applications of deep learning to hurricane prediction [1, 5]. Recently I have also proposed a novel dynamic
model of a relationship between two people where the states depend on the “power” in the relationship and
analyzed its stability [16]. While the model is motivated by a social or romantic relationship, it can also be
applied to professional or business relationships as well as diplomatic relationships between nations.

To summarize, | have devised novel approaches for computing Nash equilibria in challenging game
classes, scalable approaches for extremely large domains, a novel solution concept that balances between
rationality and safety, a novel equilibrium refinement concept for sequential imperfect-information games,
robust approaches for opponent modeling and exploitation, and approaches for computation of human-
understandable strategies. While I have made substantial progress on all these fronts, significant challenges
still remain for each of them. In addition to studying foundational questions, I have applied these algorithms
to large-scale domains in poker and national security. These approaches are largely domain-independent
and would apply to any problem that can be represented within the game classes described. In the future I
have particular interest in applying these approaches to disease treatment, national security, and Al safety.
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