Math 4315 - PDEs Sample Test 3 Solutions

1. Determine the Fourier series for
@)

1 if—2<x<0
flx) = :
x+1 if 0<x<2

(ii)

—x if-1<x<0
f(x)_{ 2 if 0<x<1

Solution 1i

1 rO 1 r2
apg = E/zldx+§/()(x+l)dx:3

nritx

1 /0 1 /2 nmx
ay, = E/_ZCOSde—’—E/O (x—i—l)cosde—

nritx

1 0 1 2
by = g [ty ety [k 1) sin T dx = -

The solution is

flx) = —+Zancos%+bnsin—

2(cosnm —1)
n2 2

2cosnrt
ni

iZ(cosnrc—l) nmx  2cosni . N7X

sm

nrit 2



o—|

-2 0 2 -4 -2 0 2 4

Solution 1ii

0 1 5
ay = / —xdx+/ Xdx ==
-1 0 6

0 ., 3cosnm—1
a, = —X Ccosnmx dx + X“Cosnmxdx = ———5—5—
-1 0 n2rm
0 1 2(cosnm —1
by = / —xsinnnxdx+/ x?sinnmx dx = %
-1 0 n37
The solution is
O o
flx) = > + Y ay cos nmx + by sin nmx
i=1
5 &3cosnm—1 2(cosnmt—1) .
= 5 Z 37 COSTTIX + ——55—=sinn7x.
1.0
0.5—
| 66 | |
-1 0 1 2
X X
2. Solve

ut:uxx, 0<X<L,



subject to the initial condition and boundary conditions

(i) u(x,0) =5x—x% u(0,t)=0, u(4t)=4

x2+1 ifo<x<1,

, u(0,t) =1, u(2,t)=0
2(x —2)? ifl<x<2. u(0,1) u(2t)

(ii) u(x,0) = {

Solution 2i
Before we can use separation of variables, it is necessary to transform this
problem to one that has fixed zero boundary conditions. If we let

u=v-+ax-—+b>o,
imposing the boundary conditions gives

u(0,t) = v(0,t)+a-0+b,
u(4,t) = v(4,t)+a-4+0,

and substituting the actual BCs and the desired ones gives

0=0+5,
4=0+4+4a+0b,

giving a = 1 and b = 0. We now consider the IC
u(x,0) =ov(x,0) + x,
giving
v(x,0) = 4x — x°.

Thus, the new problem is

Ot = Uxx, 0<x<IL,
v(x,0) =4x —x%, v(0,t) =0, v(4,t)=0.

If we assume separable solutions in the form v = X(x)T(t), then PDE
separates giving
T/ X//

T X’
from which we obtain

T'=AT, X'=AX.

The boundary conditions become X(0) = 0, X(4) = 0. The solution of
the X equation is
X = ¢y sinkx + ¢ coskx,



where A = —k?. To satisfy both BCs we must choose k = T and ¢, = 0.
This then gives

. N’
X = c¢qsin Tx.

Solving for T gives

which in turn gives

o0 2.2
_ntnty nrt
v = b,e” 16 'sin —x

where we have taken b, = cjc3. Imposing the initial condition gives

2 4 o . NTT 64(1 — cosnr)
b”:Z/o (4x—x)smedx: 33 :

This then gives the solution as

o i64(1—cosn7r) _i?r, . N7

— n3m3 4
n=1

and u is

. nm
e~ 16 'sin —ux,

2 64(1 —cosnrm) _ 22,
u=x+ Z 3703 1
n

=1
Solution 21i

Before we can use separation of variables, it is necessary to transform this
problem to one that has fixed zero boundary conditions. If we let

u=v-+ax-+>o,
we find that choosinga = —1/2 and b = 1 given the new problem to solve
Utzvxx, O<x<2,

2 X :
x“+5 fo<x<1
v(x,0) = 2 ", v(0,t) =0, v(2,t)=0.
(x,0) {2x2—12—5x—|-7 it1<x<2 00 25

If we assume separable solutions in the form u = X(x)T(¢), then PDE
separates giving
T/ X//

T X’
from which we obtain

T'=AT, X'=AX.

The boundary conditions become X(0) = 0, X(2) = 0. The solution of
the X equation is
X = ¢y sinkx 4 ¢ coskx,

4



where A = —k?. To satisfy both BCs we must choose A = ”24”2 and ¢, = 0.

This then gives

. nm
X = ¢18in TX'

Solving for T gives

}127‘[

T =cze 4

2
t

which in turn gives

ot 2.2
__nTr t . nT(
u= bye” % 'sin—x

where we have taken b, = cic3. Imposing the initial condition gives

2 1 2 (2 15
b, = E/o (x? — g)sin%xdx—i— 5/1 (2x% — Tx —i—7)sin%xdx
(=16 —16cos"F* +32cosnm) 24sin "t
B n3r3 n2 2
This then gives v as
© ?12772
v = Z bye * tsingx,

2

n=1

and u as
n2 2 ¢ nrt

1 > _ .
u=—§x+1+ Y bpe sin —-x,

n=1

3. Solve Laplace’s equation
uxx+uyy:0, O<x<L, O<y<lL,

subject to the boundary conditions

(i) u(x,0)=0, u(0,y)=0, u(x,1)=x> u(l,y)=0,

(i) u(x,0)=0, u(0,y)=0, u(x2)=0, u(2,y)=2y—y>

Solution 3i

If we assume separable solutions of the form

u(x,y) = X(x)Y(y),

then
X"y + Xy" =0.

5



or

X// Y//
I
X + Y
This gives
X// Y//
~ = A, v = —A, A constant.

The boundary conditions become
X(0) =0, X(1)=0, Y(0)=0.
In order to satisfy the X BCs, we need A = —k? and so solving for X gives
X = ¢y sinkx + ¢y coskx.
The X boundary conditions gives k = nmt, k € Z* and ¢; = 0o
X(x) = ¢ sinnmx,

and further
Y(y) = c3sinhnmy + ¢4 coshnmy.
Since Y (0) = 0 this implies ¢4 = 0 so

o0
u=Y_ apsinnmxsinhnmy. (a, = cic3)
n=1

From the last boundary condition

(0]
u(x,1) =x* = Y ansinnmxsinhnr,
n=1

If A, = a, sinhnrm, then

1 —1
Ap = %/ x?sinnmxdx = Heosnm —1) _ y Ry
1 Jo n3m3 nm
Thus, the solution is
2 (4(cosnm—1) _cosnm . sinh nty
) = -2 —
u(xy) n;l ( n3ms nm ) S inhnr

Solution 3ii

If we assume separable solutions of the form

u(x,y) = X(x)Y(y),

then
X"Y + XY" = 0.
or
X// ‘Y// O
X Ty Y

6



This gives
X// Y//
~ = A, a — —A, A constant.

The boundary conditions become
X(0) =0, Y(0)=0, Y(2)=0.
In order to satisfy the Y BCs, we need A = k? and so solving for Y gives
Y = ¢y sinky + ¢ cos ky.

The Y boundary conditions gives k = %, k € Z* and ¢; =00

Y(y) = c1sin %Ty,

and further

X(x) = c3sinh %Tx + ¢4 cosh %Tx.

Since X (0) = 0 this implies ¢4 = 0 so
u= Y aysinh %Tx sin %Ty. (ay, = cic3)

n=1

From the last boundary condition
2 v . N7
=2y—y =) h —
u(2,y) =2y—y L a, sinh n7t sin > Y,

If A, = a,, sinhnr, then

16(1 — cosnr)
n373 '

2 2 oy . NTT B
An—E/O(Zy—y)&n?ydy—

Thus, the solution is

& 16(1 —cosnm)sinh "Fx | nm
u(x,y) = ;;1 n373 smhnm o0 2 Y



