Math 4315 - PDEs

Sample Test 2 - Solutions

1. Transform the following PDEs to canonical form. In the case that the

type is hyperbolic, transform to both modified and regular form

OUgy — DUyy + Uy, = 0,
gy + 12Uy, + 131y, = 0,

Ugg + 4Ugy + 4ty — uy = 1,

20 Uy — BITYUyy + 20Uy, = 0,

2

)
)
)
(iv) T Uy + 20Y Uy + YUy — Uy — Yyu, =0,
)
) T Ugy — 2TUgy + DUy + TU, = 0,

1(i) The PDE to transform is
Oy — DUgy + Uyy = 0.

Here a =6, b= —5 and ¢ = 1 so b*> — 4ac = 1 > 0 so the PDE is hyperbolic.

For the modified hyperbolic form, it is necessary to solve
612 — 51,1y, + ri =0, 652 — 58,5, + 8; =0,
noting that they factor

(2ry —ry) (Bry —ry) =0, (25, —sy) (3s, —s,) = 0.



Thus, solving

2ry —ry =0, 3s,—s,=0,

gives r and s as

r=x+2y, s=ux++ 3y.

The derivatives transform as follows:

(1) Uy = Up + Us, Uy = 2U, + U,
(17) Ugg = Upp + 2Ups + Uss,
(i) sy = 2tyr + Sty + Btas,
(iv) Uyy = Apr + 12Urs + s,

thus transforming the PDE to modified hyperbolic form
—Ups =0, = us=0.
1(ii). The PDE to transform is
dugy + 124y + 13u,,, = 0.

Here a =4, b= 12 and ¢ = 13 so b?> — 4ac = —64 < 0 so the PDE is elliptic.

Therefore, it is necessary to solve
Ar2 +12r,ry + 13r2 = 0, 45 + 12555, + 1357 = 0,

using the quadratic formula. Dividing by rj gives

2
4<T—$) 11272 113 =0,
Ty Ty

and solving gives
r, —12+£8 —3+2

Ty 8 N 2



Therefore, we solve the first order PDE

3+

5 Ty Or 2r, — (=3 £ 2i)r, =0.

Ty

Using the method of characteristics gives

dr dy

2 —3+9

which leads to

r,s = (—3%£2i)x+ 2y,

r,s = —3v+2y+2x.

where we choose
r=-3r+2y, s=2x.
The derivatives transform as follows:

(1

(i

Uy = —3Up + 2Ug, Uy = 2U,,
Uz = Npp — 1205 + 4“557

(171 Ugy = —6Upy + 4Uys,

)
)
(1v) Uyy = 4y,

thus transforming the PDE to elliptic form

16u,, + 16ugss = 0 = Uppr + Ugs = 0.

1(iii). The PDE to transform is
Ugy + 4Ugy + 4y, — uy = 1.
Here a = 1, b =4 and ¢ = 4 so b*> — 4ac = 0 so the PDE is parabolic

3



Therefore, it is necessary to solve
ry + 21, =0,

Using the method of characteristics gives
dr  dy
127
which leads to

r=2xr—vy, S§=4y,

noting that the choice for s is arbitrary. The derivatives transform as follows:

(1) Uy = 2Up, Uy = —Up + Us,
(44) Ugy = AUy,
(131) Upy = —2Upp + 2Uys,
(1v) Uyy = Upp — 2Ups + Uss,

thus transforming the PDE to parabolic form

ur 1

Uss = 5 = -
1(iv). The PDE to transform is

Uy, + 2TYUyy + y2uyy — TUy — Yyuy = 0.

Here a = 22, b = 2zy and ¢ = y? so b?> — 4ac = 0 so the PDE is parabolic

Therefore, it is necessary to solve
2ry + ryry =0, = ar,+yr,=0.

Using the method of characteristics gives
de  dy

=—;dr=20
T Y

4



which leads to

Y 8:y7

noting that the choice for s is arbitrary. The derivatives transform as follows:

1

_ 2
Uy = m_zurr + ;urs + Uss,

1 — Y _ 1
(1)) U= —Huy, Uy = U+ U,
2
.. oy 2y
(”) Ugr = m_4u7"r + m_sura
(”Z) uzy - _x_:surr - purs - PuTW

thus transforming the PDE to parabolic form
9 1
Yuss —Yus =0 = ug — —us = 0.
S
1(v) The PDE to transform is
QyZum — DTYUzy + 2x2uyy =0.

Here a = 2y?, b = —5xy and ¢ = 222 so b? — dac = 922y > 0 for xy # 0 so
the PDE is hyperbolic. For modified hyperbolic form, it is necessary to solve

23/27”;% — Bayr,r, + Qx%z =0, 2?/232 — dDTYSzSy + 2x233 =0,
noting that they factor
(2yre — ary) (yra — 22ry) =0, (2yse — xsy) (yso — 2asy) = 0.

Thus, solving

2yry —ary, =0, ys, —2xs, = 0.

gives r and s as

r=a?4+ 27  s=22> 49



The derivatives transform as follows:

(i

(i1

)
)
)
)

Uy = 2xu, +4aus, Uy = 4yu, + 2yus,
Upy = 422Uy + 162%u,5 + 162%u5 + 2u, + 4us,
(vid Uy = 8TYUyy + 202y tys + 8TYUss,
(1w Uyy = 16y2u, + 16y%Urs + 4y uss + 4u, + 2us,
thus transforming the PDE to modified hyperbolic form

SUy + TU 0
Ups — = 0.
(2r —s)(2s — 1)

1(vi). The PDE to transform is

Uy, — 2T Ugy + DUy, + TUZ = 0.

Here a = 2%, b = —2z and ¢ = 5 so b* — 4ac = —162% < 0 for  # 0 so the
PDE is elliptic.

Therefore, it is necessary to solve
2,2 2 _ 2.2 2 _
xry — 2xryry + 01y, =0, a%sy — 2wsysy + 5s, = 0,

using the quadratic formula. Dividing by T; gives
2\ r
z? (—x) — 222 +5=0,
Ty Ty

and solving gives

r, 2cxtdxt 1+£2:

Ty 212 x
Therefore, we solve the first order PDE

xry — (1 £ 2i)r, = 0.

Using the method of characteristics gives

dx dy

x 1424



which leads to

r,s = (1£2i)Inx+y,

r,s = Inz+y£2lnzx.

where we choose

r=Ilnzr+y, s=2nx.

The derivatives transform as follows:

<Z) Ue = %UT + %US, Uy = U,

(i) aw = 2t + G3Ure + JEUs — J3U — 5
(iid) Uy = Lty + 2ty
(ZU> uyy = Upr,

thus transforming the PDE to elliptic form

App +4uss =0, = Upp + Ugs = 0.



